JOURNAL OF UNIVERSAL MATHEMATICS
VoL.6 NO.3-SUPPLEMENT PP.62-83 (2023)
ISSN-2618-5660
DOI:10.33773/jum.1346319

SOME QUALITATIVE PROPERTIES OF SOLUTIONS OF
CERTAIN NONLINEAR THIRD-ORDER STOCHASTIC
DIFFERENTIAL EQUATIONS WITH DELAY

R.O. BANIRE, O.0. FABELURIN, P.O. ARAWOMO, A. T. ADEMOLA, AND M.O. OMEIKE

0009-0004-4396-822X, 0000-0002-3129-5935, 0000-0003-0814-0342, 0000-0002-1036-1681 and
0000-0005-3616-2979

ABSTRACT. This study considered certain nonlinear third-order stochastic dif-
ferential equations with delay. The third-order equation is reduced to an equiv-
alent system of first-order differential equations and used to construct the
desired complete Lyapunov-Krasovskii functional. Standard conditions guar-
anteeing stability when the forcing term is zero, boundedness of solutions when
the forcing term is non-zero, and lastly the existence and uniqueness of solu-
tions are derived. The obtained results indicated that the adopted technique
is effective in studying the qualitative behaviour of solutions. The obtained
results are not only new but extend the frontier of knowledge of the qualitative
behaviour of solutions of nonlinear stochastic differential with delay. Finally,
two special cases are given to illustrate the derived theoretical results.

1. INTRODUCTION

In recent years, the studies of stability, boundedness, existence and uniqueness of
solutions of a nonlinear third-order stochastic differential equations with delay have
been discussed and still under intensive investigations by researchers. Some out-
standing works on deterministic model with and without delay using the technique
of Lyapunov, we refer to the papers in [7-10, 12, 14, 18, 25].

In this paper, we shall consider the third-order nonlinear stochastic differential
equation with delay defined as

(1.1) @ (t) + ai(t) + g(-) + h(x(t — 7(1))) + ot — 7(t))w(t) = p(-),

where g(1) = g(a(t = 7(£)), #(t — 7(£))), () = p(t, 2(t), #(2), 5(2)), for simplicity we
shall write z(t) = z, y(t) = y, and z(t) = z. Assign y = & and z = & equation (1.1)
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is equivalent to system of first order equations
T=y, Y=z,
t

z=p(t,z,y,2) — h(z) — g(z,y) —az — U[x — / y(s)ds]ob(t)

t—7(t)

(1.2)
+/ti o [92(2(5), y(5))y(5) + gy (x(s),y(5))2(5) + h' (x(s))y(s)] ds,

where the functions g, h, and p are continuous in their respective arguments on
R? R, and Rt x R?, respectively with RT = [0,00), R = (—00,0), and w € R (a
standard Wiener process, representing the noise) is defined on R?, 7(t) is a continu-
ously differentiable function with 0 < 7(¢) < 79, 79, a, and o are positive constants.
The dots denote to differentiation with respect to the independent variable t € RY,
derivatives h'(x), gs(x,y), and g,(z,y) exist and are continuous. Moreover, the
continuity of the functions g, h, and p is sufficient for the existences of the solutions
and the local Lipschitz condition for system (1.2) to obtain a unique continuous
solution represented by (z(t),y(t), z(t)).

Systematic investigations of differential equations of distinct orders, with and
without delay and/or randomness, have been carried out by researchers. In par-
ticular, there are critical inspection on first order system of differential equations,
we can mention the background books and papers in [15-17, 19-21, 24, 27-29].
In addition, researchers in [11] employed the direct method of Lyapunov to obtain
standard criteria on stability and boundedness of solutions of a certain second-order
non-autonomous stochastic differential equation

B(t) + f(2(t), 2(0)2(t) + g(2(t) +ye)w(t) = p(t, (1), 2(1)),

where ~ is a positive constant, g € C(R,R) f € C(R x R,R), and p € C(RT x R x
R,R) are continuous functions. The function g is differentiable and continuous for
all z.

Furthermore, authors in [2] considered stability of solutions of certain second-
order stochastic delay differential equations

Z(t)+bz(t)+cx(t—e)+yz(t)w(t) = 0 and Z(t)+bz(t)+ f (x(t—e))+yz(t—o)w(t) = 0,

where b, ¢,y are positive constants, € and )y are positive constant delays, the func-
tion f is continuous with respect to « with f(0) = 0. What is more, article in [3]
discussed new results on the stability and boundedness for solutions of second-order
stochastic delay differential equation

#(8) + g(E(t)) + ba(t — h) + ox(®)a(t) = p(t, z(t), #(t), z(t — h)),

where b, o are positive constants, h is a positive constant delay, g and p are con-
tinuous functions with ¢g(0) = 0. In [5], a suitable Lyapunov functional is used to
establish sufficient conditions guaranteeing the existence of stochastic asymptotic
stability of the zero solution of the non-autonomous second-order stochastic delay
differential equation

E(t) +a(t)(t) +0(8) f(x(t — 7)) + g(t, x)a(t) = 0,

where a(t) and b(t) are two positive continuously differentiable functions on [0, c0), r
is a positive constant delay, f(x) and g¢(¢,z) are continuous functions defined on
R and R x R respectively with f(0) = 0. Researchers in [6] studied the stability
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and boundedness of solutions to certain nonlinear non autonomous second-order
stochastic delay differential equations

E(t) + () f (@(t), 2(8)2(t) + g(x(t — 7)) + ow(t)w(t) = p(t, z(1), £(t), x(t — 7)),

where 9, f, g, p are continuous functions in their respective arguments on R*,R? R,
R* x R3 respectively, o > 0 is a constant, and 7 is a positive constant delay. No
doubt, articles [2, 3, 5, 6, 11] are special cases of equation (1.1).

