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Abstract

In this paper, we introduce a new iteration method and show that this iteration method can be used to
approximate fixed point of almost contraction mappings. Furthermore, we prove that the new iteration
method is equivalent to both Mann iteration method and Picard-Mann hybrid iteration method and also
converges faster than Picard-Mann hybrid iteration method for the class of almost contraction mappings.
In addition to these we give a table and graphics for support this result. Finally, we prove a data
dependence result for almost contraction mappings by using the new iteration method.
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Arastirma Makalesi

DAHA HIZLI YENI BIR ITERASYON METODU ICIN
YAKINSAKLIK ANALIZI

0Oz

Bu makelde yeni bir iterasyon yontemini tanimladik ve bu iterasyon yonteminin hemen hemen biiziilme
déniistimlerinin sabit noktasina yaklasimi igin kullanilabilir oldugunu gosterdik. Ayrica, yeni iterasyon
yonteminin hem Mann iterasyon yontemi hem de Picard-Mann hibrid iterasyon yontemine denk oldugunu
ve hemen hemen biiziilme doniisiimleri sinifi i¢in Picard-Mann hibrid iterasyon yonteminden daha hizl
yakinsadigim1 kanitladik. Bunlara ek olarak, bu sonucu destekleyen bir tablo ve grafik de verdik. Son
olarak, yeni iterasyon yontemini kullanarak hemen hemen biiziilme doniisiimleri i¢in bir veri baglihig
sonucunu kanitladik.

Anahtar Kelimeler: Yeni iterasyon metodu, kuvvetli yakinsaklik, Hemen hemen biiziilme dontisiimleri.
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1. INTRODUCTION

Fixed point theory is one of the most useful tools of mathematics since it has
different applications in many branches such as chemistry, game theory, engineering
and economics etc. The fixed point of an operator T is a point which is mapped to
itself by an operator, that is, x is a fixed point of the operator T if and only if
Tx=X.

This theory has been worked by many researches from theoretical and practical
aspects. The iterative approximation of fixed point for certain classes of operators is
one of the main tools in the fixed point theory. Therefore, a lot of iteration methods
have been defined and studied by numerous researchers (see Berinde, 2007, Chung
et al., 2012, Giirsoy et al., 2013, Karakaya et al., 2013, Mann, 1953).

Now, we give some well-known iteration methods:

Asequence {x }"  defined by

{ X, € C, (1.1)
X, =Tx,(neN),

is commonly known as Picard iteration method (Picard, 1890).

Mann introduced the Mann iteration method in (Mann, 1953) as follows:
u,=(-a)u +aTu, (neN), 1.2)

where 0<¢, <1 and ian =,
n=0
In 2007, Agarwal et al. defined the S iteration method (Agarwal et al., 2007) as
X = (1=, ) TX, + e, Ty, (13)
Yn =(1_ﬁn)xn+ﬂnTXn1(n€N) .

The following iteration method is called Noor (Noor, 2000) iteration method:
X, €C,
Xpup = (1=, ) X, + 2, TY,
Y, =(1-8,)%, + BTz,
z,=(1-7,)% +7.7%,(n e N).

(1.4)

In 2013, Khan (Khan, 2013) introduced Picard-Mann hybrid iteration method as
follows:

X, €C,
Xpe1 = 1Yy (1.5)
Yo =(1-a,)x, +2,Tx,, (neN),

where (a,) , <[01].
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Now, we shall introduce the following iteration method:
X, €C,
Yoo = TI(1-a, ) Y, + 1, TY, ] (1.6)
Yo =TI(L=5,) %, + B,TX,],

where (o), .(8,), <[01] and ¥ &, = .
- a n=0

In this paper, we prove that iteration method (1.6) strongly converges to fixed point
of almost contraction mappings satisfying condition (1.7). Furthermore, we show
that iteration method (1.6) is equivalent to both Mann iteration method (1.2) and
Picard-Mann hybrid iteration method (1.5). We also compare the rate of
convergence of iteration method (1.6) and Picard-Mann hybrid iteration method
(1.5). Additionally, we give a table and graphics for support this result. Finally, we
give a data dependence result for almost contraction mappings satisfying condition
(1.7) by employing iteration method (1.6).

