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ABSTRACT

On weighted Bergman and Hardy Hilbert spaces on the unit ball of the complex N-space, we consider weighted compositon
operators Ty, in which the composition is by an automorphism ¢ of the unit ball and the weight is a power of the Jacobian of ¢ in
such a way that the operator is unitary. Assuming that the homogeneous expansion of an f in one of these spaces contains only
terms with total degree even (odd, respectively) and the homogeneous expansion of Ty, f* contains only terms with total degree
odd (even, respectively), we prove that f is the zero function. We also find related operators on the remaining Bergman-Besov
Hilbert spaces including the Drury-Arveson space and the Dirichlet space for which the same result holds. Our results generalize
the results obtained in Montes-Rodriguez (2023) on three function spaces on the unit disc to a wider family of function spaces on
the unit ball.
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1. INTRODUCTION

In a recent paper Montes-Rodriguez (2023), the author proves that specific unitary weighted composition operators by the
automorphisms of the unit disc on three (Bergman, Hardy, and Dirichlet) Hilbert spaces of holomorphic functions have the
property that if a function in one of these spaces and its image under the corresponding operator have different parity, then it is the
zero function.

Our objective in this paper is to extend this result to a wider classes of Hilbert spaces of holomorphic functions and to the case
of the unit ball of CV. Moving up to arbitrary-dimensional balls where mappings of several complex variables are used complicate
matters considerably. The geometry of Mobius transformations in the ball is more complicated and simple derivatives in the disc
need to be replaced by complex Jacobians whose fractional powers are used in the generalizations of the operators of interest to the
weighted spaces. Further, Besov Hilbert spaces such as the Dirichlet space have to be handled differently, because the derivatives
used in the integral norms of such spaces simply are not compatible with the natural unitary weighted composition operators on
them.

To present our result, we now introduce the necessary definitions and notation. Let B be the open unit ball in CV with respect
to the usual Hermitian inner product (z, w) = z;w| + - - - + zyWy, and the associated norm |z| = +/{z,z). When N = 1, the unit
ball is the unit disc D in the complex plane.

Definition 1.1. For g € R and z, w € B, the Bergman-Besov kernels are

- 1+N+q)
(1-(z, w>>1+N+q =2, Law) g —(1+N),

K‘I(Z’ W) = k=0 k
k! (z,w)
Fi(L L 1=(N+g)i (zow)) = | ol —
2 ; (I-(N+q)x

g < —(1+N),

where » F} € H(D) is the Gauss hypergeometric function and (a) is the Pochhammer symbol.
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Definition 1.2. For g € R, the Bergman-Besov Hilbert space Dy, is the reproducing kernel Hilbert space on B generated by the
kernel K, endowed with the inner product and norm induced by K.

The kernels K, are sesquiholomorphic on B? and hence the functions in the D, are holomorphic on B. In particular, D, is the
standard weighted Bergman space Afl for ¢ > —1, the Hardy space H” for ¢ = —1, the Drury-Arveson space A for ¢ = —N, and
the Dirichlet space D for g = —(1 + N), thatis, D_(14n) = D.

Let H(B) be the space of all holomorphic functions on B. Every f € H(B) and thus every f € D, has homogeneous and Taylor
expansions

F@=)f)= ) faz®  (z€B) (1)
k=0 la|=0
converging absolutely and uniformly on compact subsets of B, where f; is a homogeneous polynomial of degree & in z1,..., 2N,

a is a multi-index, and k = |a|. We use the expression f € H(B) has even parity (respectively, odd parity) to mean that the
homogeneous expansion of f as in (1) has f; with only even k (respectively, only odd k).

Denote by M the group of all one-to-one onto holomorphic maps (automorphisms) of B. Let Ji be the complex Jacobian of
W € M.Fory € M,alsoy~! € Mand Jy # 0 onB.

Definition 1.3. For g > —(1 + N), ¢ € M and f € D,, define the operator T«Z : Dy — Dy by

TIf(2) = f(W(2)(Jy(2)) T TR
using an appropriate, say the principal, branch of the logarithm for the fractional power of Ji(z).

