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Abstract: It is known that there exist canonical and nearly parallel G, structures on
7-dimensional 3-Sasakian manifolds. In this paper, we investigate the existence of G
structures which are neither canonical nor nearly parallel. We obtain eight new G;
structures on 7-dimensional 3-Sasakian manifolds which are of general type according to
the classification of G, structures by Fernandez and Gray. Then by deforming the metric
determined by the G, structure, we give integrable G, structures. On a manifold with
integrable G, structure, there exists a uniquely determined metric covariant derivative
with anti-symetric torsion. We write torsion tensors corresponding to metric covariant
derivatives with skew-symmetric torsion. In addition, we investigate some properties of
torsion tensors.

7 Boyutlu 3-Sasaki Manifoldlar1 Uzerinde Integrallenebilir G, Yapilar

Anahtar Kelimeler Ozet: 7-boyutlu 3-Sasaki manifoldlar iizerinde kanonik ve hemen-hemen paralel G,

G, grubu, yapilarin varlig1 bilinmektedir. Bu ¢alismada kanonik veya hemen-hemen paralel olmayan

G yap, G, yapilarin varlig1 incelenmistir. 7-boyutlu 3- Sasaki manifoldlari iizerinde, Fernandez

3-Sasaki yapt ve Gray’in G, yap1 siniflandirmasina gore en genis sinifta yer alan sekiz tane yeni G
yapi elde edilmistir. Daha sonra ise, elde edilen G, yapilarin iirettikleri metrikler deforme
edilerek, integrallenebilir G, yapilar bulunmustur. Integrallenebilir G, yapisina sahip bir
manifold iizerinde torsiyonu anti-simetrik olan tek tiirlii belirli bir metrik kovaryant tiirev
vardir. Her bir integrallenebilir G, yap1 i¢in, bu kovaryant tiirevin torsiyonu yazilmis ve
buna ek olarak, torsiyonun baz1 6zellikleri incelenmistir.

1. Introduction Let (M, g) be a manifold with G, structure ¢. Ferndndez
and Gray showed in [2] that for all m € M, the Levi-Civita

Let {ej,...,e7} be the standard basis of the real vector covariant derivative V¢ is in the space

space R” with dual basis {e',...,e’}. Consider the 3-form
W={ael,M* QA (T,M)" | ofu,x,y,P(x,y)=0,

Y ou,x,y,z€ TuM}.

o = 8123 —|—€145 +€167 +€246 —6257 —8347 —6356

where ek = el Ne/ Nek. @y is called the fundamental
3-form on R’. The group G, is defined as

Gy:={fe€GL(TR) | f"oo =@}

This space is written as a direct sum of four G,-irreducible
subspaces Wy, W,, W3 and W4 with corresponding dimen-
sions 1, 14, 27 and 7 as

and is a compact, simple and simply connected 14-
dimensional Lie subgroup of GL(7,R) [1].

A 7-dimensional smooth manifold M is called a manifold
with G structure if there exists a 3-form ¢ on M which
can be locally written as ¢y. The 3-form ¢ determines
a Riemannian metric g, a volume form d,,,; and a 2-fold
vector cross product P on M by

(XJ (p)/\()u (P)/\(p:6g(x>y)dvol (1

¢(x,y,2) = g(P(x,y),2) 2)
for any x, y, z € I'(TM) [1].

* Ilgili yazar: nozdemir@anadolu.edu.tr

W=WoW,oW; o W,.

A manifold with G, structure is said to be of type &, #;,
Wi W, Wi W@ W or W, if Vo isin {0}, W;, W, & W,
W; @ W; @ Wy or W, respectively, for i, j, k=1,2,3,4. The
defining relations of all 16 classes are given by Fernandez
and Gray [2] and an equivalent characterization is done by
Cabrera using d¢ and d * ¢ in [3]. This characterization is
illustrated in the following table.

