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Abstract

This article presents an investigation for soliton solutions of the
extended (2+1)-dimensional Kadomtsev—Petviashvili equation
which describes wave behavior in shallow water. We utilize the
unified Riccati equation expansion method. By employing the
powerful method, many soliton solutions are successfully
derived, and it is verified by Wolfram Mathematica that the
solutions satisfy the main equation. Additionally, Matlab is
utilized to generate plots and examine the properties of the
obtained solitons. The results reveal that the considered
equation exhibits a wide range of soliton solutions, including
dark, bright, singular, and periodic solutions. This
comprehensive investigation of soliton solutions for the
Kadomtsev—Petviashvili equation holds significant relevance in
various fields such as oceanography and nonlinear optics,
contributing to practical applications.

Anahtar Kelimeler: Nonlinear Optic; Unified Riccati Equation Expansion
Method; Shallow Water Waves; Kadomtsev—Petviashvili Equation.

Afyon Kocatepe Universitesi

Oz

Bu makale, sig suda dalga davranisini tanimlayan genisletilmis
(2+41) boyutlu Kadomtsev—Petviashvili denkleminin soliton
¢6ztimlerinin birlesik Riccati denklemi genisletme ydntemini
kullanarak bir arastirmasini sunmaktadir. S6z konusu yontem
kullanilarak, birgok soliton ¢6zimi basariyla elde edildi ve
¢6zimlerin ana denklemi sagladigi Wolfram Mathematica
programi kullanilarak dogrulandi. Grafikler olusturmak ve elde
edilen solitonlarin 6zelliklerini incelemek icin Matlab programi
kullanildi. Sonuglar, ele alinan denklemin karanlik, parlak, tekil
ve periyodik ¢ozimler dahil olmak lizere ¢ok gesitli soliton
¢ozimler sergiledigini ortaya koymaktadir. Kadomtsev-
Petviashvili denklemi igin soliton ¢6zimlerinin bu kapsamli
arastirmasi, pratik uygulamalara katkida bulunan osinografi ve
dogrusal olmayan optik gibi cesitli alanlarda énemli bir 6neme
sahip oldugu icin bu alanlardaki ileri ¢alismalara isik tutacagi
ongorulmektedir.

Keywords: Dogrusal Olmayan Optik; Birlesik Riccati Denklemi
Genisletme Yéntemi; Sig Su Dalgalari; Kadomtsev—Petviashvili Denklemi

1. Introduction

Nonlinear partial differential equations (NLPDEs) play a
crucial role in understanding and predicting the behavior
of complex systems in numerous scientific areas such as
physics and engineering to chemistry, biology, and
economics (Braun, 1983b), ), (Cinar et al.,, 2022),
(Debnath, 2012), (Albayrak, P. 2022), (Das, S. E. 2022).
These equations provide a mathematical framework to
describe various physical phenomena, including fluid
dynamics, heat transfer, wave propagation, and
electromagnetism, etc. (Weigand 2015), (Cinar et al.
2023) (Robinson & Rodrigo 2009), (Davis 2012),
(Albayrak 2023), (Ozisik 2022). The ability to accurately
model phenomena in nature through NLPDEs and solve
scientific

these equations is vital for advancing

knowledge and facilitating design

(Farlow 2012).

engineering

In 2022, studied the
dimensional Kadomtsev—Petviashvili (KP)
(Wazwaz 2022).

(2+1)-
equation

Wazwaz extended

at—6a?p?+p4
16
O Zyy +V 2y, =0, (1)

3(B%-a%) - >
O Zyr — Zxxxx — P (Z)xx + K Zyx +

in which z = z(x,y,t) and a, 8, k, 0 and y are reals such
thata # 0.