So TlZ is the product
T, = MgsCy,

where Cy, is the composition operator given by Cy f = f oy and M o is the multiplication operator by

0,(2) = (Jy (2)) T @)

When g = —(1 + N), TI;(HN ) reduces simply to Cy, on the Dirichlet space. When g = 0, 9?[, = Jy for the unweighted Bergman

space. When g = —1, 9;1 = (Jz,b)% for the Hardy space. When g = —N, GJN = (Jx//)ﬁ for the Drury-Arveson space.
In (Beatrous and Burbea 1989, Theorem 1.10), it is proved that TIZ is a unitary operator for ¢ > —(1 + N) with respect to the

standard inner product that the kernel K, induces on D, given in (5) below. By (Zhu 2005, Section 6.4), TJ(HN) is unitary on
the space Dy = D/C with respect to the slightly different inner product (6).
Our main result is the following.

Theorem 1.4. Let g > —1 and y € M. Suppose the homogeneous expansions (1) of an f € D, and of Tz f are of different parity,
that is, one contains terms only with k even and the other only with k odd. Then f = 0. There are also operators on Dy for g < —1
for which the same conclusion is true.

We prove Theorem 1.4 in Section 3. In the next Section 2, we provide further details and properties on notation, the spaces, and
the automorphisms.

2. PRELIMINARIES

In multi-index notation, @ = (@, ..., ay) is an N-tuple of nonnegative integers, |a| = a; +--- +an, a! =a;!---an!, 0° =1,
and z¢ = z;" e z]‘\’,N . An overbar U indicates complex conjugate for numbers and functions and closure for sets. The boundary
of B is the unit sphere S.

The Pochhammer symbol (a)p, is defined by

(a)p = —F(lfl(z)b)

when a and a+b are off the pole set —N of the gamma function I'. This is a shifted rising factorial since (a)x = a(a+1)--- (a+k—1)
for positive integer k. In particular, (1), = k! and (a)o = 1. Stirling formula gives

F(c+a) N a-b (a)c N a-b (C)a - a-b — 00
Tern "< o).~ Opa " © (Rec )s 3)
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where A ~ B means that |A/B| is bounded above and below by two strictly positive constants, that is, A = O(B) and B = O(A)
for all A, B of interest.
The Gauss hypergeometric function ,F) € H(D) is defined by

O (@i (D) *
2Fi(a,b;c;z) .—kZ (C)k(l)k .

2.1. Spaces

A function K(z, w) is called the reproducing kernel of a Hilbert space H of functions defined on B and with inner product (-, -)g
if K(-,w) € H for eachw € B and

u(z) = u(-),K(z,))u  (u€H, z€B).

There is a one-to-one correspondence between reproducing kernel Hilbert spaces and positive definite kernels.
Let cx(g) be the coefficient of (z, w)* in the series for K4(z,w). Then co(g) = 1, cx(g) > 0 for al k, and by (3),

ck(q) ~ kNt (k> ), )

for every g. This explains the choice of the parameters of the hypergeometric function in K, for ¢ < —(1 + N). The positive
definiteness of (z,w) and the positivity of the ci(q) yield that the K, are positive definite and thus reproducing kernels. The
kernels K, for g < —(1 + N) appear in the literature first in (Beatrous and Burbea 1989, p. 13). The kernels K,, for ¢ > —(1 + N)
can also be written as 2 1 (1, 1 + (N + q); 1; (z, w)). For ¢ < —(1 + N), the functions in D, are bounded on B while the other D,
contain unbounded functions.