Let (M,g) be a Riemannian manifold with Levi-Civita
covariant derivative V of g. (M, g) is called Sasakian if
there exists a Killing vector field & of unit length on M so
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& dp=0andd*¢@=0
V4 dop=kxpandd*xp=0
W dp=0
W3 dx@=0anddpA¢ep=0
Wy do=aN@anddx@Q =B AxQ
WD W dp=kx@and xd« @ ANx@ =0
W ® W3 dx@=0
Wr O W3 doN@=0and xdpA¢@ =0
WD HWs dp=oNQ+fxpandd*x@ =LA@
Vhoh | dp=ale
W3 DWW, dpN@=0andd* @ =B Axp
MNOWr W3 | *dpN@ =00r*+dx@Ax@ =0
MEW W, | dp=0NQ+f*x@
W& ® Wy | dx =P Ax
NroWs0Ws | dpNo =0
y/4 no relation

Table 1. Defining relations for classes of G, structures

that the tensor field ® of type (1,1), defined by ®(x) =V,&,
satisfies the condition

(V@) (y) = g(&,y)x —g(x,y)&

for all x, y € I'(TM). The triple (§,n,®), where 7 is
the metric dual of &, is said to be a Sasakian structure on
(M,g) [4].

(M,g) is called 3-Sasakian if there exist three Sasakian
structures (&;,M;, Pi)i=1.2.3 on (M, g) with properties

8(8,8j) = 6
fori,j=1,2,3 and

[élaéZ] - 2633 [62353} = 2&17 [53751] - 2&2

(&, Mi, Pi)i=1,2,3 is called a 3-Sasakian structure on (M, g)
[4].

It is known that the vertical subbundle TV C T M is spanned
by {&1,&2,&3}. The subbundle 7" and its complement, the
horizontal subbundle 7", are both invariant under ®;, ®,,
@5 [5].

Let (M, g) be a 7-dimensional, compact, simply-connected
3-Sasakian manifold with Sasakian structure (&;,n;,®;)
for i € {1,2,3}. Then there exists a local orthonormal
frame {ey,--- ,e7} such that ey = &, e = &, e3 = &; and

®; acton T" := span{es,--- ,e7} by matrices given in [5].

Denote the corresponding co-frame by {n;,---,n7}. The
differentials of 1-forms 1y, 1> and 73 are computed in [5]
according to this frame.

A 7-dimensional 3-Sasakian manifold admits three nearly
parallel (of type #1) G, structures ¢;, i = 1,2,3, given in
[5, 6].

Consider also the 3-form ¢ defined globally on M by

Q.= F+F,

where
Fr =1 AnaAns,

1
P = 5(711 ANdni+mAdN +03AdN3) +3N1 A2 AN3.

It is proved in [5] that ¢ gives a G; structure on M of type
#1 @ W5 suchthatd @ =0and dg = 12% F| +4x F. This

is called the canonical G, structure of the 7-dimensional
3-Sasakian manifold.

The canonical G, structure ¢ is deformed in [5, 6] to get a
nearly parallel G, structure in the following way:

Let s > 0 and consider the Riemannian metric g° defined

by
sty | 8(ey) ifx(ory)eT"
g xy) = { s’g(x,y) ifxandy€TY
The set {&/s,&/s,E3/s,eq,e5,e6,e7F is a  g*-

orthonormal frame and the corresponding co-frame

is {sM1,5M2,5M3,M4,M5, M6, M7 }-
Define the 3-form

(PS = Fls +F2sv
where
FS :=5F, F5 :=sF,.

It is shown in [5, 6] that the 3-form @* gives a G structure
on (M, g*) and this structure is nearly parallel iff s = 1/+/5.

