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1. Introduction

Ranked set sampling (RSS) represents a recommended option to simple random sampling (SRS), recognized
for its capacity to yield more cost-efficient, time-saving, and efficient outcomes in comparison to SRS [1-3].
The RSS technique hinges on the availability of an auxiliary variable (z), ideally easily accessible and
correlated with the study variable (g). This auxiliary variable is pivotal in the ranked process and sample
selection procedure. However, once the sample selection is finalized, the estimation process exclusively
pertains to the study variable. While it is feasible to incorporate the auxiliary variable into the estimation phase
through various estimator types (e.g., ratio, product, or regression type estimators using auxiliary variables)
[4-13], such approaches often necessitate knowledge of population parameters. The undeniable impact of
utilizing auxiliary variable information in enhancing efficiency is well established. It is widely recognized that
employing multiple auxiliary variables has the potential to yield even greater efficiency gains than using a
single auxiliary variable [14-17]. However, obtaining these parameters for all variables is frequently
impractical, limiting the applicability of such estimators on applications.

A novel method has been proposed, displaying that the auxiliary variable, a crucial component of the RSS
method, can be effectively employed in the estimation phase without requiring population parameters. This
breakthrough not only broadens the scope of utility for such estimators but also elevates the overall efficiency
of the estimation process. These estimators developed for the RSS method are called sub-estimators [18]. The
primary objective of this study is to introduce an estimator that surpasses the existing population mean
estimators found in the literature in terms of efficiency. For this purpose, a novel sub-estimator using two
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auxiliary variables without their population parameters is proposed to estimate the population mean. Once the
theoretical foundations of the proposed estimator have been established, the subsequent aim is to validate its
efficiency through numerical investigations.

2. Estimators in Literature

In the RSS method, a simple random sample of m? of the observations z is initially drawn and subsequently
divided into m sets. Within each set, a ranking is established based on z, leading to the selection of
measurements for the g corresponding to the units situated along the diagonal. If the required sample size
cannot be achieved with m, the process is repeated ¢ times, and the desired n = mc is obtained. The
fundamental mean estimator of the RSS method and its mean square error (MSE) obtained after the cycle c:

Jrss = — 229[11]1

j=1i=

and

—2
MSE(grss) = G (VCZ - wg)
where gy, is the observation value g of i*" ranked in i*" set and j*" cycle, y = 1/mc, CZ is the coefficient
of variation of g, w; ;) = ZZL L Toy Taq = gy — G, and g represents the mean of the i*" order

statistics of g. The RSS sub ratlo estimator and its MSE are described as the following equations:

~ g
Ikk1 = el SZSUB
ZRs
and
MSE(gkx1) = G [V Zsyp wZSUB(l) + VC ;(i) - z(ngZSUB - ngSUB(i))] (1)

— 1 R
where Zgss = %Zjﬂ 2is1 Z[i,;;; is the ranked set sample mean of z,
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and sz sup (i) represents the cross-product of the deviation [18]. The RSS sub-exponential ratio type estimator
and its MSE are formulated as [18]:

Zsyp — ZR55>

gKKZ = ERSS exp <
Zsyp t Zgss
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and

—2 1
MSE(gkk2) = G [YCZZSUB - wgsma(i) + 4 (ng2 - wg(i)) - (ngZSUB - wQZSUB(l'))] ()
The sub-regression type estimator and its MSE are given as [19]:

Jkr = Ggss T+ b(Zsyp — Zrss)
and

3)

2
(ngZSUB — Wgzgyp )
yCZ
min

— 2
ZSUB wZSUB

MSE (Gxr)3us = [Vng - 0)5 -

YCgzsyp~®azsyp G
Sz oz andRsgyp =—

Where b = RSUB _wz Z .
zsyBp~ “ZsuB SUB

3. Proposed Estimator

Building upon the foundation laid by the sub-ratio, sub-exponential, and sub-regression type estimators
[18,19], as well as the multiple auxiliary variable estimators [14-17], we introduce a novel sub-estimator for
the population mean under ranked set sampling with two auxiliary variables with the following formulation:

Goro = [E exp <ZSUB - ERSS) exp <YSUB - zRSS)]
PRO = |Ggss e =
Zsyp t Zgss Xsup + Xgss

where x is the second auxiliary variable,

1 c m
Xpss = %z z Xii);j

j=1i=1

1 m m
Xsup = m A z ZX[i,k];j

To derive the MSE of the proposed estimator, we introduce the following definitions:

and

rss = G(eg+1), Zpss =Zsyple, +1), and Xgss = Xsyplex + 1) 4)
where

E(e;) =E(e,) = E(e,) =0
E(eﬁ) =yC§ — wi = Voo
E(ef) = YCZZSUB - 0)35[,3 = V20
E(e?) = YC;?SUB - C‘)JZCSUB = Vooz ©)
E(egez) = ¥Cozsyp — Wgzsys = Viro
E(egex) = ¥Coxgys — Wgxsys = Vio1

E(eZeX) = yCZSUBxSUB - a)ZSUBxSUB = V011

E(egezex) = ngZSUBxSUB — Wyzgygxsyp = Vi
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By utilizing the provided definitions in Equation 4, we can express the estimator given in Equation 5 in linear
form using Taylor series and second-degree approximation:

Zsys — Zsyp(e, + 1)) ox <)_(SUB — Xsyp(ex + 1))]

Jrro = [E(e + 1) exp <_ — = —
7 Zsyp + Zsyp(e; +1) Xsyp + Xsyp(ex + 1)

= E(eg + 1) exp( —C )exp( —Cx )

e, +2 e+ 2

- — e, 3e? e, 3eZ eue,
= 1-2 _x Sztx
G+ Geg < 278 2778 "4
Hence,
- e, ey 3e; 3ef ese, egey ege, egesey
. e e 3ex B 3 6
gpro G+G<e~‘7 2 278 T8 T T2 T2 4 ®)

When subtracting from Equation 5 and then taking the expected value, the bias of the estimator is determined
as follows:

B(.QPRO) =G

—=2 (3V020 +3V002 Vorr  Vior Vito +V111)
8 8 4 2 2 4

After subtracting G from Equation 6 and subsequently squaring and taking the expected value, upon
substituting the equations provided in Equation 5 into their corresponding positions, we arrive at the MSE
equation of the estimator as follows:

V. V. V.
020 n 002 011) )

—2
MSE (gpro) = G (Vzoo + 3 T4 T Vito = Vio1 + >

For theoretical comparisons, we can express Equations 1-3 in the following forms:

—2
MSE (Gxx1) = G (Va00 + Vozo — 2V110)

R —2 1
MSE (gkkz2) = G (Vzoo + ZVOZO - V110)

and

A T2 V1210
MSE(Gxr)G | V200 +V—
min

020
Subsequently, by employing Equation 7, we can perform concluding the disparities between the estimators:

i. If MSE (§pro) < MSE (i) then 2oz=2io1*2Vour 9

3Vo20—4V110

|| If MSE(ngo) < MSE(gKKZ) then VOO;;2V011 <1.
110
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4. Numerical Study

This section encompasses the numerical computations performed on synthetic and real data sets using the
existing and proposed estimator. All calculations are carried out utilizing the R programming language in
numerical studies.

4.1. Monte Carlo Simulation

Trivariate random observations (G, Z, X) are generated from a trivariate normal distribution characterized by
parameters: ug = u, = py =5, and g4 = o, = g, = 1, correlation coefficients p,, = pgx = P =
0.7, 0.8, and 0.9, along with population sizes N = 100 and 1000. In the existing literature, it is recommended
that the set size “m” for the RSS method does not exceed 5, and it is often chosen as 3, 4, or 5. Therefore,
100000 RSS samples were drawn from these populations with a set size of m € {3,4,5} and cycle c €
{1,2,3,4}. The estimators’ values were computed based on these selected RSS samples.

MSE values for the estimators are computed using Equation 8, while the relative efficiency (RE) values are
obtained via Equation 9. In the context of the RE comparison, the reference variable is designated as the RSS
basic mean estimator (grss). The results of these comparisons are tabulated in Tables 1-3, each corresponding
to distinct parameter combinations. These tables encapsulate valuable insights into the performance of the
estimators under varying conditions.