The growing fascination with the KP equation has
sparked significant attention towards developing and
investigating its numerous extensions such as extended,
generalized and variable coefficient, etc. In (Ma et al.,
2023), the extended (2+1)-dimensional KP equation was
solved using conjugate complex and long-wave limit
methods. In (Mohanty et al.,, 2023), authors studied
(2+1)-dimensional Kadomtsev—Petviashvili equation with

*Sorumlu Yazar/Corresponding Author: Melih CINAR

e-posta/e-mail: mcinar@yildiz.edu.tr


https://dergipark.org.tr/tr/pub/akufemubid
https://orcid.org/0000-0002-4684-3631
https://orcid.org/0000-0002-4684-3631
https://orcid.org/0000-0002-4684-3631

An Investigation for Soliton Solutions of the Extended (2+1)-Dimensional Kadomtsev—Petviashvili Equation, Cinar.

. - . G
variable coefficients by extended generalized E’_

expansion method. In (Li et al. 2021), the generalized
(2+1)-dimensional KP equation was studied. Ozisik et al.
studied soliton solutions of the (2+1)-dimensional KP
equation via two different integration technique, namely
modified

Kudryashov methods.

F-expansion and modified generalized
In (Ma et al. 2023), (2+1)-
dimensional KP equation was solved using Painlevé and
Lie symmetry analysis.

In this article, the optical solitons of the extended (2+1)-
dimensional KP equation are investigated using the
unified Riccati equation expansion method (UREEM)
(Sirendaoreji 2017), (Zayed et al. 2020).

The framework of the subsequent sections is given as
follows: In Section 2, a nonlinear ordinary differential
(NLODE)
transformation and then, the unified Riccati Equation

equation is obtained by using a wave

expansion method is applied to the NLODE. In Section 3,
the results of the paper is given and also a discussion is
included.

2. Method
2.1. Wave Transformation

The extended KP equation can be converted into an

ordinary differential equation (ODE) utilizing the
following transformation:
z(x,y, ) =HW), u=px+qy—rt, (2)

where p, g, and r are reals. So, one attains:

p*(a* — 6a?B? + BHH" — 16(kp? + pqo — apr +
vq*) H —12p*(a® — HH? =, (3)

in which 7 = H (u).

2.2. Unified Riccati Equation Expansion
The solutions of the eq. (3) can be supposed in the

following form (Sirendaoreji 2017), (Zayed et al. 2020):

Hu) =4, + Z?‘=1Ai¢i(ﬂ): (4)

where Ay # 0 and N represents a balance number.
Balancing the terms 2 and # #" in Eq. (3), we get
N = 2. So, Eq. (4) is converted into:

HWu) =40+ A pu) + 4, lp(#)z; (5)

where A, # 0 and ¥ (u) represents the solutions of the
following equation:

P' (W) = co + crp(p) + cp* (W), (6)
in which Eq. (6) has the following solutions (Sirendaoreji

2017), (Zayed et al. 2020):

If A > 0, then

o ):_C_l_ﬂ(bltanh(gu)+b2
o 2¢c, 2¢, (b1+b2tanh(‘/Z
(

> |
=
~—

> |

If A > 0, then

C1 1

Ys(uw) = T2, 2o+ by

If A < 0, then
D) = _C_1+\/—_A(b4tan(gu) - bS)
* 2¢ 2¢, (b4 + bs tan (gu))
o \/—_A(b4cot (\/%_A/,t) - bs)

Yo =~ -
22 2¢, (b4 + bscot (?u))

1]

where A =c? —4coc, and by, by, bs, by, and bg are
arbitrary constants. The solutions ¥; (1) and Y, (u) are
non-trivial and nondegenerate if and only if b, =
+by, b? + bZ # 0. The solutions P, () and Ps(u) are
non-trivial and nondegenerate if and only if b? + b2 # 0.
By collecting all terms with the same power of Y (u) in
Eg. (3), and then setting all coefficients to zero, the
following system of equations is obtained:

The coefficient of 1°(u):

—cop*Q1(2A45¢o + Ajcy) + 12A3p2Q5 + 16 Ay(kp? +
pqo — apr +vyq?) = 0. (7)

The coefficient of ¥ (u):

_6A2C0C1P4Q1 - A1(_24A0P2Q3 + C12p4Q1 +
2¢oc,p*Qy — 16Q,) = 0. (8)

The coefficient of 2 (u):

243



An Investigation for Soliton Solutions of the Extended (2+1)-Dimensional Kadomtsev—Petviashvili Equation, Cinar.