2. Canonical and Nearly Parallel G, Structures

Let (M,g) be a 7-dimensional 3-Sasakian manifold with
the 3-Sasakian structure (&;,7;,®;)i=123. Consider the
3-form

® = amAdn+bmAdn+cnzAdnz (3)

+fm AN ANs,
where a, b, ¢, f are arbitrary constants. This 3-form gives
a G, structure on M iff the equation (1) holds. Choose the

orthonormal frame given in [5]. Then following relations
are obtained among coefficients of the 3-form (3):

@ (—2(a+b+c)+f)

b*(—2(a+b+c)+f)

A (=2a+b+c)+f)

abc =

00l = Bl A= A=

Solutions of the system above are
l.a=1/2,b=1/2,c=1/2, f =4,
2.a=1/2,b=—1/2,c=—-1/2, f =0,
3.a=-1/2,b=1/2,c=-1/2, f =0,
4. a=-1/2,b=—-1/2,c=1/2, f=0.

Hence we express the fundamental 3-forms on M corre-
sponding to the same metric g:

1 1 1
@1 = SMAM +3MAd+ 513 Ads+4m A A,
_1 Ad _1 ANd —1 ANd
@ = sMmAdM = 52 AdTy = 513 A dTs,

1 1 !
W = 75171 Adn +§nzAd772* 5773 Adns,
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1 1 1
W4 =—> Adny — 5712/\d772+ 3 Adns.

The 3-form w, is called the canonical G, structure on M
and is cocalibrated [5] (i.e. of type #| ® #3, [2]). Other
3-forms are nearly parallel (i.e. of type #]) and are con-
structed in [5]. To sum up, there is no G, structure on M
of the form (3) except the ones constructed in [5].

3. New G, Structures

Consider a 7-dimensional 3-Sasakian manifold (M,g)
whose 3-Sasakian structure is (&;, i, ®;)i—12,3. Take the
linear combination

adn A +bniAdny+cdni Ans 4
+d mAdnz+edm A3+ f M2 Adnz+h N3

(p:

fora, b, c, d, e, f, h € R. To get a G, structure on M,
equations below should be satisfied:

1
h(b*+d*) = -
B+d) = .

1
M+ = -
@+ = 5

1
M4y = -
(@+e) = 3,

dfh = 0,
beh = 0,
ach 0,

1

ade+bcf = 3

Following G structures are obtained:
l.a=d=e=0,h=1

@) b=1/2,c=1/2, f=1/2,
@1 =35 MAdG+ 5 dNi AN+ 5 M AdNs+
N123

(b) b=—1/2,c=—-1/2, f=1/2,
Gr=—3mAdm—5dnAnz+ 5 mAdn+
N123

© b=—1/2,c=1/2,f=—1/2,
p3=—1madm+LdnAns—Lmadn+
N123

@ b=1/2,c=—1/2, f=—-1/2,
Qs =3 MmAd— 5 dni ANz — 5 mAdns +
N123

2. b=c=f=0h=1

@ a=1/2,d=1/2,e=1/2,
Qs =3 dm A +3 mAd+5dnAan+
N123

) a=—1/2,d=—1/2,e=1/2,
Qo =—3dM A — 3 M AdN3+ 5 dma ANz +
N123

© a=-1/2,d=1/2,e=—1/2,
@Gr=—3dn Am+5mAdyz— 5 dm AN+
N123

d) a=1/2,d=-1/2,e=-1/2,
Py =3 dmAMm—5 MmAdN— 5 dmaAns+
N123.
Now we determine the class of Gy structures @;, i =
1,...,8.

Theorem 3.1. The eight G structures @;, obtained above,
are of type W' .

Proof. We write the proof for ¢; in details and computa-
tions for other G, structures are similar.
The exterior derivative d¢@; of the 3-form

1 1 1
¢ = 5 T]l/\dTh‘i‘E drll/\n3+§ M AdN3 + Ni23
is
1 1 1
dey = SdmAdm+sdmAdn +5dnAdis
+dny ANz — Mz Adnz + N2 Adns.

