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Abstract

Relationships between type-1 Bishop and Frenet, type-2 Bishop
and Frenet, alternative and Frenet, N-Bishop and alternative
frames of any regular curve in Euclidean 3-space are known. In
this study, relationships between N-Bishop and Frenet frames
and relationships between type-1 Bishop, type-2 Bishop and N-
Bishop frames of any regular curve in Euclidean 3-space are
given. In addition, pole vectors (unit vectors in the direction of
Darboux vectors) belonging to these frames are computed.
Last, pole and Darboux vectors belonging to these frames are
compared with each other.

Anahtar Kelimeler Type-1 Bishop Frame;Type-2 Bishop Frame;
Alternative Frame; N-Bishop Frame; Frenet Frame; Darboux Vector
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0z
3-boyutlu Oklid uzayinda herhangi bir regiiler egrinin tip-1
Bishop ve Frenet, tip-2 Bishop ve Frenet, alternatif ve Frenet,
N-Bishop ve alternatif g¢atilari arasindaki iliskiler bilinmektedir.
Bu calismada, 3-boyutlu Oklid uzayinda herhangi bir regiiler
egrinin N-Bishop ve Frenet cgatilari arasindaki iliskiler ve tip-1
Bishop, tip-2 Bishop ve N-Bishop ¢atilari arasindaki iliskiler
verilmistir. Ayrica bu c¢atilara ait pol vektorleri (Darboux
vektori yonindeki birim vektorler) hesaplanmistir. Son olarak
pol ve Darboux vektorleri birbirleriyle karsilastiriimigtir.

Keywords Tip-1 Bishop Catisi; Tip-2 Bishop Catisi; Alternatif Cati; N-
Bishop Catisi; Frenet GCatisi;Darboux Vektérii

1.Introduction

Frenet frame, a tool used to determine the
characteristic features of a curve, was defined by J. F.
Frenet in 1847. This frame is also known as Serret-
Frenet frame, as J. A. Serret also defined the same
frame in his thesis independently of Frenet in 1851.

Frenet frame consists of tangent T, principal normal

N and binormal B vectors of a curve, (Hacisalihoglu
1983). Different frames can be defined on the curve,
depending on the character, geometrical properties or
location of any curve. One of them is Bishop frame (or
parallel transport frame) defined by Bishop (1975).
This frame is a relatively parallel frame obtained by
rotating around T, of Frenet frame by a certain angle.
The Bishop frame is more advantageous than the
Frenet frame, which works even when the second
derivative of the curve is zero. Subsequently,
numerous studies related to curves and surfaces have
been conducted using this frame, and new variants of
this frame (type-2 Bishop and N-Bishop) have even
been defined, (Blikcli and Karacan 2009, Kelleci et al.

2019, Kilicoglu and Hacisalihoglu 2013, Masal and Azak

2019). Therefore, Bishop frame is also referred to as
type-1 Bishop frame in some studies. The type-2
Bishop frame was advertised by Yilmaz and Turgut
(2010) with the same logic as type-1 Bishop, that is, by
rotating around B of Frenet frame by a certain angle.
In addition, an alternative frame to Frenet frame was
defined by Scofield (1995). This frame, which consists
of N and unit Darboux vector W of a curve, and a
third vector C attained by vector product of two
vectors, is called alternative frame. Keskin and Yayh
(2017) obtained a new frame by rotating around N of
alternative frame by a certain angle and called it N-
Bishop frame. As can be understood from their
definitions, tangential vector fields of type-1 Bishop
and Frenet frames, binormal vector fields of type-2
Bishop and Frenet frames, and principal normal vector
fields of N-Bishop and Frenet frames are common.
There are many studies on this new types of Bishop
and alternative frame (Ali¢ and Yilmaz 2021, Cakmak
and Sahin 2022, Damar et al. 2017, Kiziltug et al. 2013,
Masal and Azak 2015, Ourab et al. 2018, Samanci and
Seving 2022, Senyurt 2018, Senyurt et al. 2023, Yilmaz
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and Has 2022, Senyurt and Kaya 2018.). In these
studies, the relationships between Frenet and various
Bishop frames of a curve are given. In addition, just as
the Darboux vector belonging to the Frenet frame a
curve were defined, the Darboux vectors belonging to
the Bishop frames were also defined in the studies
(Bikct and Karacan 2008, Yilmaz and Savci 2017,
Uzunoglu et al. 2016, Samanci and incesu 2020).