3A;c16,p*Qq + 4A5(— 6400 Q3 + cfp*Qy +
2¢0c2p* Q1 — 4Q;) — 1247p%Q3 = 0. )

The coefficient of 13 (u):

P2(5AZC1CZPZQ1 + A, (c3p?Q1 — 12A2Q3)) =0.

(10)
The coefficient of 1* (u):
PZAZ(_ZQsAz + szlc%) = 0. (11)
where
Q; = o* — 6a2B% + B*,
Qz = kp* + pqo — apr +yq?,
Q3 = a® — B2 (14)

Upon solving the overdetermined system of algebraic
equations using a computer algebra system, the sets are
obtained:

SET 1.

5 = CEP*Qu — 4(cocp" Qs + 4(cp® — apr +74?))

]

16pq
A = coC2p2 Q1
0 205 '
A = c16p%Qy
Y205
A = c3p?Q,
220
SET 2.
_ 16(—pra + q°y + p*k) + p*Q,cf — 4p*Q1coc,
B 16pq ’
_ (cf +2¢0c)p%Qy
0 120, ’
A = C1C2p2Q1
! 2Q;
_ szsz1
2 2Q;

By substituting the obtained sets above into Eq. (4) and
considering Eq. (2), we can derive the following solutions
for the extended (2+1)-dimensional KP equations
mentioned in Eq. (1):

2,1, (Xy,0)
220, ( - V(b -+b; tanh(LVE)) u 2
_ C,;,CszQ1 N 2 1 2c2(b1+b2 tanh(%\/Z)) 2¢;
2Q3 2Q;
\/K(b2+b1tanh(§ﬂ)) o
€162Q | = 2c2(b1+b2 tanh(%\/K)) - E
¥ 2Q; ’
z12(X,y, 1)
2 2 3 JK(b2+b1 coth(%\/Z)) o 2
_ CocszQl 2p"Q 2c2(b1+b2 coth(gx/z)) 2¢,
C2Qs 2Q,
3 \/Z(b2+b1 coth(%ﬂ)) o
+ €162Q 2c2(b1+b2 coth(gﬂ)) 2¢;
2Q;3 ’
CoC2p%Qq
z23(x,y,0) = 2—Q3
2.2 1 cq 2
+ c2P Q1 (_ c2(px+qy-rt)+bsg - E)
2Q3
2 1 cq
192" (o, 30
20, '
214Xy,
2p?Q V=&(by tan(&v=2)-bs) o 2
_ Coczp2 Qq 2 ! 202(b4+bs tan(%«/—_A)) 2¢y
2Q; 2Q,
\/—_A(b4 tan(E\/—_A)—bs) c
2 2 &
€162P"Q (ZCZ(b4+b5 tan(gxf—_A)) 2¢c,
¥ 2Q;3 ’
Z15(%y, )
CZpZQ _ ﬁ(b4 cot(%ﬁ)_bs) o 2
_ C0C2p2Q1 z 1 2cz(b4+b5 cot(%ﬁ ) 2¢,
T2Qs 2Q,
\/—_A(bs cot(ﬁ\/—_A)—bs) c
2 _ 2 <
" €162P" Qs ( Zcz(b4+b5 cot(%x/—_A)) 2¢,

2Qs3
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Z1 (% y, 1)
_ (cf + 2¢4¢c2)p*Qq
12Q;
2
o (et -2)
2Q;
6,020, (_ VA(by+b, tanh(4VE)) B C_1>

2C2(b1+b2 tanh(gx/z)) 2¢y

2Qs '