All Bergman-Besov kernels can be written of the form

00

Kq(Z’W)=ch(q)<z,w)k ZC Q) Z | |

k=0 la|=k

Then by the theory of reproducing kernel Hilbert spaces and (4), the space D, consists of all f € H(B) with Taylor expansions
as in (1) for which

> a! !
£, = |falP 2115, = | fal? ~ | fal —— < oo
Dy Z @ Dy Z @ Clal(LI) |a|v Z @ | |N+q |a|‘

|a|=0 |a|=0 |a|=1

equipped with the inner product

(&9

1
, = 28 a- 5
(f:8)o, me(q) |0/|,f g 5)

The case of the Drury-Arveson space is especially simple, because then ¢ = —N and cx(-N) = 1 for all k = 1,2,.... For
q > —(1 + N), it is with respect to the inner product in (5) that the operators T(Z are unitary.
Notice that the reproducing kernel of the Dirichlet space is

1 k
T © 1—<z,w> Z_<ZW>

K_(uny(z,w) =

and this gives

[e9]

(f.9)p= ) (1+]al)

la|=0

I |‘f0’ga

(1+N)

with which ||1]|p = 1. The inner product with respect to which the operator T; = Cy is unitary on Dy = D/C s

(o)

(f.&)my= ) |a|| |,faga ©)

|a|=1

with which ||1{|p, = 0.
For 5,1 € R, we define the radial fractional differential operator D%, on H(B) by

Dif = kZO dels.n) =y, EEED f

b cp(s)
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We have dy(s, 1) = 1 so that D%(1) = 1, di (s, ) > O for any k, and by (4),
di(s,1) ~ k' (k — ),

for any s,7. So DY is a continuous operator on H(B) and is of order 7. In particular, D%z® = d|4|(s, 1)z for any multi-index «.
More importantly,

D)=1, DY, Di=D{*, and (DY)'=Dg, ©)

for s,7,u € R, where the inverse is two-sided. Here and in any other context, [ is the identity operator, Any D% maps H(B) onto
itself continuously.
The d (s, t) are chosen the way they are in order to have

D, Ky(z,w) = Kgis(z,w) (.1 €R),

where differentiation is performed on the holomorphic variable z. More interestingly, by (Alpay and Kaptanoglu 2007, Proposition
3.2),

Dé(Dq) = Dq+2t ®)

is an isomorphism of Hilbert spaces for any s, t and an isometry when the norms are chosen suitably.

The spaces D, have also equivalent inner products and norms that are integrals of functions or their sufficiently high-order
derivatives. For fixed ¢ € R, let 5,7 € R be such that g + 2t > —1. By (Alpay and Kaptanoglu 2007, Definition 3.1c), a family of
norms each of which is equivalent to || - || p, is

1715, = [ IDLF @R = Ry dva) ©)

where v is the normalized volume measure on B. Setting dv, (z) = (1- |z|*)9 dv(z), equivalently f € D, ifand only if f € H(B)
and DL f € Lz(vq+2,) for some s, t with g +2¢ > —1, where L? denotes the Lebesgue classes. For Bergman Hilbert spaces, g > —1,
we take ¢ = 0 and obtain the usual integral norms of these spaces as

171, = [ @Fdn (> -1,

The Hardy space also has an equivalent norm which is the well-known

IR, = /S F)P do(2),

where o is the normalized surface measure on S. Each integral norm on every D,, also has an accompanying integral inner product.

2.2. Mdbius Transformations

Following (Rudin 1980, Chapter 2), the Mobius transformation that exchanges 0 and 0 # a € B is the map

a—Pa(z) V1 -lal*(I - Pa)(2)
1- <Z» Cl>

where P, (z) := (z,a)a/|a|? is the projection on the complex line passing through 0 and a. It reduces to ¢, (z) = (a —z)/(1 —az)
for a,z € D when N = 1. Each ¢, is an involution, that is, ¢! = ¢,. An extremely useful identity for ¢, is

(1-lal?) (1= (z,w))
(1=(z,a)) (1 = (a,w})
The complex Jacobian of ¢, (z) is det ¢, (z) and equals

1- |¢»a<z>|2)“*N”2 1 - af? )“*N”"‘
1 -z 1=z, a)?
for some y(z) € C with |y(z)| = 1, where in obtaining the second form, (10) is used. Its real Jacobian is
Tega(2) = [Jpa(2)]> > 0.