In local coordinates,

dor = 2{N1245+ Ni246 — N1247 — Ni256 — N1257 + N1267
—M1345 + Ni346 — N1347 — Ni3s6 — N1357 — N1367
—M2345 + M2346 + M2347 + N2356 — N2357 — N2367} -

Since d¢; # 0 locally, we have d¢; # 0 on M. Thus

(p1§é%and(p1§é<@.
¢, is locally written as

@1 = MN123 — Nia6 + N157 — N247 — N2s56 — 1345 — MN367-

The Hodge-star of ¢ is

1 1 1
Q1= ST AdT— 53 ATz + 523 AdT + N3

Comparing d@; and *@;, we see that there is no constant
k with the property that d@; = k* ¢;. Then ¢; can not be
an element of %1, #1 © #5.

Let o be a 1-form on M such that d¢; = a A ¢;. Then
can locally be written as @ =Y, ¢;;1;, where ¢; are smooth
functions on M. The coefficient of 11245 in d¢; is 2, while
that of & A ¢ is 0. Thus there does not exist such a 1-form
o on M. This implies @; ¢ #4 and @, ¢ #> ® Wi.

In addition, d@; A @1 = —12MN1234567 = —12d,0; # 0. As a
result @ is notin #3, #o & W3, W3S Wa ot Wo ®W3D Wa.

2dx@r = mAdniAdn—niAdnAdn
—MmAdN ANz +N1 AdNzs Adn3

+MmAd@ Adn — o Admp Adns.
or in local coordinates,

2{—7712345 — M12346 — 112347
—M12356 + MN12357 — Ni2367 }
+4{N14s67 + M2as67 + N34567 } -

d*(pl =

Thus d * @; # 0 and @ & #) S H5.
Assume that there exists a 1-form f on M satisfying
dx @ = B Ax@,. Writing 8 locally as B =Y B;n; and
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comparing coefficients of 112357 and My4567 in d * @ and
B Ax@p yield By =2 and B; = 4. Therefore such
does not exist. This yields that ¢; is not in #] @ #} or
W oW D Wa.

Let o be a 1-form and f be a smooth function on M such
that do; = o A @1 + f * @1. The coefficients of 1245 and
TNase7 in local expressions of d@; and o A @1 + f* ¢ imply
that

f=-2and f =0,

a contradiction. Hence @) ¢ #) & #> & #a.
We also have

*d @) A @1 = 8{—N124567 + Mi34567 — M234s67} 7 0.

This gives that ¢; can not be an element of #] @ #> @ #5.
Since the 3-form ¢; does not satisfy any of defining rela-
tions of G, structures, it is in the widest class #. O

4. Deformations of New G, Structures

In this section, we deform G, structures obtained in Sec-
tion 3 and get new G, structures of type #1 ® #3 ® #4.
Manifolds which are elements of the class #] © #5 © #4
are called integrable G, manifolds or G, manifolds with
anti-symmetric torsion [7, 8]. A manifold with G, struc-
ture has a uniquely determined metric covariant derivative
preserving the G, structure and having anti-symmetric
torsion if and only if it is an integrable manifold [7].

Let (M,g) be a 7-dimensional 3-Sasakian manifold with
the 3-Sasakian structure (&;,1;,®;)i=123. Consider the
Riemannian metric g* on M given by

s _J glx,y)  x(oryeTh
8 (xvy) = { s28<x7y) xandy e,

where s > 0 and the G structures
Qi =amANdn+bdn Anz+cmAdnz+ M3

obtained in Section 3, where a, b, ¢ = i% andi=1,...,8.
Let

Fi=myand i, =am Adn+bdn Anz+cmAdn;
and define the 3-forms ¢; by
Q= F

where
F :=5F, F5 :=sP.