2. Preliminaries

2.1. Frenet Frame of Any Regular Curve in E®

Frenet frame {T,N,B} of any regular curve ¥ in E®

T=2_ N=BAT, B=ZL21_

7] AT
curvature K and torsion 7 are
_ ”7/ A 7/!!” _ <}/r,7/rr A }/m>
|7 7~y

The matrix representation of Frenet derivative
formulas of ¥ is

T’ 0 ||7/’||K 0 T
N=| Il o e @
B’ 0 —||7'||T 0 B

Darboux and pole vector (unit vector in the direction
of Darboux vector) belonging to Frenet frame are

F = 1(eT +xB).

(2)
-t 71+ X B
Ji? + 72 Ji? + 72

W

2.2 Type-1 Bishop Frame of Any Regular Curve in E?

Type-1 Bishop Frame (or Bishop frame) is attained by
rotating Frenet frame {T, N, B} around tangent

vector T, by an angle 6 and so it is a relatively
parallel adapted frame in with Frenet frame. Let

{T,N;,B,} be the Bishop frame of any regular curve
¥ . Here T, is tangent vector of Frenet frame of 7,
N, is any unit vector perpendicular to T, by obtained

rotating N by angle €@ and B, =T AN, is a unit

vector perpendicular to both T and N,, Figure 1,
(Bishop 1975).

Figure 1. Frenet and Bishop frames

There are the following matrix relationships between
Frenet and Bishop frames:

'T] [1 O o [T
N |=|0 cos@ siné || N,
| B] |0 -sin@ cosé || B
or (3)

1 0 0 T

T
N, |=/0 cos@ -sin@| N
| B, | |0 sing cosé || B
where
o=y (4)
From (1), (3) and (4),
T'=|7'||x(coséN, +sin6B,)
=[l7lN; +[]7.B,

N, =-6'sin@N +cosdN' — &' cos#B —sin GB'

=—|y'|xcoseoT

= [y |xT
B, =6'cosON +sindN’ —&'sin OB + cos OB’
=—|'|xsingT

===t

are obtained, where
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kK, =KkC0S€, 1, =kKSing (5)

are curvatures of type-1 Bishop frame. Thus, the
matrix representation of Bishop derivative formulas is

T 0 Wl =T
N, [=|-ly|< O 0 |[|N, (6)
B, 7'z 0 0 B,

Darboux vector belonging to Bishop frame is (Biikcl
and Karacan, 2008)

F =T AT =[|(-zN, +5B,), (7)
where
T'=F AT, N/=FAN,, B'=FAB,.

2.3. Type-2 Bishop Frame of Any Regular Curve in E?

Type-2 Bishop frame, similar to type-1 Bishop frame, is
obtained by rotating Frenet frame {T, N,B} around
binormal vector B by an angle ¢. Let {N,,B,,B} be
type-2 Bishop frame of any regular curve ¥ . Here B
is binormal vector of Frenet frame of 7, N2 is any
unit vector perpendicular to B by obtained rotating
N by angle ¢ and B, =B AN, is a unit vector
perpendicular to both B and N,, Figure 2, (Yilmaz
and Turgut 2010).

Figure 2. Frenet and type-2 Bishop frames

There are the following matrix relations between
Frenet and type-2 Bishop frames:

T sing —cos¢g Of N,
N |=|cos¢ sing O]l B,
B 0 0 1| B

or (8)
sing cosg O T

NZ
B, |[=| —cos¢ sing Of N
B 0 0 1| 8B

where
o=l o)
From (1), (8) and (9),
N, =¢'cosgT +singT’'—¢'singN +cosgN’
=|7|rcos¢B
=[7x.B
B, =¢'singT —cosgT'+ ¢ cosgN +singN’
=y'|zsin¢B
==[rl=8
B'=—|»'|z(cos¢N, +sin¢B,)
=[N, +[7']2B,
are obtained, where
K, =—7COS¢, 7,=—7SiN¢g (10)

are curvatures of type-2 Bishop. Thus, the matrix
representation of type-2 Bishop derivative formulas is