In order to obtain our main results we need some lemmas and definitions given in
the following:

Lemma 1.1 (Weng, 1991). Let {a,} and {b} , be nonnegative real
sequences satisfying the following condition:
a'r|+l < (l_/un)an +bn’

where u, (0,1, forall n>n, , iyﬂ:oo and z—"—>0 as n-—oo . Then
n=1 n

lima, =0.

Lemma 1.2 (Soltuz, 2008). Let {an}::O be a nonnegative real sequence and there

existsan n, e N such that for all n>n, satisfying the following condition:

an+l < (1_:”n)an + Uiy s

where  p, e(01) for all neN, i,un = and 7,20,vneN . Then the
n=1

following inequality holds:

0<limsupa, <limsupz,.

Definition 1.3 (Berinde, 2003). The self-map T:C—>C is called almost

contraction if there exist 5¢(0,1) and L>0 such that

[Tx=Ty[| < 5lx=yl|+ L]y =Tx]

Theorem 1.4 (Berinde, 2003). Let (X,d) be a complete metric space and

T:X — X be a almost contraction for which there exist 56(0,1) and some
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L, >0 such that
x=Ty] < 8lpc—yl+ L x =] )

Then, T has a unique fixed point.

Definition 1.5 (Phuengrattana and Suantai, 2013). Let {a }  and {b} be
two iterative sequences converging to the same fixed point p, . We say that

{a,}”, converges faster than {b,}" to p, if
lim 3@ P g
== d(b,, p)

Definition 1.6 (Soltuz, 2008). Let T,S:C —C be two operators. We say that S
is an approximate operator of T if forall xeC and for a fixed &>0 if
[Tx—Sx|<e.

2. MAIN RESULTS

Theorem 2.1 Let C be a nonempty closed convex subset of a Banach space X
and T:C—>C be a almost contraction map satisfying condition (0.7) . Let

{xn}f:0 be iterative sequence generated by (0.6) with real sequences such that

{a,}", and {B,}" < [01] satisfying Zn:ak =o. Then {X,}” converges to

k=0

unique fixed point p, of T.

Proof. It can be seen easily from (0.7) that p. is the unique fixed point of T.

Firstly we must show that x, — p. as n—oo . From (0.6) and (0.7), we have

"yn - p*" = "T[(l_ﬂn)xn +ﬁnTXn]_ p*
<5|(1-B,) %, + B.TX, — P
< 5[(1_ﬂn)||xn - P +ﬂn5
= 5[1_ﬂn (1_5)]||Xn = Ps|ls

(1.8)

]

|x, = p.
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=[Tl(1-a,)y, +a,Ty,1-p.
< 5||(l—ocn)yn +a,Ty, — p.
<Sl(1-a,)|Y, = pef+ 2, [Ty, = Tp.
=0[l-a, -]y, - p-
<S5 l-a,(1-O)[L- B, (1—5)]||xn = P
Since 6e(0,2) and [1-4,(1-0)] <1, we obtain

||Xn+l - P,

] (1.9)

%o = e[| <L~ e, @= )%, — P (1.10)
By continuing this process in (0.10), we obtain the following inequalities:
"Xn - p- < [1_an—1(1_5)] "Xn—l - Pp-
"Xn—l =P < [1_an—2 (1_5)]||Xn—2 =P
"xl — P S[:I-_Ofo(:l-_é‘)]")(o = P|-
Then we have
%0 = P < [T~ @)%~ p.| (1.12)
i=0