When 7(t) = 0, g(-) = bi(t), h(z(t — 7(t))) = cx(t), and z(t — 7(¢)) = x(¢),
equation (1.1) reduces to the third-order stochastic differential equation discussed
in [1] namely

F (L) + ai(t) + bi + cx(t) + ox()a(t) = p(t, z(t), #(t), (L)),

where @ > 0,0 > 0,¢ > 0, 0 > 0 are constants, and p(t,z,&,Z) is a continuous
function. Authors in [4] investigated the asymptotic stability of the zero solution
for the third-order stochastic delay differential equations given by

T(t) + ar12(t) + g1(2(t —r1(2))) + fi(z(¥)) + o12(t)w(t) =0
and
D (t) + a2i(t) + fo(x())(E(t) + fa(z(t —r2(t))) + o22(t — h(t))w(t) = 0,

where a1, as, 01, 02 are positive constants, 71, 2 are two positive constants such
that 0 < 71 (t) <1, 0 < ro(t) < 2, 0 < h(t), suph(t) = H; ¢1, f1, f2, and f5 are
continuous functions with g;(0) = f1(0) = f3(0) = 0. The two equations discussed
in [4] are special cases of (1.1) since g(-) = g1(x(t —71(t)), h(z(t—7(t))) = f1(z(¥)),
x(t —7(t)) = x(t), and p(-) = 0 in the first equation and g(-) = fa(x(t))z(t) and
p(-) =0 in the second equation. Whenever g(-), z(t — 7(t)), and 7(¢) are equivalent
to bi(t),z(t), and 7 > 0 a constant delay respectively then equation (1.1) is cut
down to the third-order stochastic delay differential equations considered in [13]
ie.,

T(t) + ad(t) + bi(t) + h(z(t — 7)) + ox(t)w(t) = p(t, x(t), £(t), Z(2)),

where the constants a, b, ¢ are positive, h,p are nonlinear continuous functions in
their respective arguments and h(0) = 0,7 > 0 is a delay constant.

In the case g(-),z(t — 7(t)), and p(-) are equivalent to ¢(&(t — r(¢))), z(t — h),
and 0 respectively then equation (1.1) is trim down to the third-order stochastic
differential equation

T(t) + ad(t) + o(@(t —r(2)) + Y(x(t —r(t))) + ox(t — h)w(t) =0,

investigated in [22] where ¢ > 0 and o > 0 are constants, h > 0 is a constant
delay, r(t) is a continuously differentiable function satisfying 0 < r(¢t) < 81, 51 > 0
a constant, ¢ and v are nonlinear continuous functions defined on R with ¢(0) =
¥(0) = 0. Motivation for this work comes from the works in [1, 4, 13, 22], where
Lyapunov functionals are exploited to acquire asymptotic stability, boundedness,
existence and uniqueness of solutions of the equations considered. Section 2 presents
definitions of terms and basic results used in this paper, stability of the trivial
solutions are stated and proved in Section 3, boundedness and existence results are
communicated in Section 4, and special cases of the theoretical results discussed in
Sections 3 and 4 are presented as examples in Section 5.
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2. PRELIMINARY RESULTS

Let (2,5, {8¢}+>0,P) be a complete probability space with a filtration {F;}i>o0
satisfying the usual conditions (i.e., it is right continuous and {Fy} contains all
P—null sets). Let B(t) = (Bi(t), -+, Bmn(t)) be an m—dimensional Brownian
motion defined on the probability space. Let || - || denotes the Euclidean norm in
R™. If A is a vector or matrix, its transpose is denoted by AT. If A is a matrix, its
trace norm is denoted by ||A|| = y/trace (AT A). Details can be seen [15] and [23].
Consider a non autonomous n—dimensional stochastic delay differential equation
(2.1) dz(t) = F(t,x(t), z(t — 7))dt + G(t, z(t), z(t — 7))dB(t)

on t > 0 with initial data {z(f) : —7 < 6 < 0},z9 € C([—7,0],R™). Here F :
Rt x R?® — R™ and G : Rt x R?® — R™*™ are measurable functions. Suppose
that the functions F, G satisfy the local Lipschitz condition, given any b > 0, p > 2,
F(t,0,0) € C([0,b],R™), and G(t,0,0) € CP([0,b],R™*™). Then there must be
a stopping time 8 = fB(w) > 0 such that equation (2.1) with zo € C’§t0 [class
of Fe-measurable C([—7, 0], R™)-valued random variables & and FE||&||P < oo] has
a unique maximal solution on t € [tg, ) which is denoted by z(t,zp). Assume
further that F'(¢,0,0) = G(¢,0,0) = 0 for all ¢ > 0. Hence, the stochastic delay

differential equation admits zero solution z(¢,0) = 0 for any given initial value
xo € C([—7,0],R™).

Definition 2.1. The zero solution of the stochastic differential equation (2.1) is
said to be stochastically stable or stable in probability, if for every pair ¢ € (0,1)
and r > 0, there exists a g = do(€,7) > 0 such that Pr{||z(t;zo)|| < r for all ¢t >
0} > 1 — € whenever ||zg]| < dp. Otherwise, it is said to be stochastically unstable.

Definition 2.2. The zero solution of the stochastic differential equation (2.1) is
said to be stochastically asymptotically stable if it is stochastically stable and in
addition if for every e € (0,1) and r > 0, there exists a ¢ = J(e) > 0 such that
Pr{lim; oo (t;x0) = 0} > 1 — € whenever ||zg| < .

Definition 2.3. A solution x(¢,z¢) of the stochastic delay differential equation
(2.1) is said to be stochastically bounded or bounded in probability, if it satisfies

(22) E¥|lz(t,zo)|| < N(to, [lzoll), V't = to

where E7° denotes the expectation operator with respect to the probability law
associated with =g, NV : RT x RT — R™ is a constant function depending on tg and
Zo-

Definition 2.4. The solutions z(tg, xo) of the stochastic delay differential equation
(2.1) is said to be uniformly stochastically bounded if N in (2.2) is independent of
to.