N, 0 0 |y [N,

B, |=| 0 0 ||| B,

B | W< e 0 | B
(11)

Darboux vector belonging to type-2 Bishop frame is
(Yilmaz and Savci 2017)

F,=BAB :||}/'||(—1'2N2 +K,B,), (12)
where
N2'=F2/\N2, BZI=F2/\BZ, B'=F,AB.
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2.4. Alternative Frame of Any Regular Curve in E®

Alternative frame is a new frame obtained from Frenet
vectors of any regular curve. Let {N,C,W} be
alternative frame of any regular curve y . Here N s

principal normal vector of Frenet frame of y,

N —«T+7B
C= — = is a unit vector obtained from
IN Va2 422
the first derivative of principal normal vector N and
7T + kB
W=NAC=———— is a unit vector (unit

K2 +1°
Darboux vector belonging to Frenet frame)

perpendicular to both N and W, Figure 3, (Scofield,
1995).

Figure 3. Frenet and alternative frames

From (1), there are the following matrix relationships
between Frenet and alternative frames:

T7 |0 -« 7z |[N
Nl=l1 0 ofcC
Bl |0 7 «x||W
or (13)
N 0 1 o]T
Cl=|-« 0 7z||N
W r 0 «||B
where
P S-S S (14)

From (1), (13) and (14),

N"=[y]fc
C'=—L2K1”T—£T’+LZT1”B+£B’

f f f f

T(kt' —Kk'T . K(xt'—x'T

- S
=gW [y N
W’:—T’f_ZTfIT+1T'+—K’f_sz'B+£B'

f f f f
:(KT—KT)C

f2

are obtained, where
! !
KT —KT
f =K +172, g:T (15)
are curvatures of alternative frame. Thus, the matrix
representation of derivative formulas of alternative

frame is
N’ o |/|f OfN
C'l=|-|¥If o glcCl (16)
W’ 0 -g O0||W

Darboux vector belonging to alternative frame is
(Uzunoglu et al. 2016)

F=CAC =gN+||y| fw, (17)
where
N'=FAN, C =FAC, W'=FAW.

2.5. N-Bishop Frame of Any Regular Curve in E?

N-Bishop frame, similar to type-1 Bishop frame, is

obtained by rotating alternative frame {N,C,W}
around principal normal vector N by an angle ¢. Let
{N,N;,B;} be N-Bishop frame of any regular curve
¥ .Here N is principal normal vector of Frenet frame
of ¥, Nj is a unit vector perpendicular to N by

obtained rotating C by angle @ and B; =N AN, is
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a unit vector perpendicular to both N and N, Figure
4, (Keskin and Yayl 2017).

- =

¥ B,
Figure 4. Frenet and N-Bishop frames

There are the following matrix relationships between
the Frenet and N-Bishop frames:

N 1 0 0 N

C|=|0 cosep sing || N,
W 0 -sing cose || B,
or (18)

N 1 0 0 N
N, [=|0 cosep -—sing|l C

B, 0 sing cose ||W

where

(P=Ig- (19)
From (1), (18) and (19),

N"=[] fc

N, =—¢'singC +cospC' — ¢’ cos WV —sin W’
=—|»|| f cospN

==l=N

B, = ¢'cosC +singC’ — ¢'sin @\ +cos gV’
=—|7'|| f singN
=—|7zN

are obtained, where

Kky;=fcosp, 1,="fsing (20)

are curvatures of N-Bishop. Thus, the matrix
representation of N-Bishop derivative formulas is

VT 0 e ]
Ny =] =[x 0 0 N,
B, 7'l 0 0 B,
(21)

Darboux vector belonging to N-Bishop frame s
(Samanci and incesu 2020)

F, =N AN =|y/|(-2:N; + &;B;), (22)
where
N'=F, AN, N,/=F AN, B/ =F AB,.

3. On Bishop Frames of Any Regular Curve in E*

3.1. Relationships Between Bishop Frames of Any

Regular Curve in E?

First, let’s get the matrix relation between Frenet and
N-Bishop frames.