100000
MSE () = z (g1h(;oooo , he{RSS,KK1,KK2,KR, PRO} ®)
MSE (grss)
RE(§) = ——I852 | e (KK1,KK?2,KR, PRO 9
99 = "MSE(g) t } 9)

Table 1. RE results for pg, = pgx = psx = 0.7

N =1000
m 5 5 5 5 4 4 4 4 3 3 3 3
RE
c 4 3 2 1 4 3 2 1 4 3 2 1

Ikt 1.0837 1.0957 1.0845 1.0917 1.1028 1.0906 1.0975 1.0943 1.0933 1.0967 1.1006  1.0927
Jkk2 11099 1.1161 1.1117 1.1164 11238 1.1174 11209 1.1198 1.1194 1.1211 11235 1.1197
Jkr 11176 1.1254 1.1129 1.1092 1.1248 1.1246 1.1222 1.1034 11215 1.1210 1.1175 1.0911
Jrro 1.2244 1.2398 1.2246 1.2329 1.2361 12176 1.2282 1.2255 1.2059 1.2079 1.2070  1.2031

N =100
m 5 5 5 5 4 4 4 4 3 3 3 3
RE
c 4 3 2 1 4 3 2 1 4 3 2 1

Ikk1 1.1683 1.1598 1.1639 1.1613 1.1647 1.1512 1.1560 1.1557 1.1478 11431 1.1451 1.1420
Jkk2 1.1552 1.1510 1.1528 1.1513 1.1547 1.1483 1.1500 1.1516 1.1456 1.1430 1.1433 1.1433
Jkr 1.1766 1.1764 1.1722 1.1686 1.1707 1.1720 1.1688 1.1646 1.1641 11602 1.1586  1.1442
9prro 1.3396 1.3222 1.3199 1.3174 13066 1.2982 13071 1.2931 12684 1.2649 1.2643 1.2550

Boldfaced values indicate the “best” performances.




Journal of New Theory 44 (2023) 79-86 / A Novel Sub-Type Mean Estimator for Ranked Set Sampling with Dual ... 84

Table 2. RE results for pg, = pgx = px = 0.8

N =1000
m 5 5 5 5 4 4 4 4 3 3 3 3
RE
c 4 3 2 1 4 3 2 1 4 3 2 1

Jkkr 1.2043 1.1980 1.1993 1.1952 1.2133 1.2088 1.2114 1.2121  1.2072  1.2047 1.2027  1.1977
Jkk> 11708 1.1681 1.1675 1.1665 1.1772 11751  1.1762 11763 11729 11714 11702  1.1680
Gkr 1.2056 1.2044 1.2010 1.1825 1.2071 1.2087  1.2021 1.1875 12003 1.1944 11877 1.1610
Grro  1.4034 1.3979 1.3941 1.3924 1.3828 13722  1.3789 1.3789  1.3398  1.3371 1.3369  1.3219

N =100
m 5 5 5 5 4 4 4 4 3 3 3 3
RE
c 4 3 2 1 4 3 2 1 4 3 2 1

Okk1 11904 1.1820 1.1892 1.1844 1.1875 1.1864  1.1852 11791  1.1784  1.1752 1.1751  1.1694
Okk2 1.2306 1.2281 1.2292 1.2279 1.2263 1.2265  1.2256 1.2218 1.2128  1.2099 1.2095  1.2070
Okr 1.2418 1.2321 1.2248 1.1898 1.2300 1.2258  1.2133 1.1805 1.2137  1.2088 1.1929  1.1546
Orro 1.3452 1.3399 1.3403 1.3375 1.3265 1.3268  1.3285 13210 1.2986  1.2898 1.2846  1.2841

Boldfaced values indicate the “best” performances.