Let K denote the family of all continuous non-decreasing functions p : RT™ — RT
such that p(0) =0 and p(r) > 0 if 7 # 0. In addition, K., denotes the family of all
functions p € K with

Jim plr) = o

Suppose that C12(RT x R™, R*"), denotes the family of all non negative functions
V = V(t,z¢) (Lyapunov functional) defined on Rt x R™ which are twice continu-
ously differentiable in x and once in ¢. By Itd’s formula we have

dV(t, l't) = LV(t, ﬂft)dt + Vm (t, Z't)G(t, xt)dB(t),
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where

(2.3)

1tz = 2620 VO by i) s Lvace (67 (0,20 Ven 120G,
with

OVt x .
wa(taxt) = (W) y ) = L n
? J nxn

In this study we will use the diffusion operator LV (¢, z;) defined in (2.3) to replace
V/(t,z(t)) = LV (t,z(t)). We now present the basic results that will be used in the
proofs of the main results.

Lemma 2.5. (See [15]) Assume that there exist V € CL2(RT xR" R"), andn € K
such that
(i) V(t,0) =0, for all t > 0;

(ii) V(t,ze) = n(|lz@®)]), n(r) — oo as r — oco; and

(iii) LV (t,x) <0 for all (t,x) € RT x R™.
Then the zero solution of stochastic delay differential equation (2.1) is stochastically
stable. If conditions (ii) and (iii) hold then (2.1) with xo € Cgto has a unique global
solution for t > 0 denoted by x(t;xg).

Lemma 2.6. (See [15]) Suppose that there exist V. € CL2(RT x R®,R*), and
N0, M1, M2 € K such that
(i) V(t,0) =0, for all t > 0;
(i) no(ll=()l) < V(£ z) < m(l=(E)]]), m0(r) = oo as 7 — oo; and
(iii) LV (¢, 2) < —ma(||z@)]]) for all (t,x) € RT x R™.
Then the zero solution of stochastic delay differential equation (2.1) is uniformly
stochastically asymptotically stable in the large

Assumption 2.7. (See [21, 26]) Let V € C2(Rt x R",RY), suppose that for any
solutions x(to,xo) of stochastic delay differential equation (2.1) and for any fized
0<ty <T < o0, we have

T
(2.4) E‘T{/ V2 (t,24)Go (¢, xt)dt} <oo, 1<i<n, 1<k<m.

to

Assumption 2.8. (See [21, 26]) A special case of the general condition (2.4) is
the following condition. Assume that there exits a function p(t) such that

(2.5) [V, (6, 20) G (t, 2e)| < p(t), z € R?, 1 <i<n, 1<k<m,
for any fixred 0 <ty <T < o0,
T
(2.6) / P2 (t)dt < oo.
to

Lemma 2.9. (See [21, 26]) Assume there exists a Lyapunov function V € C12(R* x
R™, RY), satisfying Assumption 2.7, such that for all (t,z;) € RT x R",
(1) [[z@)F < V(¢ ) < [[«@)],
(i) LV (t, 1) < —a@)|z@)]" + (),
(111) V(ta xt) - VT/q(ta xt) < s
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where o, € C(RT,RT), p,q,r are positive constants, p > 1, and p is a non
negative constant. Then all solutions of stochastic delay differential equation (2.1)
satisfy

1/
Zo —f: a(s)ds P
(2.7) E*lz(t, z0)]| < < V(tg,xo)e “to + A ,

for all t > tg, where

¢
A= <ua(u) + LZJ(u)) e~ Jue)ds gy,
to
Lemma 2.10. (See [21, 26]) Assume there exists a Lyapunov function V € C12(RT x
R™, RT), satisfying Assumption 2.7, such that for all (t,z) € RT x R",

(i) [z(@)[F < V(E 20),
(i) LV(t, ;) < —a(Q)VI(L,2) + (1),
(iii) V(t,x¢) — VI(t,zt) < p,

where o,y € C(RT,RT), p, q are positive constants, p > 1, and u is a non negative
constant. Then all solutions of stochastic delay differential equation (2.1) satisfy
(2.7) for all t > ty.

Corollary 2.11. (See [21, 26])
(i) Assume that hypotheses (i) to (iii) of Lemma 2.9 hold. In addition

t
(2.8) / (ua(U) + w(u))e‘ Juals gy < MY t > tg > 0,
to

for some positive constant M, then all solution of stochastic delay differen-
tial equation (2.1) are uniformly stochastically bounded.

(ii) Assume the hypotheses (i) to (iii) of Lemma 2.10 hold. If condition (2.8)
is satisfied, then all solutions of stochastic delay differential equation (2.1)
are stochastically bounded.

3. STABILITY OF THE TRIVIAL SOLUTION

We now present stability results of the trivial solution as follows. When p(-) = 0,
(1.1) becomes

(3.1) T(t)+ai(t)+g(z(t—7()), 2(t—7(1)))+h(x(t—7(t)))+ox(t—T7(t))w(t) = 0.

As usual, by assigning y = & and z = & equation (3.1) is stepped down to equivalent
system of first order differential equations

t

=y, y=z2 z=—-h(z)—glx,y) —az— U[x — / y(s)ds]w(t)
(3.2) ) )
+ / [92(2(5), y(5))y(s) + gy(x(5), y(s))z(s) + h'(x(s))y(s)]ds,

t—7(t)
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where the functions h and g are continuous in their respective arguments. For
the purpose of this investigation, a continuously differential scalar functional con-
structed is defined as

¥ 1 1 1
V=V(tX) = a/ h(s)ds + iﬁbxz + i(aa +be +c)y? + §(a + v¢)2?
0

(3.3) 0 g
+ a®bay + yeyh(x) + Bz + ayz + / (Ay2(0) + X222%(0))dbds,
—7(t) Jt+s
wherea > 0,b >0, ¢ > 0, a := a?+ac+c?, B := ab—c, v := 1+b are constants, h, g
are continuous functions, positive constants A; (i = 1,2) will be verified latter, the
function 7(t) < 79 for 79 > 0, and X; = x4, Y, 2:. We have the following stability
results.