It is well-known from the classical analysis that 1-x<e™ forall xe[01]. By
using this fact together with (0.11), we obtain

n
sl T - .
i=
S - (1.12)
n+1 rr '
=[%-p]" e 7

Taking the limit of both sides of inequality (0.12) it can be seen x, — p, as

n — oo,

Theorem 2.2 Let X be a Banach space, C be a nonempty, closed, convex subset

of X and T:C—C be aalmost contraction map satisfying condition (0.7) with
fixed point p, . Suppose that {u,} s defined by (0.2) for u, eC and {x,}

n=0

is defined by (0.6) for x,eC with real sequences such that {ozn}:’:0 and

39



V. Karakaya, Y. Atalan, K. Dogan, N.E.H. Bouzara / Convergence Analysis For A New Faster Iteration
Method

{B,}", €[04]. Then the following assertions are equivalent:
i The Mann iteration (0.2) convergesto p, .
ii. The new iteration method (0.6) convergesto p, .

Proof. We will show that (i) = (ii) , that is if the iteration method (0.2)
converges, then the iteration method (0.6) does too. Now, by using (0.2) and

(0.6) we have
||un+l - Xn+1|| = "(1_ a, )un + anTun _T[(l_ Q, ) yn + anTyn]
<(l-a,)|u, -Tl[1-a,)y, +a,Ty,]

Tun _T[(l_ Qa, ) yn + anTyn]

+a,

< (=) {lo,~Tu 4o, TI- @)y, 7]
Tu, -T[(1-a,)y, +a,Ty,]
<(1-a,)|u, —Tu,|+6
+L|u, = Tu, |
<(1-a,)|u, =Tu, |+ (1-a,)|u, = v,
+0at, [u, =Ty, |+ Lu, =Tu, |
<(I-a,)|u, = Tu, |+ (1-a,)|u, = v, |
+8aty Ju, =Tu |+ 5% e, [lu, =y, |
+oa, L|u, =Tu, |+ L|u, =Tu,||
=[L-a,(1-5)+ L+ 6a,)L]u, ~Tu,|
+O[1—a, = )|u, = v,

|

+a,

u,—(1-a,)y, —a,TY,

(1.13)

and
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luy = Vol <[l =Tu, |+ [Tu, =TI(1- B,) %, + B,Tx,]
<, =Tu, ||+ 5 u, = (1= B,) X, = B,TX,
+L|u, =Tu,|
<, =Tu, [+ 8 (1= 8, )||u, =X, ]|+ B, Ju, =T,
+L|u, =Tu, ||
< Jlup =Tu, [+ 5 (1= 8,)Ju, =%,
+3B, |uy =Tu, ||+ 8% B, [lu, =%,
+0,L|u, =Tu, ||+ Lju, = Tu,||
=(1+38,)A+L)|u, —Tu,|
+5[1= B,(@0=8)][|u, =X, |-

(1.14)

Substituting (0.14) in (0.13), we obtain
o =l < 1, 4-0)+ @ o)Ll T
+6[1-a, (1-5)]@+8B8,) A+ L) Ju, ~Tu, |
+0°[1-at, A-9)][1- 4,0 O)]u, ~x,|
={[1-a,(1-8) + 1+ 5a,)L]
+8[1-a, (1-5)] W+ 8B,)A+ L)} |u, ~Tu, |
+5*[1-a, 0= 9)|[1- £, a-&)]Ju, - x|

(1.15)

Since 5<(0,1) and [1-4,(1-5)] <1, we have

g = X < {[1- 2, 0= 3) + A+ Sx, )L ]
+6[1-a,(1-8)] 1+ 5B8,) A+ L)} |u, —Tu, |
+[1= o, = 3)][Ju, =X,

Let
= a,0-5) < 0.1
a, = "un — % "’

b, ={[1-a,(1-8) + {1+ 6a,)L]
+6[1-a, (1-8)] 0+ 3B,) L+ L)} u, Ty, |
Furthermore, using Tp, = p, and |u, — p,[| —0 , we have

41



V. Karakaya, Y. Atalan, K. Dogan, N.E.H. Bouzara / Convergence Analysis For A New Faster Iteration
Method

"un _Tun" = "un —-p.+Tp, _Tun"
<[u, - p.[+5]u, - p.[+L]p. - Tp.|
=(1+8)]u, - p.|-