Theorem 4.1. The 3-forms @; are G, structures on M* :

(M, g%). These 3-forms are of type W) ®W5D Wy iff s = %

and are in the widest class W iff s # %

Proof. Take the g-orthonormal frame {e;,---,e7} given
in [5] such that e; = &;, e, = &, and e3 = &3. Then

{€I/S7 52/5’ €3/S,€4,€5,€6,e7}

is a g*-orthonormal frame with the corresponding coframe

{snlasn2vsn37n4an57n67n7}~

Denote {51/s,52/S,§3/s,e4,e5,e5,e7} and
{smi,sm2,5m3,M4,M5, M6, M7} both by  {Z,---,Z7}
with the notation in [6].

We give the proof for @, other proofs are similar. To give
a G structure on (M, g*), the 3-form ¢ should satisfy

(ca@D) A (y201) A @1 = 68 (x,y)dy ®)

for x,y € I'(TM). Choose the g*-orthonormal frame
{Z,,-+-,Z;}. Then since

Z .9y 2123 — Nas + N7,
2.9} —s113 — N47 — Nse,
Z300] = $*M2— s — Ne7,

Zya@i = sMie+SN27 +sM3s,
Zsa@p] = —sNi7+ N6 — $N34,
Zea@] = —sNi4—5N2s5+5M37,
Z7.97 = SMi5— SN2 —SM36,

we have
(Zis@}) A (Zis@}) A @} = 68°(Z:,Z;)d5,; = 65°g(ei, €i)dyor

and
(Zis@)) N(Zjag)) Ny =0

for i # j and thus ¢ gives a G, structure on M*.
The exterior derivative of the 3-form

s N S
O] = +5 M3 + 3 MAd+ 5 di AT + 5 1 Ad1s
is

dpy = S3d711 A3 — 531713 Adn +S3n12 Adns
+%dm Adny + %dm Adnz + %dnz Adns.

Since

de} = 25{M24s+M2d6 — S Mi247 — S Ni2s6 — Mi2s7
11267 — Mi34s + 5 M13a6 — M3a7 — Mi3s6
—$5*M1357 — M367 — 5 2345 + T23ae + M2347
+M2356 — M2357 — 52712367}

locally, d¢j # 0 for all s > 0. Thus ¢ is never of type &

or #.

Assume that & is a 1-form on M such that d@] = @ A ¢7.
This 1-form may be written as

=Y oZ = soun+s0an+s03MN:+ 04N
+0515 + OMe + 0717

In addition, since

3
O] = 5"N123 — SN146 +SN157 — SN247 — ST256 — STM345 — STN367
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we have

AAQ] = —s Moz —s AsMiss — 5 AeMise
—S3067771237 + s2a2n1246 - S20¢1711247
—S2061771256 - S20€2T]1257 - S2061Th345
+82063711346 - S20€3771357 - S20€1m367
—S05M1456 — S04M1457 + S0 N1467
TS0 MN1567 — s*o N2345 + s*og MN2347
+52 0312356 — 5~ 022367 + SCUThase
—5805M2457 — $06 2467 + S07M2567
+S06 13456 + S0713457 + SO N3467
+S0513567-

Comparing the coefficients of 71245 in d@7 and a A @]
implies 2s = 0. That is, there is not such 1-form and thus
M* ¢ Wy and M*° & W5 ® Hj.

Since d@j A @) = —12S2T[1234567, we get doj A @f #0
for all positive s and classes #3, #» ® #3, #3 & ¥4 and
W> D W5 D W, are eliminated.

The Hodge-star *,¢; of the 3-form ¢y is

x50 = —Zio45 — Z1267 + Z1347 + Z1356
—Za346 + 22357 + Zas67
= *M123 — $°Ni2as — °Mi2e7 + 52 M3a7
+5M1356 — 5> Ma3a6 + 572357,

which is globally

. S2 52 S2
x5 Q) = *F1 + 523 Adny — ERUE Adnsz + 57712/\d7]1~

The coefficient of 14567 in d@] is 0, while in *¢7 it is
1, so there is no constant k with the property that d@j =
ks @f. Therefore the G, structure can not belong to #;
and /1 © H5.