Theorem 3.1. In addition to the basic assumption on the functions g and h,
suppose that a, b, c, co, k1, ko, k3, f1 are positive constants such that
h
(7:17) for all x #£ 0;
x
9(z,y)

(i) h(0) =0, co <

(i) 9(0,0) =0, b <

for all x and y # 0;
2(ab — c)co
a+ (b+1)c’

(iv) a®bla+cy) > aB, bB(aa+c) > a'b?, (aa+c)(atcy) > a?, a?ba > Blaa+c),
bB3[(aa + c)(a+ cy) — a?] + Bla*ba — Blaa + )| > a*b[a?b(a+ cy) — af];
and

V) W ()] < k1, [ge(@,9)| < k2, |gy(2,y)] < ks.

Then the trivial solution of system (3.2) is asymptotically stable, provided that
2(ab—c)cp — (a+cy)o?  (ab—c)e (ab—c)e
233 ’ B4 ’ B5

(iii) A'(x) <c for all z, ab—c >0, 0 <

(3.4) b1 < min{
where
By := ko(ky + ko + k3) — (a + yc)o?,
By := [3ko(ky + k2) + (a + cy)o® + ko (k1 + k2 + k3)(1 — Bo)] /(1 — Bo),
Bs := (3koks + ko (k1 + k2 + k3)(1 — ﬁo))/(l — Bo), and
ko := max{a, 8, (a + ¢v)}.
Since asymptotic stability implies stability we have the following result.

Corollary 3.2. If all assumptions of Theorem 3.1 hold true, then the trivial solu-
tion of system (3.2) is stable if estimate (3.4) holds.

In what follows we present uniform asymptotic stability results.

Theorem 3.3. Further to the basic assumption on the functions g and h, suppose
that a, b, b1, ¢, cg, c1, ko, k1, ko, and k3 are positive constants such that

h(z)

——= < ¢ for all z # 0;
T
9(z,y)

(i) h(0) =0, co <

< by for all z and y # 0;
2(ab —c)co
a+(b+1)c’

(i) 9(0,0) =0, b <

(iii) A'(x) < cfor all z, ab—c¢ >0, 0 <
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(iv) a?bla+cy) > af, bB(aa+c) > a*b?, (aa+c)(a+cy) > o2, a’ba > Baa+c),
b3[(ac+ c)(a+ cy) — o?] + Bla*ba — Blaa + ¢)] > a?b[a?b(a + ¢y) — af];
and

(V) W(@)] < k1, g (@, 9)| < Ko, gy (2,y)] < ks;

Then the trivial solution of system (3.2) is uniformly asymptotically stable provided
that inequality (3.4) holds.

Next, the following corollary is immediate from Theorem 3.3.

Corollary 3.4. If all assumptions of Theorem 3.3 hold, then the trivial solution of
system (3.2) is uniformly stable provided that inequality (3.4) holds.

To show that (3.3) is indeed a Lyapunov functional we need to state and prove
two lemmas.

Lemma 3.5. Under the assumptions of Theorem 3.3 there exist positive constants
FE7 and E5 such that

(3.5) Ey(2® +y* + 23 < V(X)) < Bo(2® +y* + 2%),
for all t > 0, x, y, and z. Moreover,
(3.6) V(t,X;) — +oo as 2% + 3% + 22 — 0.

Proof. To prove this lemma we shall show that V(¢,0) = 0 where 0 = (0,0,0),
V(t, X;) is positive semi-definite, decrescent (or have an infinitesimal small upper-
bound), and radially unbounded. To see these, equation (3.3) shows that

(3.7) V(t,0) =0,

3
for all ¢ > 0. Following, equation (3.3) can be represented in the form V = 3 V;
j=1
where

z 1
V= a/ h(s)ds + ibcvy2 + cyyh(@);
0

1 1 1
Vo i= 082" + 5 [aa+ cly? + S [a + ev]2® + a’bay + Brz + ayz; and

0 t
Vs = / / [M1y?(0) + A22%(0)] dods.
—7(t) Jt+s
Now the last two terms of V; can be represented as
1 1 1
(3.8a) ibcvyz + eyyh(z) = ibcw ly+ b_lh(:v)]2 - §b_1cwh2(x).

Also, since h*(z) = 2 [ h'(s)h(s)ds + h*(0) and h(0) = 0, it follows that

a/ox h(s)ds = O‘/Oz h(s)ds — %b‘lcth(x) + %b_chhQ(x)
(3.8b) )
B %/0 [ba — eyh'(s)] h(s)ds + %b_lc’th(x).

Adding equations (3.8a) and (3.8b) we have

Vim L [ = e s + Sl + o)
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Hypotheses (i) and (iii) of Theorem 3.3 result to
1 1 1
Vi> 27)00[50‘ - )a? + ibcﬂy +b 'epa]® > %Co[ba — *yla?,
since %bcv[y + b7 1cpz]? > 0 for all z,y. The basic assumptions imply that

ba — 2y =b(a® +ac+c*) — (b+1)c? = a®*b+ ¢8> 0.
Thus

1
i > 27)00[&217 + ¢B)z?, for all .

Next,
Lo 1 2, 1 2, 2
Vo = ibﬁx +§[aa+c]y +§[a+cﬂz + a“bry + Pz + ayz;

can be represented as 2V, := XAX7T where X = (x Y z), X7 is the transpose of
X, and
b3 a?b 15}
A=\ a*h aa+c o
B @ a4+ cy
We need to show that the determinant of the principal minors of matrix A (i.e.,
|A1],|As|, and |As],) are positive. The basic assumptions indicate that

|A1| =08 > 0.