We need two changes of variables formulas involving ¢ € M. Let G C B and Q C S be Borel sets, f € Ll(vq), and F € L' (o).
The first is the usual

@a(z) = (z € B),

1= (pa(2), pa(w)) = (zow €B). (10)

Jga(z) = y(z)( = V(Z)( (z €B)

/ fdv= / £ )Tt (w) dv(w). (11
G y~1(G)
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The less common second one is obtained by explicitly writing (Rudin 1980, p. 45, (5)) using (10) and is
N
[rac=[  Fumum dowm. (12)
o ()

Let also U denote the group of all unitary transformations of CN. All U € U are characterized by (Uz, Uw) = (z,w). If ¢y € M
and a = ¢ ~1(0), then there is a unique U € U such that
¥(2) =U(ea(2))  (z€B). (13)
Since JU € C with |JU| = 1, we see that Ji has the same form as J¢, with a (possibly) different ¥(z) in place of y(z).
If U € U, then
¢a=U""oual; (14)

this is (Cowen and MacCluer 1991, Lemma 2.71). This is useful, because U acts on S transitively and we can choose U in such
way that Ua has only the first component nonzero and real. The automorphism that maps such a Ua to 0 is especially simple. For
example, we use ¢, (2) = —¢_p(z) with b = (r,0,...,0) and O < r < 1 that has the explicit form

r+z; Vi-r2,
) B), 15
1+rzg 1+r21Z (z€B) (15)

¢r(2) =

where z = (z1,7’) and z’ denotes the remaining N — 1 components; see (Cowen and MacCluer 1991, p. 98). This ¢, has exactly 2
fixed points, ¢; = (1,0,...,0) and —e}, both on S and none in B.

Mobius transformations map balls onto ellipsoids. We need the ellipsoids described in (Cowen and MacCluer 1991, p. 103)
given by

E(ei,u) ={zeB:|1-(ze)* <u(l-|z/»}

with u > 0. Equivalently, z € E(ey, ) if and only if

2 u u 2
o - —— [+ 2= P < (=)
u 1+u 1+u

The ellipsoid E (e, u) lies in B, has center e /(1 + u), and is tangent to S at e;.

3. PROOF OF MAIN RESULT
We prove Theorem 1.4 and a corollary to it, and make some further comments.

Proof of Theorem 1.4. We follow the proof of (Montes-Rodriguez 2023, Theorem 1) with many detailed modifications to adapt
it to several complex variables. For ¢ € M, note that C,,-1(Cy f(2)) = Cy-1 f(¥(2)) = fwW(2))) = f(z) and hence
C,' =Cyr.

First we look at the case of weighted Bergman spaces. But the initial stages of the proof work for ¢ > —(1 + ) and that is what
we assume for now. Let f € D,. By (13) and (2), TlZ = Mgg C,,Cy for some a € B and U € U. By the remarks following (13),
also

BT} = Mga Cy,Cu

for some B € C with |8] = 1. By a simple computation with matrices, each U € U carries a monomial z% to a homogeneous
polynomial of the same degree |a|. Consequently Cy preserves parity. Thus f and f; = Cy f have the same parity, and also
g = TlZ fand g = ﬁTlZ f have the same parity that is opposite to that of f; by hypothesis. So without loss of generality we can
replace 7,/ by T¢, and it suffices to consider

T3, = Myy Cy.
The fact that ' = ¢, implies C e i =Cy, and Ciu = I. We have

_4q
(T3’ f(2) = T3, ((Jpa(2) TR f(pa(2)))
7 J
= (J@a ()" (J@a(9a(2)) T f(@a(@a(2))).

Since ¢, (¢q(z)) = z, by the chain rule, ¢/, (¢, (2))¢,,(z) = I. Taking determinants give J¢,(¢4(2))J@4(z) = 1. This shows that
(T2)*f(2) = f(z) and (T,)? = I. Setting g = T, f gives f = T, g. Thus the case f € D, having even parity and T g € D,
having odd parity coexists with the case g € D, having even parity and Tga f € D, having odd parity. So it does not matter which
case is investigated; let’s assume the former and keep the notation g = Tqa f,
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Let V(z) = —z, which is unitary. Then Cy f = f, Cyg = —g, and C;;' = Cy. Then also g = —=CyT{, f and f = CyT{ g.
Therefore

f=-(CvT{) f (16)

that is, —1 is an eigenvalue of (C\/T(,‘fa)2 with f as the eigenvector. By the spectral mapping theorem, +i or —i is an eigenvalue of
CVTZ(, with f as the eigenvector. But