2
. )
dxs @i = S {mAdmAdn—mAdnAdn
—mAdn Adnz+ni Adnz Adns
+MmAdm Adny —ma Adna Adns}
and
dxs@f = 25*{—M123a5 — M2sa6 — Ni23a7

—M12356 + MN12357 — Ni2367 }
+4s5% {N14567 + N2as67 + N3as67 }

give d x; @} # 0, and M* ¢ W1 & W5.

Let a be a 1-form and f be a smooth function on M satis-
fying d@j = ot A @] + f *; @7. Comparing coefficients of
N1245 and Nys67 in d@f and o A @] + f *; @] respectively,
we conclude that

f=-2/sand f=0.

Thus #1 & #, and #1 & #> ® W, are also eliminated.

In addition, in local coordinates,
2 2 2
xdQ) = —25Z145+ ;2146 + ;Z147 + ;2156
2 2
—;2157 — 257167 + ;2245 — 257746
2 2 2
+;Zz47 + ;Z256 +2sZ557 + EZ267

+§Z345 + §Z346 — 287347 — 257356
2 2
—;2357 + ;2367
= —25"N145 + 2M1a6 + 2M147 + 2M156 — 2M1s7
—25"M167 + 21245 — 25 Noas + 21247 + 2Mas6
+25% 257 -+ 2167 + 21345 + 21346 — 257347
—25%M356 — 21357 + 2367

and

(xd@ )N Q* = 4s(1+5%){M3as67 — M24s67 — M234567}-

Thus (*;d @) A @] is non-zero. The 3-form ¢; is not in
M eW2 W

Let 3 be a 1-form on M such that d *; @} = B A*,@{. Then
B can be locally written as

B=YBiZ = sBini+sPam+sBsnz+Pana
+Bsns + Bene + P77

for B; € C*(M). Since

— 53 B3Mi23as — 53 BiMi2sas — 5> BoMi23ar
3 3 3
—5°Bomi23se +5° BiMi23s7 — 5~ B3N12367
2 2 2
—5~BeNi2456 — 5~ BrM12457 — 5~ PaN12467
2 2 2
—5”BsM12567 + 5" Bam 13456 — " PsM13457
2 2
S2ﬁ67713467 + 32[571113567 + Szﬁl N14567
+s5” BsMazase + 5~ Pamazast — s°PrNazaer
2
—s5“BsM23567 + sB2M24567 + 5B3M34567,

BAxs@f =

d*s 9} = B A*,] holds if and only if 2 =4s, B; = B, =
B3 = 4s and B4 = s = B = 7 = 0. The identity 2 = 4s
gives s = % For s = % and = 2(n; + M2+ 1n3), the
equation d *; ] = B A *,@] holds globally. As a result,
the G, structure @ is of type W ® W3 ® W, ift s = % If
s # %, then ¢j is in the widest class 7.

For G, structures @7, where i =2,...,8, we only write
1-forms f; such that d ; @} = B; A*;¢. These 1-forms
are

B2 =211 —2m2 —2n3, B3 =211 +21n2 — 213,

Bs = —2n1 —2m+2m3, Bs =211 —2m2 — 213,
Bs = —2m +2n2+2m3, B7 =2m —2m2+ 213,
Bs =211 +2m, —2n3.

O

Lets = % Then G, structures @; are in the class % @

W5 @ Wa. Thus there exists a uniquely determined metric
covariant derivative V; with anti-symmetric torsion tensor
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T; on each (M, g%, @) preserving the G, structure and 7;
are given in [7] by the formula

1
Ti = c8'(de; ;)9 — *dg; +*s(BA 7).

We directly compute T; for each i and obtain the same
anti-symmetric torsion tensor for each covariant derivative
Vl':

Foreachi e {1,...,8}, we have

1 1 1
Ti=smAdn+5mAdny + 503 Adns + 2013,
Now we introduce some properties of 7.