Hypothesis (iv) gives raise to

b a’b
|Ag| = afb a0+ ¢ = bB(ac + c) — a*b* > 0,
and
b3 a%b Jé]
|A3] = |A| :=| a®b aa+c a =bB[(ac + ¢)(a + cy) — o?] + Bla*ba — Bac + ¢)]

B8 « a+cy
— a*b[a®b(a+ cy) — af] > 0.

Since all principal minors of matrix A are positive, then A is positive definite and
a constant 01 = 01(a, b, c) > 0 exists such that

Vo > 601 (2 +y* + 22) for all z,y, 2.

Next, the double integrals in V3 are obviously positive, thus there exist a constant
u > 0 such that

0 t
—7(t) Jt+s

combining the V;(i = 1,2,3) there exists a positive constant 62 such that
(3.9) V > 0y(2? +y* + 2?)

for all t > 0, x, y, and z where

1
0y = 6, -min{%co[aQb—l—cﬁ], ,u}.

Inequality (3.9) establishes the lower inequality in (3.5) with 65 equivalent to Ej,
hence by inequality (3.9), the function V (¢, X;) is positive semi-definite.
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Moreover, from inequality (3.9), we have the following relations

(3.10a) V(t, X)) =0 <= 2 +y*+ 22 =0,

(3.10b) V(t,Xy) >0 <= 2?2 +y> + 22 #£0,
it validly follows from equation (3.10a) and estimate (3.10b) that
(3.10¢) V(t, X;) = +oo as 22 + y* + 22 — oo,

so that the function V(t, X;) is radially unbounded. In addition, assumptions (i)
h(z)

and (ii) of Theorem 3.3, the obvious inequality 2ab < a?+4b?, the fact that —= < ¢;
x

for all x # 0, and since 7(t) < 79, equation (3.3) becomes

| —

1
V(t,X;) < =(cra +bB + a®b + ccry + B)||z||* + §(aa +bey + ¢+ a®b + cery +

o N

1
+ M) yl* + Sat ey + B+ a+ )2l

In view of the last inequality, there exist a positive constant 3 such that
(3.11) V(t, Xy) < 03(2% +y* + 22)

for all t > 0,z,y, and z where

1
03 := §max{cla+b5 +a%b+ cery + B, ao+bey + ¢+ a®b+ ce1y + a

+MTE, atey+ B+ a+ M)

Inequality (3.11) fulfils the upper inequality in (3.5) with 03 equivalent to E9, thus
the functional V (¢, X;) has an infinitesimal small upper bound. This completes the
prove of Lemma 3.5. O

The following lemma establishes the derivative of the functional V (¢, X;) defined
by (3.3), using Itd’s formula defined by equation (2.3).

Lemma 3.6. Under the assumption of Theorem 3.1 there exists a positive constant
E5 such that along the solution path of system (3.2)

(3.12) LV(t, X;) < —E3(a* + y* + 2%), V 3,9y, 2.

Proof. The first partial derivative of the functional V (¢, X;) along the solution path
of (3.2) is

1
LV(32)(t, X¢) = —§V4 — Vs + Vs + My + A2H)7(0)
(3.13)

-7 /t AR EROID
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where
Vi = (5? _ ¢ ';C’YU2>m2 + (ag(zy) — (a®b + C'yh/(x))>y2 + (a(a +oy) — a) 22

_ 1 h(z) atey o\ o 1( g(z,y) 2 / 2 1 2
V5—2ﬂx 5 a)z +2oz ” (ab+0’yh(z))y—|—2 ala+cy)—a )z

+ 6(9(3:, y) _ b) xy + (aﬂ +a— aQb)xz + [(a + Cryg(ﬂ; v _ B —bcy — c)} yz; and
Vo= [ty (o ens] [ WOU) + 0u0m(s) + 9,020

t t

y(s)ds + %02 / y*(s)ds.

t—7(t)

—o?(a+ c*y)x/

t—7(t)
Hypotheses (i) to (iii) of Theorem 3.1 the following inequalities hold:
gh@) _atey oy 5oty

T 2 2

ag(zy) — (a®b 4 cyh! (x)) > (a® + ac + ¢*)b — a®b — be* — ¢* = abe — ¢

0'2;

(3.14)

>
ala+cy) —a>a®+acb+1) — (a® + ac + ¢*) = abe — 2.
Estimate (3.14) gives rise to

Vi > [(ab—c)co — MUQ]QSQ + (abe — ) y® + (abc — )2,

2

3
for all t > 0,z,y, 2. Let Vs = > Vi; where
i=1

Vo= i(ﬁ@wgﬁxu%wb)xwl(w

4 Yy
(@bt wh'(x»)y?;
Vg = l(ﬁh(x) - Mﬂ)af + (aB +a — a*b)zz + 1(a(a +cy) = a) 2?%; and
4 x 2 4
Vinim 3 (0222 - @ eom o) )i+ (ot en 222 = 5ty — )

+ i(a(a +ey) — a> 22,

Note that Vs; (i = 1,2, 3) is a quadratic function with coefficients of 22, y?, and 22
positive, using Hessian matrix, we obtain

(/3h(5”) _(atey) U2> (ag(a:,y) — (a®b+ C"/h/(x))> > 432 (9(5;79) _ b)Q;

x 2 y
(ﬂhf) _a J;w) 02> (a(a Fey) - a> > 4(@6 Ya— a2b>2; and
(ag(‘”‘;’ Y) _ (a2 + cyh’(x))) (a(a +ey) — oz) > 4<(a + cy)g(”; Y _ g pey— c>2.
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Applying these estimates in Vi; to give the following inequalities:

o 2
Vo [y 2 (6M8) ety \/ H@2E0 @ )|

T 2 4
>0,Vt>0,z,y;

. 2
Vg > \/i(ﬁh(;)_(a—;m)aﬂm+\/i(a(a+c’y)—a))|2|} >0,Vt>0,z,2; and

- 2
Vsg > \/i (ag(f;a y) (a?b + eyl (2))) |yl + \/111 (ala+ey) — a))z@ >0,Vt>0,y,z.