CvTL f(2) = (T, )(=2) = (Joa(=2)) TR f(pa(-2)). (17)
Set 14 (2) = @a(=2) = —¢_a(2). Then pg € M, 1, (2) = ¢,,(=2)(~I), and Jua(z) = (=1)NJp4(=z). Hence

TS £(2) = (Tia(@) T F(1a(2)) = (DN 55) (1, (=2) 5 £(0a(~2))
= (MR T £(2)

using (17), and
(TL)2f(2) = (- R) (y T )2 £ (2) = (1) 2V (455R) £(2) = k£ (2)

using (16), where

= (_1)1+2N(1+I3N)

and |k| = 1. Thus « is an eigenvalue of (T,‘fa)z, and ++/k or —/k is an eigenvalue of T;fa, both with eigenvector f. Clearly also
|+ Vil = 1.

By (14), ug = —p_4 = —U‘lgoU(_a)U = U‘l(—cp_U(a))U. Choosing U € U such that b := U(a) = (r,0,...,0) with
0 < r < 1, weobtain u, = U™, U, where ¢, is asin (15). Let = (det U)+mw . For f € D,, we have Tgflf(z) =7f(U"'z) and
ToTh  f(2) = nnf(UU™'z) = f(z);hence (T) ™! = T, Further, we compute that 7§, 7,1, f(z) = 7(J ¢, ()TN (U 0r(2))
and

TITE T, f(2) = nii(Jor (U2))* BN f(U™ g, (U2))
= (Jor (U2)"* BN f(1a(2))
= (Jita (D) FN f(pa(2) = TL f(2),

where the equality before the last one can be seen by evaluating J 14 (z) using the chain rule. In other words, T¢ = (T2)~'T, T,
Since a similarity transformation preserves eigenvalues and eigenvectors, we conclude that ++/k or —+/k is an eigenvalue of Tgr
with eigenvector f € D,.
We have lim ¢, (z) = e and let
z—e)

o=l @l 1o ()
6 := lim —————=— = lim —————,
z—er 1 —|z] e 1 —|z]?

where the limits are unrestricted from within B. A quick computation shows that § = 1/(1+r) < 1. By (Cowen and MacCluer 1991,
Lemma 2.77) due to Julia, ¢, (E(e1,u)) C E(ey, 6u), and by (Cowen and MacCluer 1991, Proposition 2.85), E (e, 6u) C E(ey, u).
Together we have the inclusion ¢, (E(ej,u)) C E(ey, u).

For n = 1,2,..., denote the forward iterates of ¢, by ¢ = ¢, o ¢!, where ¢ is the identity, and its backward iterates by
;" = (¢")~!. By the properties on the ellipsoids E(ey,u) and of ¢, and the Denjoy-Wolff theorem, as n — oo, ¢* converges
uniformly on compact subsets of B to e1; see (Cowen and MacCluer 1991, Theorem 2.83 and Proposition 2.88). In other words,
e) is the attracting fixed point of ¢, and its Denjoy-Wolff point. Now fix u = 1, call the corresponding E(ej, 1) =: E, and let
G = E \ ¢,(E), which is nonempty by above. As a consequence of all the discussion about the ellipsoids, for any 0 < r < 1 we
have

B= U ¢(G) (18)

nez

and the sets ¢ (G) for different n’s are disjoint.
In the remaining part of the proof we first restrict to g > —1 for which D, = A2, weighted Bergman spaces. Now applying the
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change of variables z = ¢, (w), using (11) and that f is an eigenvector yield

/ P dvy(z) = / £ (@ DR = oy ()P g, (w) dy ()
oM1(G) ¢r (G)

_ 3 (1= e () )+
- /?(G)u(gor(wm e dv(n)

=/ | (r W) P| (T (W) # 7
1(G)

-

(1= w7 dv(w)