1. The torsion tensor 7 is not V-parallel:

Choose the g*-orthonormal frame {Z;,---,Z7} on an
open subset of M. By the Kozsul formula we write
the Levi-Civita covariant derivative V£ in local coor-
dinates. Since V = V& 4T /2 and

T = shzindZi+552ndz,
+ﬁz3 NdZz+ S%Zm
= —S%Z123 - %ZMS - %2167 - %2246

1 1 1
+52Za57 — 2347 — Z356,
we compute V locally and we obtain

V2, T(Z2,24,27) = 4 #0.

2. The torsion tensor is not closed:

dT = Z(Z,‘JT) VAN (Z,'JT) = 12%,Z123 = 12 % M23.

Note: Take a 7-dimensional 3-Sasakian manifold (M, g)
with the 3-Sasakian structure (&;,1;,®;)i=12,3. Consider
the 3-form

© = amAdm+bmAdn+cnzAdns (6)
+dMmAMAMG+emAdnm+f mAdns
+g mAdN +hmAdnz+knz Adm
+l 3 Adn,

fora, b, c,d, e, f, g, h, k, | € R. To get a G, structure
on M determined by ¢, following equations should be
satisfied:

(@4 + ) (—2(a+b+c)+d) = %7 (7)
(H+EE+P)(—2(a+b+c)+d) = %7 (8)
B>+ 1+ ¢*)(—2(a+b+c)+d) = %7 9)
(=2(a+b+c)+d)(eb+ag+hf) = 0, (10)
(—2(a+b+c)+d)(cf+el+ak) = 0, (11)
(=2(a+b+c)+d)(hc+kg+bl) = 0, (12)
abc —ceg —bfk—ahl+ fgl+hek = % (13)

This system has infinitely many solutions. Now we will
determine under which conditions G, structures obtained
are closed or co-closed.

do = admAdn+bdmANdn+cdnzANdns
+d(dm Az — dm AN+ dnz An)
+(e+g) dm ANdm+ (f +k) dm Adns
(k1) dp Adns.

If ¢ is closed, then it is closed according to the local frame
chosen. Thus

dp = (8a—2d){M3as+ M6}

+(8b —2d){N1357 — Mi346 }

+(8¢ —2d){M1247 + Mi2s6 } +8(a+ b+ c)Naser
+4(e+ g){M2346 — M2357 — M1345 — M1367
+4(f +k){N2347 + N23s6 + Ni245 + Ni267}
+4(h+1){—"1347 — M356 + N1246 — M1257}

= 0.

All coefficients should be zero. First we get
d=4a=4b =4c.
Since a = b = c and a+ b+ ¢ = 0, this gives
a=b=c=d=0.
In addition,
f=—k e=—g h=-l

imply
abc —ceg —bfk —ahl+ fgl+ hek = 0.

This can not hold, since for a G, structure we have (13).
As a result, there is no closed G, structure ¢ on a 7-
dimensional 3-Sasakian manifold of the form (6).

Now we investigate the existence of co-closed G, struc-
tures. We have

dx@ = emAdmAdm—emAdnAdns
+f mAdmAdnz — f mAdnz Adnz—
g mAdm Adn+g m Adn Adns
—h 3 Adny Adnz +hm Adnz Adns,

or, in local coordinates,
d+x@ = —4hMias+4fNi23a6 +4(8 — €)Mz

+4(g — e)Ni23se — 4/ Mi23s57 +4hMN 12367
+8hM 14567 — 8 M24s67 + 8(e — &) N3as67-

To get a co-closed G structure, equations (7)-(13) together
with

e=g f=h=0
should be satisfied. Only G, structures with these prop-

erties are the cocalibrated G, structure and three nearly
parallel G, structures all given in [5].
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