Theorem 3.1. There are the following matrix relationships

between Frenet frame {T,N,B} and N-Bishop frame

{N,NS,B3} of any curve ¥ in E3.

N 0 1 o]T
N,|=/-X 0 Y| N
B3

Y 0 X||B
or (23)
T 0 -X Y| N
Nf=l1 0 O] N,
B 0 Y X| B
where

K T . K . T
X=TCOS(D+?SIH(0, Y=—TSIn(0+?COS¢),

o=g.

Proof: N, is written as a linear combination of
T,N,B as follows:

N, =a,T +b)N +¢,B, (24)
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where a,,b,,C, are coefficients. If the inner product

with T, N, B is applied to both sides of (24),
a°:<T'N3>’ b0:<N'N3>’ Co:<B’N3>

are gotten. From (18),

K T . T K
a,=(T,cos¢| ——T +—B |[-sinp| —T +—B
o< o-5reelne(iro5o)

<N COS(D ——T +?Bj—sin¢[%T +$B]>

=0,

B, cow ——T+ : BJ singo[%T +?Bj>

=Y.
(25)

If (25) is substituted in (24),
N, =—XT +YB

is obtained. And similarly,
B,=YT + XB

is gotten. On the other hand, T is written as a linear

combination of N, N, B, as follows:
T=d,N+¢eN,+ f,B,, (26)

where d,,€,, f, are coefficients. If the inner product

with N, N;, B, is applied to both sides of (26),
dy=(N.T), e =(N,T), f,=(B,T)

are gotten. So,

= (~XT +YB,T)=-X, (27)
fy=(-XT +YB,B)=Y.
If (27) is substituted in (26),
T =—XN, +YB,
is obtained. And similarly,
B=YN, + XB,

is gotten. Thus, the proof is completed.

Theorem 3.2. There are the following matrix relationships

between type-1 Bishop frame {T,N; B} and type-2
Bishop frame {N,,B,,B} ofany curve y in E*:

N sing cosgcosd cosgsing || T

B, |=| —cos¢ singcosd singsing || N,
B 0 —-sind cosé B,
or

T sing —C0S¢ 0 N,
N, |=| cosgcosé singcosd -—sind || B, |,
B

cosgsing singsing cosé || B

where 6 = I||7'||T , 9= _[”7'"’( -
Proof: From (3),
B =-sin@N, +coséB, .

N, is written as a linear combination of T,N,,B, as

follows:
N,=aT +bN, +¢B,, (28)

where a,,b,,C, are coefficients. If the inner product

with T, N, B, is applied to both sides of (28),
a=(T,N;), b =(N,N,), ¢=(B,N,)
are gotten. From (3) and (8),
a, =(T,singT +cos¢gN)
=sing,
b, =(cosON —sin@B,sin ¢T +cosgN )
=C0S 6 COoS ¢,

¢, =(sin@N +cosB,sin 4T +cosgN )

=sin@cos ¢.

(29)

If (29) is substituted in (28),

N, =singT +cos@cosgN, +sindcos¢@B,
is obtained. And similarly,

B, =—C0S¢T +cosé@singN, +sin&sin ¢B,
is gotten. On the other hand, from (8)

T =singN, —cos¢B, .
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N, is written as a linear combination of N,,B,,B as

follows:
N,=d,N, +¢B, + B, (30)

where d,,e, f, are coefficients. If the inner product

with N,,B,,B is applied to both sides of (30),
d =(N,.N,), &=(B,.N,), f,=(B.N,)
are gotten. From (3) and (8),

d, =cosdcosg,

e, =(—cosgT +singN,cosON —sinoB)

=c0sésin g,

f, =(B,cosdN —singB) = —sin 6.

(31)

If (31) is substituted in (30),

N, = cos@cosgN, +cosésingB, —sindB
is obtained. And similarly,

B, =sin@cos¢N, +sindsin¢B, +cosoB

is gotten. Thus, the proof is completed.