Table 3. RE results for pg, = pgx = pye = 0.9

N =1000
m 5 5 5 5 4 4 4 4 3 3 3 3
RE
c 4 3 2 1 4 3 2 1 4 3 2 1

Jkkr 1.3782 1.3816 1.3722 1.3805 1.3722  1.3744  1.3689 1.3659 1.3416  1.3377 13333  1.3252
Jkk» 12765 1.2799 1.2761 1.2799 1.2735 1.2738  1.2732 1.2700 1.2518  1.2498  1.2495  1.2436
Jkr 1.3762 1.3730 1.3608 1.3385 1.3634  1.3600  1.3537 1.3086 1.3264  1.3100 1.3028  1.2655
drro 15093 1.5155 1.5074 1.5184 1.4786  1.4852  1.4732 1.4799 14243 14194 14140  1.4109

N =100
m 5 5 5 5 4 4 4 4 3 3 3 3
RE
c 4 3 2 1 4 3 2 1 4 3 2 1

Jxxk1 14533 1.4484 1.4471 1.4368 1.4204 1.4166  1.4186 1.4094 1.3651  1.3651  1.3659  1.3639
Jkk2 13240 1.3233 1.3218 1.3190 1.3041  1.3045  1.3053 1.3007 1.2708  1.2693  1.2707  1.2694
Oxr 14387 14240 1.4113 1.3855 1.4011 1.3968 1.3794  1.33975 1.3455  1.3466  1.3196 1.2751
Oprro 16143 1.6016 1.6037 1.5920 1.5385  1.5379  1.5418 1.5285 1.4497 14537  1.4530  1.4422

Boldfaced values indicate the “best” performances.

4.2. Real Data Application

This section extends the simulation study employed in the preceding segment to utilize real rather than
synthetic data. The dataset originates from the compilation of data across 81 provinces in Tiirkiye [20]. The
variables used within this context are as follows: G: The population of Tiirkiye in the year 2021; Z: The number
of registered vehicles in the year 2017, and X: The tally of traffic accidents involving fatalities or injuries in

2017. The underlying population parameters are briefly summarized as follows: G = 1045435, Z = 15400.6,
X = 2255.173, 04 = 1914343, 0, = 50392.4, 0, = 2662.278, p,, = 0.97, pg, = 0.87, and p,, = 0.77.
100000 RSS samples were drawn from this population (N = 81), considering various set sizes m € {3,4,5},
and cycle ¢ € {1,2,3,4}. After calculating the estimator values from these samples, RE values were computed
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utilizing Equations 8 and 9. The outcomes of these computations are presented in Table 4, offering insights
into the performance of the estimators within the context of real data.

Table 4. RE results for a real data set

N =1000
m 5 5 5 5 4 4 4 4 3 3 3 3
RE
c 4 3 2 1 4 3 2 1 4 3 2 1

Jkkr  0.8853 0.9082 0.9102 0.8641 0.8205 0.8214 0.7860  0.71628  0.7274  0.6975  0.6608  0.5989
Jkk>  3.7009 3.5807 3.3467 3.1058 2.8741  2.8033  2.6894 2.6239 22153 21860  2.1698  2.2215
Jkr 1.3834 1.2962 1.2149 1.0786 1.7861  1.8303  1.8906 1.9278 25979 28551  3.2944  4.1129

Jrro 3.7707 3.7500 3.6274 3.5907 2.9717 2.9644 2.9386 3.0829 2.3119 2.3417 2.4090 2.6944
Boldfaced values indicate the “best” performances.

5. Conclusion

This study aims to introduce a new sub-estimator that surpasses the existing alternatives available in the
literature regarding efficiency. A novel sub-estimator is proposed to achieve this objective, which utilizes two
auxiliary variables without relying on population parameters. Once the theoretical framework of this novel
estimator is established, the subsequent step involves substantiating its efficiency through numerical
investigations.

The outcomes of the numerical studies indicate that, across all scenarios, the proposed estimator consistently
outperforms other estimators in terms of effectiveness, as evidenced by simulation results derived from
trivariate normal distributions. Considering the simulation study conducted on real data, the proposed estimator
is the optimal choice in most cases, except for instances where m = 3.

In the simulation study and the real data application, a discernible pattern emerged, underscoring that the
effectiveness of the estimator exhibited a positive correlation with the parameter “m”, denoting the number of
ranked sets employed in the sampling process. Specifically, as the value of “m” increased, there was a notable
enhancement in the estimator’s performance.

For prospective research, exploring the proposed estimator’s behavior in the context of skewed distributions
and under varied sampling methodologies is recommended. Furthermore, an intriguing avenue for exploration
involves devising sub-estimator adaptations under the ranked set sampling (RSS) of the proposed estimators
for other sampling methods, subsequently assessing their efficiencies.
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