These last three inequalities assure
Vs>0,Vt>0,z,9,z.
Apply the following inequality 22y < 2|zy| < 2?+y? and hypothesis (iv) of Theorem
3.1 give.
ko(ky + ko + k3)
2

t
1
/ 22(s)ds + = (a + cy)o?z?7(t),
t—r(t) 2

Ve < (22 + % + 2H)7(t) + 1 /t [3k0(k1 + ko) + (a+ 07)02]y2(s)d8

2 i)
3koks

M

where ko := max{«, 8, (a + ¢y)}. Utilizing inequalities Vy, Vs, and Vs in equation
(3.12) we obtain

a+c
LVig)(t, Xy) < = [(ab —c)eo — T’YUQ - <k0(k1 + ko + k3)

|~

+ (a + C’Y)0'2>T(t)} z? — % {(ab —c)e— (2M + ko(k1 + ko + k3))7(t) |y
(3.15)  — % [(ab —c)e - (2A2 + ko(ky + ko + k;;))ﬂt)} 22

- (M= 701 Sroth k)~ o) [ iRsas

t
- ()\2[1 — @] - 3k0k3> / 2(s)ds.
2 t—7(t)
Let 7/(t) < fo, o € (0,1), 7(t) < 1, suppose Ay := [3ko(k1+k2)+(a+cy)o?] [2(1—
$o)] 1> 0, and Ay := 3koks [2(1 - Bo)] ~''> 0 s0 estimate (3.15) becomes

1 a+c
LViga)(t Xe) < =3 {(ab — ¢)co — T%Q
— <I€0(k1 —+ k?Q —+ k‘g) — (a —+ ’)/C)CTQ) 61:|$2

= [(ab — e ({3]““(’“1 * kf)fﬁs“ * m)”z} + Kok + ka + kg)) 51] "

- [(abC)c <(f’]ﬁ)lg’;> + ko(ky + ks +k3))51}22.

(3.16)
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Inequalities (3.4) and (3.16) invoke the existence of a positive constant k4 such that
(3.17) LV(3.2)(t, X¢) < —ka(a® +y* + 2%)
for all t > 0,z,y, and z where

atey o

1
ky =3 min {(ab —¢)eo — <k0(k1 + ko +k3) — (a+ ’YC)02>61,

2
(ab—c)c — ({3%(]{1 + kf)_jLﬁo(a + o ] + ko(k1 + ko + k3))617

(ab—c)c— ((f"ﬁ)];‘”;) + ko(ky + k2 + kg))gl}.

Inequality (3.17) satisfies estimate (3.12) with k4 equivalent to E3, hence Lemma
3.6 is proved. ([

Proof of Theorems 3.1. Suppose (X;) is any solution of (3.2), the functional
V(t, X+) defined in (3.3) satisfies equation (3.7), estimates (3.9), (3.10c), and (3.17),
so that conditions (i), (ii), and (iii) of the Lemma 2.5 are satisfied, hence by Lemma
2.5 the solution of (3.2) is stochastically asymptotically stable. O

Proof of Theorems 3.3. Given that (X;) is any solution of (3.2) and the func-
tional V' (¢, X;) defined in (3.3) satisfies equation (3.7), estimates (3.9), (3.10c),
(3.11), and (3.17), fulfil assumptions (i), (ii), and (iii) of the Lemma 2.6, hence
by Lemma 2.6 the solution of (3.2) is uniformly stochastically asymptotically sta-
ble. d

4. BOUNDEDNESS AND EXISTENCE RESULTS

Furthermore, if p(t, z,y,z) # 0 in system (1.2), we have the following bounded-
ness and ultimate boundedness results

Theorem 4.1. Suppose conditions (i) to (iv) and inequality (3.4) of Theorem
3.1 hold and in addition, if |p(¢,z,y,2)| < Py where P, is a finite constant, then
the solutions (X;) of system (1.2) are not only stochastically bounded but also
stochastically ultimately bounded.

Proof. Let (X;) be any solution of system (1.2), by applying the Itd’s formula on
the functional defined in (3.3), along the solution path of (1.2), results to

LWLQ) (tv Xt) = LWB.Q) (tv Xt) + [61' + oy + (a + CV)Z}p(ta z,Y, Z)
Now from estimate (3.17) we find that
LVia2)(t Xp) < —ka(@® + %+ 2%) + ks ([2] + || + [2])[p(t, 2, y, 2)]

where k5 = max{8, «, (a + ¢v)}. Since |p(t, x,y,2)| < P for all t > 0,z,y, and z, it
follows that

1 _ 1 _
LVi1.9)(t, X¢) < —5134(152 +y° +2%) + Poky k3 — §k4PO {(m — kg 'ks)?

(] = ki ks)? + (2] — k;lksﬂ
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YVt > 0,z,y, and z. Since k4 and P, are positive constants and (|z| — kj *ks)? +
(|y| = ky *ks)? + (|2| — k3 “k5)? > 0 for all 2, y, and z. Therefore there exist positive
constants kg and k7 such that

(4.1) LV1.9)(t, X¢) < —ke(2® +y* + 2%) + kr

where kg = %k4 and k7 = Pokllkg for all t > 0,z,y, and z. Estimate (3.11) implies
that 9§1V(t,Xt) < (22 4+ y*+22%) for all t > 0,z,y, and z. The last estimate and
inequality (4.1) result to
(4.2) L‘/(l‘Q) (t, Xt) < —k‘gV(t, Xt) + kr
for all ¢ > 0,x,y, and z where kg := k603_1. Inequality (4.2) fulfills condition (ii) of
Lemma 2.10 with a(t) = ks, () = k7,q = 1.