Theorem 3.3. There are the following matrix
relationships  between  type-1 Bishop frame

{T,N;,B,} and N-Bishop frame {N,N,,B,} of any

curve y in E*:

N 0 cosé sing || T
N, [=| =X =Ysin@ Ycosé || N,
B, Y —Xsing Xcosé || B,

or

T 0 -X Y N
N, [=| cosd -Ysin@ —Xsiné || N,
B, sind Ycos¢ Xcosé || B,

where

K T . K . T
X =?COS(/)+?SIn(0, Y =—?Sln(0+?COS(p,

o=[ll. o=[o.

Proof: From (3),
N =coséN, +sin B, .

N, is written as a linear combination of T,N,, B, as
follows:

N, =a,T +b,N, +¢,B,, (32)
where a,,b,,C, are coefficients. If the inner product

with T,N,,B, is applied to both sides of (32),

respectively
a,=(T,N;), b,=(N,N;), c,=(B,Ny)
are gotten. From (3) and (23),

a, =(T,~XT +YB)=-X,

b, =(cosON —singB,—XT +YB) =-Ysin#,

c, =(sinON +cos¥B,—XT +YB) =Y cosf.
(33)
If (33) is substituted in (32),
N, =—XT =Y sindN, +Y cos&B,
is obtained. Similarly,

B, =YT — XsinéN, + X cosB,

is gotten. On the other hand, N1 is written as a linear

combination of N, N, B, as follows:
N, =d,N +e,N, + f,B,, (34)

where d,,€,, f, are coefficients. If the inner product

with N, N;, B, is applied to both sides of (34),

d,=(N,N,), e =(N;N,), f,=(B;,N,)

are gotten. From (3) and (23),

d, =(N,cos&N —sinB)=cos¥,
e, =(—=XT =Y sinéN, +Y coséB,,N, )

=-Ysin@, (35)
f,=(YT — Xsin&N, + X cos6B,N,)

=-Xsind.

If (35) is substituted in (34),

N, =coséN —Y sinéN, — X sindB,
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is obtained. And similarly,

B, =sin@éN +Y cos&N, + X coséB,,
T=-XN,+YB,

are gotten. Thus, the proof is completed.

Theorem 3.4. There are the following matrix relationships

between type-2 Bishop frame {N,,B,,B} and N-Bishop
frame {N, N, B,} ofanycurve y in E*:

N COoS ¢ sing 0N,

N, |[=|-Xsing Xcosg Y || B,

B, Ysing -Ycosg X | B
or

N, cos¢g —Xsing Ysing || N

B, |[=|sing Xcos¢ -Ycos¢g| N,

B 0 Y X B,

where

K T . K . T
X =?COS(/)+TSIH¢, Y =—?Sln(p+?005(p,

p=[lrlx, o=[g.
Proof: From (8),
N =cos¢N, +singB,.

N, is written as a linear combination of N,,B,,B as

follows:
N, =a,N, +b,B, +¢C,B, (36)

where a,,b,,C, are coefficients. If the inner product
with N,,B,,B is applied to both sides of (36),

respectively
a,=(N,.N,), b,=(B,,N,), c,=(B,N,)
are gotten. From (8) and (23),
a, =(singT +cosgN,—XT +YB)
=-Xsing,
by = (—cosgT +singN,—XT +YB) (37)

= X COS ¢,

c; =(B,—XT +YB)=Y.

If (37) is substituted in (36),

N, =—XsingN, + X cos¢B, +YB
is obtained. Similarly,

B, =Y singN, —Y cos¢B, + XB

is gotten. On the other hand,
N, is written as a linear combination of N,N,,B; as

follows:
N, =d;N +e,N, + f,B,, (38)

where d,,8,, f; are coefficients. If the inner product

with N, N;, B, is applied to both sides of (38),

d, =(N.N,), e =(N,,N,), f,=(B,,N,)

are gotten. From (8),

d; =(N,singT +cos¢gN ) = cosg,

e, =(—XsingN, + X cos¢gB, +YB,N,)
=-Xsing,

f, =(YsingN, —Y cos¢B, + XB,N,)

=Y sing.

(39)

If (39) is substituted in (38),

N, =cosgN — X singN, +Y sin¢B,
is obtained. And similarly,

B, =singN + X cos¢N, —Y cos¢B,,
B=VYN, + XB,

are obtained. Thus, the proof is completed.