- / 2y TS OV g () = / | VRSO dvg ()

r r

- [ P ae.
¢ (G)

Thus the above integrals have the same value on all the sets ¢! (G) for n € Z which is equal to the value of the integral on
¢%(G) = G. But f is an eigenvector and hence is not the zero function, and since f € H(B), none of the integrals on the ¢ (G)
is 0. On the other hand, f € D, and hence || f[||p, < co. But by (18) we also have

115, = [1r@P @ =Y [ if@Pav@ =Y, [ 1f@F dv =

nez F(G) nez

This contradiction shows that a nonzero f having the parity properties in the statement of the theorem cannot exist for g > —1.
Next we take care of the case ¢ = —1, the Hardy space. Let D be the intersection of the ellipsoid E = E (e, 1) with the complex
line [e;] through O and ey, which is given by [z; — 1/2| < 1/4. The set G=D \ ¢ (D) is nonempty just like G # 0. Let also
0 ={(z1,7) : z1 € G, |z1]* +|Z|*> = 1}; this is that part of S that lies “above” G. We have B N [e;] = Unez @7 "(G) and
S={(z1,7") : z1 €D, |z1|> +|z’|> = 1}, the second modulo a set of o-measure 0. Then just like (18), we have S = (J,,cz ¢"(Q)
modulo a set of o-measure 0, which is a disjoint union.
Now we apply the change of variables ¢ = ¢, (17), use (12) and that f is an eigenvector to obtain

/ F(OP dor(£) = / 1 (e M| r )75 F dor(n)
e*(Q) o (Q)

- / (75! F )P der () = / |+ VRS ()P der ()
1) " 0)

r r

- / FOP do(0).
o (Q)

As in the case ¢ > —1, each integral on ¢”(Q) can be replaced by one on Q. But f € H? is an eigenvector, so is not the zero
function, and by (Rudin 1980, Theorem 5.6.4 (b)), its boundary values on S are nonzero o -a.e.. Then none of the integrals on the
@"(Q) is 0. On the other hand, f € H? and hence ||| f||| 2 < 0. Similar to the case ¢ > —1, we have

171 = [1r @ doe =Y, / PR =Y / FOPdo(0) = .

nez nez
By this contradiction, the theorem is proved for the case ¢ = —1 too.
Lastly, we consider the case ¢ < —1. Pick 5,7 € R such that p = g + 2¢r > —1. Here we prove the result not for Tq but for
Y = Dyl,T; D} where T, : A}, — A}, By (8) and (7), we have Y] : Dy — D,. We have also T)) = DY/ D, and that Y and
Tp are similar operators. Now suppose, without loss of generality, that f € D, has even parity and Y7 f has odd parity. By thelr

very definitions, the D, preserve parity and g = D% f € A2 also has even parity. On the other hand, since f = D/, g, we see that
T? w8 = DLy? f has odd parity. By the already proved case for the Bergman space A2, we conclude that g = 0. Then also f = 0. In

fact qu /lf if and only if D!, T? & = Af if and only ifo;g = Ag for some A € C.
The proof of Theorem 1.4 is now complete.

Remark 3.1. The change of variables that is used in transformung the integrals in the case ¢ > —1 can be expressed in the form

that the measures v,, are invariant under the transformations ZJ f ():=f (l//(z))(Jz//(z))z(1+ ) | in the sense that

/Bzgfdvq = /devq (f € L' (vy), q € R).
This is already noted in (Kaptanoglu 2005, (21)).

Remark 3.2. The last part of the proof involving integrals does not work for g < —1, because a positive-order derivative on f is

18
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required in the integral norms of D, on B for all ¢ < —1; see (Kaptanoglu and Ureyen 2018, Corollary 7.2). So, for example, if
we pick ¢ so that g + 2¢ = 0 for simplicity in (9), we end up with an integral of ITgng f1? on ¢ (G). For the proof to go through,
weneed DL f € A(z) to be an eigenvector of Tgr. This would be implied by TgrDﬁ, f having odd parity when f and hence D’ f have
even parity. But what we know is that Tgr f has odd parity and this need not imply that Tgerv f has odd parity because of the
differences between TIZ and Tlg.