+

+

Zp, (%Y, 1)
(e} +2¢4c5)p*Qq
12Q;
- VA(bo+by coth(5VE)) ¢, g
2P Q1 <_ Zcz(b1+b2 coth(%)) a Z)

2

+

2Q;
\/Z(bz +bq coth(%)) c
2 _ 2 _ 1
C1€2P Ql( 2c2(b1+bz coth(%\/K)) 2¢cp
* 2Q; '
cZ + 2¢yc,)p?Q
223Xy, 1) = & 120Q:) 1
2.2 1 c1)?
2% (g s 20
2Q3
) 1 1
. €1C2P"Qq (_m B E)
2Q3 ’
Z2'4_ (X, y’ t)
_ (cf + 2¢oc,)p*Qy
- 12Q4
2
2p2q ﬁ(b4tan(%\/—_A)—bs)_c_1
2 1 2c2(b4+b5 tan(%\/—_A)) 2¢c2
* 2Q;
5 \/—_A(b4tan(l—2t«/q)—b5) 1
+C1Czp Qq 2c2(b4+b5tan(§“/q)) 2¢,

2Qs3 '

Zy5(%,y, 1)
_ (cf + 2coc2)p*Qy
12Q;
2.2 H(m COt(g‘/__A)_bS) c1 :
Nl <‘ zea(bytbs cot(3=2)) _)

2Qs3

+

J—_A(b4 cot(E\/—_A)—bs) c
2 _ 2 — -1
€1C,p*Q4 < 202(b4+b5 cot(%\/—_A)) 2¢c;

+
2Q3

3. Results and Discussion

In this paper, utilizing the UREEM, many soliton solutions
of the extended (2+1)-dimensional KP equation were
obtained. The diverse graphs of some obtained solutions
are demonstrated using two- and three- dimensional
plots. The results of this study imply that the considered
equation admits dark, bright, singular, and periodic
solutions. Figure 1 covers the demonstration o f the
solution z;4(x, 1,t) utilizing the parametersa = 1,p =
2,q=2,r=2,=2,y=2,{=2,k=2,b, =1,b, =
3,co=1,¢,=3, and ¢c; =1. It admits a singular
solution. In Fig. (1-a) and Fig. (1-b), 3-dimensional and 2-
dimensional demonstrations of the soliton are shown for
tr = 1,2,and 3. As can be deduced from Fig. (1-b), the
soliton goes to the right on the horizontal axis.
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Figure 1. Three and two-dimensional plots of z; ; (x, 1,t)
(singular solution)
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Fig. (2-a) and Fig. (2-b) include some plots of the
solution z;,(x,1,t) fora=1,p=2,q=2,r=2,8 =
2,y=2{=2,k=2,by=1,b,=3,c=1,¢c, =3,
and ¢, = 1. It demonstrates a dark soliton. The wave
goes to the right on the horizontal axis while t; = 1,2,
and 3.
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Figure 2. Three and two-dimensional plots of z; ,(x, 1,t)
(dark soliton)

10

z5(,1,t)

22‘5(;[1. 1, ff)

(b)
Figure 3. Three and two-dimensional plots of z,5(x,1,t)
(periodic solution)

Finally, we present the 3D and 2D graphs of the periodic
solution z,5(x, 1,t) witha=1,p=2,g =2,r =2, =
2,y=2,{(=2k=2,b,=1,b; =3,co =1,¢; =

1, and ¢, = 1, in Fig. (1-a) and Fig. (1-b), respectively.

4. Conclusion

This research deals with the extracting the soliton
(2+1)-dimensional KP
equation. Various soliton solutions including kink, bright,

solutions of the extended
and singular solitons were obtained using the UREEM.
The plots of the obtained solutions are demonstrated in
figures. We anticipate that the obtained outcomes in this
study will prove valuable to researchers working in the
field of nonlinear wave dynamics and beyond, extending
their applicability across various disciplines.
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