3.2. Relationships Between Darboux Vectors
Belonging to Frenet and Bishop Frames of Any

Regular Curve in E?

Theorem 3.5. There is the following equation between

Darboux vector F belonging to Frenet frame and Darboux

vector F1 belonging to type-1 Bishop frame of any curve y
in E3:

F=F—|y|T. (40)
Proof: If (3) and (5) is substituted in (7),

Fo=[lyxB
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is obtained. From (2), the proof is completed.

Theorem 3.6. There is the following equation between

Darboux vector F belonging to Frenet frame and Darboux

vector Fz belonging to type-2 Bishop frame of any curve ¥
in E3:

F,=F—|y|«B. (41)
Proof: If (8) and (10) is substituted in (12),

Fo = [T

is obtained. From (2), the proof is completed.

Theorem 3.7. There is the following equation between

Darboux vector F belonging to Frenet frame and Darboux

vector F belonging to alternative frame of any curve 7 in

=

F=F+gC.
Proof: Since W = M , from (2) and (15),
VK2 +7°
F =l tw @

is gotten. (42) is substituted in (17), the proof is
completed.

Theorem 3.8. There is the following equation between

Darboux vector F belonging to Frenet frame and Darboux

vector F3 belonging to N-Bishop frame of any curve ¥ in
E3:

F=F. (43)

Proof: If (18) and (20) is substituted in (22),

R =[] fw

is obtained. From (42), the proof is completed.

Corollary 3.1. There is the following equation between
Darboux vectors F, F1' |:2 and F3 belonging to Frenet,
type-1 Bishop, type-2 Bishop and N-Bishop frame of any

curve ¥ in E3, respectively:
F=F,=F+F,.

Proof: From (40), (41) and (43), the proof is
completed.

3.3. Their Relationships and Pole Vectors Belonging

to Bishop Frames of Any Regular Curve in E®
Theorem 3.9. Pole vector W1 belonging to type-1 Bishop
frame of any curve ¥ in =

W, = —=sin@N, + cosHB,. (44)

Proof: If (5) is substituted in (7),

is obtained. So, the proof is completed.

Corollary 3.2. There is the following equation between

binormal vector B and pole vector W1 belonging to type-1

Bishop frame of any curve ¥ in E3.
W, =B.

Proof: From (3) and (44), it is clear.

Theorem 3.10. Pole vector W2 belonging to type-2 Bishop

frame of any curve ¥ in E°:
W, =singN, —cos¢B,. (45)

Proof: If (10) is substituted in (12),

F2 7, K,
=2 - _2N,+-2B
O S I

is obtained. So, the proof is completed.

Corollary 3.3. There is the following equation between

tangent vector T and pole vector W2 belonging to type-2

Bishop frame of any curve ¥ in E3.
W, =T.
Proof: From (8) and (45), it is clear.

Theorem 3.11. Pole vector W belonging to alternative

frame of any curve ¥ in E3.
W = g N +

2
I T

Proof: From (17), the proof is completed.

2
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Theorem 3.12. Pole vector W3 belonging to N-Bishop frame
of any curve ¥ in E3:

W, = -sin@N, + cos¢B,. (46)
Proof: If (20) is substituted in (22),

F T K.
W,=—32 =-3N,+-3B
TR TR

is obtained. So, the proof is completed.
Corollary 3.4. There is the following equation between pole

vector W and pole vector W3 belonging to type-1 Bishop

frame of any curve ¥ in E3:

W, =W .

Proof: From (2), (18) and (46), it is clear.

Corollary 3.5. There is the following equation between pole

vectors W , W, W, andW, belonging to Frenet, type-1
Bishop, type-2 Bishop, N-Bishop frames of any curve J in

E2, respectively:

K T
W =W, = W, + W, .
? \/K2+72 ' \//c2+72 ?

Proof: From (2), (44), (45) and (46), it is clear.

4. Conclusion

In this study, the relationships between various Bishop
frames and their Darboux vectors are discussed and
new results are obtained. These results will be
evaluated in the studies that have been done or will
be done on Bishop frames. In addition, these results
can be examined in various spaces such as Galilean
space, Lorentz space, Dual Lorentz space.
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