Such differences do not prevent Montes-Rodriguez (2023) from obtaining the theorem for the Dirichlet space, because when
N =1, the first-order ordinary derivative and the chain rule are enough to move between that space and the unweighted Bergman
space. Neither of these tools is available for N > 2. These are exactly the reasons why we resort to the other operators Y:Z when
qg < -—1.

Remark 3.3. The value « depends in general on both N and ¢. For the unweighted Bergman space, ¢ = 0, k = (=1)"*?Y = —1, and

the eigenvalues that are shown not to exist in the proof of Theorem 1.4 are +v/k = +i and —v/k = —i independently of dimension

+N+2N2
N. For the Hardy space, g = —1 and « = (—1)1 TN If also N = 1, k = (=1)? = +1 and the eigenvalues that are shown not to

exist in the proof of Theorem 1.4 are +y/k = +1 and —+/k = —1, contrary to what is claimed in the proof of (Montes-Rodriguez
2023, Theorem 1). But as already noted in (Montes-Rodriguez 2023, Remark 1), the proof of (Montes-Rodriguez 2023, Theorem
1) as well as of Theorem 1.4 here depend only on | + vk| = 1 and are unaffected.

Corollary 3.4. Let ¢ > —1 and ¢ € M. There is a nonzero function f € D, such that f and T;’ f have the same parity if and
only if y = U € U. For g < —1, the same result holds for the operators Y’ z

Proof. Let g > —1 first. If y = U € U, since compositions with U and multiplication with complex numbers that are Jacobians
of such composition operators preserve parity, there are f as claimed.

Conversely, let ¥ = ¢, in which a # 0 and suppose an f as claimed exists. If we repeat the proof of Theorem 1.4 carefully
considering the case f even and Tga f even and the case f odd and Tga f odd, we obtain f = (C\/T;,’a)2 f instead of (16). This in
turn yields two complex numbers of modulus 1 one of which is an eigenvalue of Tga and of Tgr with f as an eigenvector. In the
rest of the proof, the only property of the eigenvalues used is that they are of modulus 1. Again we conclude that f = 0.

The case g < —1 is automatic since it depends on the conclusion of the case g > —1.

Peer Review: Externally peer-reviewed.
Conflict of Interest: Author declared no conflict of interest.
Financial Disclosure: Author declared no financial support.

ACKNOWLEDGEMENTS

The author thanks A. Ersin Ureyen of Eskisehir Technical University for useful discussions and an anonymous referee for careful
attention to details.

LIST OF AUTHOR ORCIDS
H.T. Kaptanoglu  https://orcid.org/0000-0002-8795-4426

REFERENCES

Alpay, D., Kaptanoglu, H.T., 2007, Toeplitz operators on Arveson and Dirichlet spaces, Integral Equations Operator Theory, 58, 1-33.

Beatrous, F., Burbea, J., 1989, Holomorphic Sobolev spaces on the ball, Dissertationes Math., 276, 57 pp.

Cowen, C.C., MacCluer, B.D., 1991, Composition Operators on Spaces of Analytic Functions, Stud. Adv. Math., CRC Press, Boca Raton.

Kaptanoglu, H.T., 2005, Bergman projections on Besov spaces on balls, Illinois J. Math., 49, 385-403.

Kaptano%lu , H.T,, Ureyen, A.E., 2018, Precise inclusion relations among Bergman-Besov and Bloch-Lipschitz spaces and H* on the unit ball
of C*, Math. Nachr., 291, 2236-2251.

Montes-Rodriguez, A., 2023, Zeros under unitary weighted composition operators in the Hardy and Bergman spaces, Mediterr. J. Math., 20,
#82, 9 pp.

Rudin, W., 1980, Function Theory in the Unit Ball of C", Grundlehren Math. Wiss., vol. 241, Springer, New York.

Zhu, K., 2005, Spaces of Holomorphic Functions in the Unit Ball, Grad. Texts in Math., vol. 226, Springer, New York.




	Introduction
	Preliminaries
	Spaces
	Möbius Transformations

	Proof of Main Result