Furthermore, the lower inequality (3.5) (or estimate (3.9)) satisfies hypothesis
(i) of Lemma 2.10. Now by estimate (4.2), we have ¢ = 1, this implies that y = 0,

so that hypothesis (iii) of Lemma 2.10 holds. Substituting the values of «, ), and
win (2.8), to find that

t
(4.3) / (o) + h(u))e Ju @@ dy = ko [1 — e Fot=10)] < rkg !

to

for all ¢ > ty > 0, inequality (4.3) satisfies estimate (2.8) of Corollary 2.11 with
M = krkg' > 0.

Also, to verify inequalities (2.5) and (2.6) of Assumption 2.8 (a special case of
Assumption 2.7). System (1.2) and the Lyapunov functional (3.3) result to

Vi (8, X0) Gin (8, X)| < ;o{[% + o+ (a+ cy) + ksBa]l|lzl® + [o + ks B lyl|*+

3
(ot o) + ksl + o
In view of the above inequality there exists a positive constant kg such that
[Vai (t, X2)Gin(t, X2)| < ko(2® + 42 + 22),
and for 0 <ty <T < oo and

/T p?(s)ds < oo

to
where p(t) := ko(2? + y* + 2%)(t) and kg := {0 max {a + 28+ a+ ey + ksBi,a +

ksB1 + %k50‘5%, a+cy+ k‘561}. Thus, Assumption 2.7 is satisfied, i.e.,

T

(4.4) E{ / Vj(t,Xt)Gﬁk(t,Xt)dt} < 0.
to

Hypotheses (i) to (iii) of Lemma 2.10 and estimate (2.8) hold true so that Corollary

2.11 (ii) follows, hence by Corollary 2.11 (ii) all solutions of (1.2) are not only

bounded but also ultimately stochastically bounded. [

Next theorem presents uniform stochastic boundedness and uniform ultimate
stochastic boundedness of solutions of system (1.2).
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Theorem 4.2. Suppose that conditions (i) to (v) of Theorem 3.3 and inequality
(3.4) are satisfied and in addition |p(t,z,y, 2)| < Py where Py is a finite constant,
then the solutions (X;) of system (1.2) are not only uniform stochastically bounded
but also uniformly ultimately stochastically bounded.

Proof. Given that (X;) is any solution of the system (1.2) and the functional (3.3)
satisfy inequalities (3.9), (3.11), (4.1) so that hypotheses (i) and (ii) of Lemma 2.9
hold. Also with p = ¢ = r = 2 we have p = 0 so that hypothesis (iii) of Lemma 2.9
holds. In addition, the inequalities (4.3) and (4.4) together with Lemma 2.9 satisfy
the hypothesis of Corollary 2.11(i), hence by Corollary 2.11(i) the solutions of sys-
tem (1.2) are not only uniform stochastically bounded, but also uniform ultimately
stochastically bounded. ([l

Next, we shall state and prove an existence and uniqueness theorem as follows.

Theorem 4.3. If assumptions of Theorem 4.1 are satisfied, then there exists a
unique solution of system (1.2).

Proof. Let (X;) be any solution of (1.2), the functional defined in (3.3) satisty the
following estimates (3.9), (3.10c), and (3.17), these inequalities successfully satisfy
all assumptions of Lemma 2.5 thus by Lemma 2.5 solution of system (1.2) exists
and unique. Hence, the proof of Theorem 4.3 is completed. ([l

Next, we shall consider arbitrary third-order stochastic differential equations
with delay and show that all assumptions of Theorems 3.1, 3.3, 4.1, 4.2, and 4.3
hold true.

5. EXAMPLES

Example 5.1. Consider the third-order stochastic differential equation

() + ai(t) + {3:&6(15 —7(t) + <2 +22(t — 7(t)) + 22(t — T(t))ﬂ
z(t — (1))

+ {x(t —7(t) + <1+$2<t_7(t)))] +ox(t — 7(t))w(t) = 0.

Assign y = & and z = & equation (5.1) is equivalent to system of first order equations

(5.1)

r=y, Y=z,

, 2z + 23 32y + 2%y +y3) +y /t

Z=— — —az—olx— y(s)ds
1+ 22 2+ 2% 49?2 t—7(t)

(5.2) ! 1L 22%(s) L 2z(s)y(s)
’ /Hm { T TR Ere s Ay

1 B 2y°(s) () b ds
+ [34— 2+ 22(5) + y2(5) (2+x2(5)+y2(5))2] ( )}d .

Now, comparing equations (3.2) with (5.2) the following relations hold:
x(2 + 2?) x
52 =z+ T2 clearly h(0) = 0 and

1 1
1+ ———. Since 1 + 22 > 1 for all z, it follows 0 < —— < 1 for all «.
1+ 22 1+ 22

hz) _

X

(i) The function h(z) :=
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Further simplification of the last inequality gives

1260§@§c1:2Vx740.
(ii) The derivative of h = h(z) with respect to z is defined as h'(z) := 1 +
. —|—1x2 G ix;)2. Since 222(1+22)~2 > 0 for all x and by (i) to find that
(5.3) W(x)<c=2,Vua.
Moreover,
(5.4) [P ()| < ki =2, V.

See Figure 1 for the coincide bounds on h'(x) and |h/(z)|. Inequalities (5.3)
and (5.4) hold true for all z € R.

F1GURE 1. Upper bound on the functions h'(x) and |h/(z)| for = € [—10, 10]

(iii) The function g = g(x,y) is defined as g(z,y) := 3y+2+x72+y2' Obviously,
1
9(0,0) = 0 and that 9(x.y) =3+ ———— . Tt is not difficult to show
y 2+ a2 4y

(z,y)

that 3= b < 7 <b =3LVay#0.

(iv) The first partial derivatives of g with respect to x and y are given by
—2xy 1 29

. = d =3 _
9:{2,) @+ 22 94(9) AT (2422 +92)?
respectively, and is easy to see that
(5.5a) |gz(z,v)| < ko =0.12

for all z,y, and
(5.5b) |9y (2, y)| < ks = 3.5

for all z,y. Figures 2 and 3 confirm estimates (5.5a) and (5.5b) respectively
for —2 < z,y <2.
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()

FIGURE 3. Bound on the function |g,(x,y)| for z,y € [-2,2]

Since b = 3,¢ = 2, and ¢y = 1 it follows from the inequality ab —c¢ > 0
2(ab — ¢)co

a+ (b+1)c
o < 0.3 we choose o = 0.29. The following assumptions are verified as

a=ad’4+ac+c*=624>0, f:=ab—c=04>0, andy:=14+b=4>0,
ko = max{6.24, 0.4, 8.8} =8.8 >0, a’b(a + cy) — afB = 14.4 > 0,
bB(aa + ¢) — a*b? = 4.704 > 0, (ac + ¢)(a + ¢y) — a® = 22.592 > 0,
a’ba — Blaa + ¢) = 9.184 > 0, bB[(ac + ¢)(a + ¢v) — o*] + B[a’ba — B(ac + ¢)]
—a*t?*(a + ¢y) + a*baB = 3.136 > 0, Bz := ko(k1 + ko + k3) — (a + yc)o? = 48.7159 > 0.

Next, since 0 < By < 1 two cases are to be considered:
Case 1: When Sy = 0.001, we have the following estimates:

By = [3ko(k1 + k2) + (a + ev)o? + ko(k1 + ka2 + k3)(1 — Bo)] /(1 — By) = 106.2208 > 0, and
Bs = (3koks + ko(k1 + ko + k3)(1 — Bo)) /(1 — Bo)141.9485.
In this case the inequality (3.4) yields

that @ > 2/3 ~ 0.7, we choose a = 0.8 and 02 < so that
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. [2(ab—c)co — (a+ (b+1)c)o? (ab—c)c (ab—c)c
< mm{ 2B, "B, ' B
(5.6) — min{6.1 x 104, 7.5 x 1073, 5.6 x 10~}

=6.1x10"*

Case 2: When Sy = 0.999 we have the following estimates:

By = [holks + o) + (a+ e1)0 + holks + ks + ks)(1 — )] /(1 — fo) = 56757.56 > 0, and
By = (3k‘ok3 + ko(ky + ko + k3)(1 — /60))/(1 — Bo) = 92449.456 > 0.

In this case inequality (3.4) yields
(5.7) B < min{6.1 x 107%, 1.4 x 1075, 8.6 x 1076} = 8.6 x 107°

Thus in both cases (31 is positive, hence for system (5.2) we have the following
remark

Remark 5.2. If there exist positive constants 0.12,1,2,3, and 3.5 such that

(i) h(O):O,1:co<h—$)§01=2f0rallx7é0;

-
g(z,y

~—

(i1) ¢(0,0)=0,3=b< < b, = 3.5 for all x and y # 0;

(iii) A/ (z) < c=2 for all x,:izb —c=04>0,0=0.29>0;

(iv) a®b(a + c¢y) — aB =14.4 > 0, bB(ac + ¢) — a*b? = 4.704 > 0, (ac + ¢)(a +
cy) —a? =22.592 > 0, a’ba — Blaa+c) = 9.184 > 0, b3 [(aa +c)(a+cy) —
o?] + Bla*ba — Blaa + ¢)] — a®b[a®b(a + ¢y) — af] = 3.136 > 0; and

(V> |h/($)| < kl = 2? |ga:(xay>| < k2 = 0'12’ |gy($>y)| < k3 = 3~5§

Then the trivial solution of system (5.2) is stochastically stable, asymptotically
stochastically stable, uniformly stochastically stable, and uniform asymptotically
stochastically stable provided that 8.6 x 1076 < B, < 6.1 x 1074,

Finally, we shall consider the case p(-) # 0.

Example 5.3. Consider the third-order stochastic differential equation

. , @t —7(t))
() + ai(t) + [333:3(75 —7(t) + <2 +a2(t —7(t)) + 22(t — T(t))ﬂ

68 4 {x@ () + (M)] +aalt - 7(t)a()
1
T 10+ 2 a2+ a2
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Assign y = ¢ and z = & equation (5.1) is equivalent to system of first order equations

T=y, Y=z

, 2 + 23 32y + 2%y +y3) +y /t

Z=— — —az—olr— y(s)ds
1+ a2 24 2% +y? t—(t)

¢ 1 222 (s) 2z(s)y?(s)
s { T TR mE e e

1 B 2y°(s) (s) b ds
+ |:3+ 2+5L‘2(8)+y2(8) (2+x2(s)+y2(s))2] ( )}d

1
104+ 82 4+ 22 +y? + 22
Now comparing (1.2) with (5.9) items (i) to (v) of Remark 5.2 hold. In addition

+

Since 10 + t2 4+ 22 + y2 + 22 > 10 for all

S T B .

t > 0,x,y, and z there exists a finite constant Py such that |p(¢,z,y, 2)| < Py = %
forall t > 0,z,y, and z.

Remark 5.4. If in addition to the hypotheses of Theorem 5.2, there exists a finite
constant 1/10 such that [p(t,x,y, 2)| < Py = {5 for all ¢ > 0,2,y, and z, then the
conclusions of Theorems 4.1, 4.2, and 4.3 hold true for all 51 in the close interval
[8.6 x 107, 6.1 x 1074].

6. CONCLUSION

This paper presents some qualitative properties of solutions to certain third-
order nonlinear nonautonomous stochastic differential equations with variable delay.
Novel and outstanding results obtained in this paper compliment and extend many
outstanding existing results in literature.
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