Then, |u, —Tu,|— 0 . Because of these results, we obtain b — 0 . By applying
Lemma 1.1, we have a, =|u,—x,|—>0 as n-—>oo .
Consequently;

[Up.s = Xo,a| >0as n— oo,

Now, we show that (ii) = (i) :

"Xn+l - un+1" < "Xn+l - p*” +||un+1 - p*”
=[Tl(1-a,) v, +2,Ty,1-To.|
+|(1-a,)u, +a,Tu, - p.|
< 5"(1_an ) Yot anTyn - P "

(1.16)
+(1_an)"un —h. "+an "Tun =Tp. "
< 5(1_an)"yn - p*"+5an ”Tyn —Tp, "
+(1_an)"un - b "+an5"un - p*"
=81~ 0= |y, - p.[+ 1~ a, A=), - p.,
and
"yn - p*" = ”T[(l_ﬂn)xn +ﬂnTXn]_Tp*”
<5)(1-B,) %, + BT, — b 117
< 5(1_ﬂn)||xn - p*"+52ﬂn ”Xn - p*”
=o[1-B,A-)[x, - p.].
Substituting (0.17) in (0.16), we obtain
%02 = Unal| < ° -, 0= )L~ B, @~ )%, = .|
Hl-a, (1= )]||u, - n.| (1.18)

<[l-a,@-IL-B,L-)|x, - p.]
-, L=y, - p.|-

Denote that
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M, =a,(1-0)e(0,1)
a, :"un - p*”'

bn :[1_an(l_é‘)][l_ﬁn(l_é‘)]uxn = P.|-
Thus, from Lemma 1.1, a, =|u,-p.

inequalities, from (0.18),
[Xps2 = Upa| > 08 n— o0,

—>0 as n-—>oo. As a result of these

n+l

Theorem 2.3 Let X be a Banach space, C be a nonempty, closed, convex subset
of X and T:C—C be aalmost contraction map satisfying condition (0.7) with

is defined by (0.5) for u, eC and {x,}

n=0

fixed point p, . Suppose that {u,}"

=0
is defined by (0.6) for x, € C with real sequences such that {o,}” and {3}

n=0
€[01] . Then the following assertions are equivalent:

i The Picard-Mann iteration (0.5) convergesto p, .
ii. The new iteration method (0.6) convergesto p, .

Proof. We will show that (i) = (ii) , that is if the iteration method (0.5)

converges, then the iteration method (0.6) does too. Now, by using (0.5) and (0.6)
we have

I = Xoua| = [TV, ~TL(1-, ) ¥, + 2, Ty, ]
<6V, —(1-a,) Y, — o, Ty, |+ Lv, = Tv,|
<S(L=a, )|Vo = Vol + S, |V, =T, [+ LV, =TV, |
<5(1-a,)|V, = Yol + (Sa, + L) v, = Tv, |
+68%a, |V, = Y|+ Se, L v, = Tv, |
= 8[1—a, (1= )|V, — V|| +{Sa, @+ L)+ L}|v, = Tv, |

(1.19)

and
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Vo = Yol <[|@= 2, )u, + @, Tu, =T[(1- B,) %, + B,Tx,]
<(@-a,)|u, =Tu, ||+ @=ea,)|[Tu, =T[(1- B,) X, + B,Tx,]
Tu, —T[(1-5,) %, + B,Tx,]
<(@-a,)|u, =Tuy||+&|u, = (1= B,) %, = B,TX,
+L [, =Tu, |
<@-a, +L)|u, =Tu, |+ (1= B, ) Uy = Xu||+ 5B, Ju, =T, ||
<@-a, +L)|u, =Tu, |+ (1= B, )|uy = X, ||+ 5B, |u, = Tu, |
+0% B, u, =%, ||+ 3B, L |u, = Tu, |

= 5[1- B, 5)]|u, = %, |+ {1- e, + L+ 8B, @+ L)} Ju, —Tu, |-

+a,

(1.20)

Substituting (0.20) in (0.19), we obtain
||un+1 - Xn+1|| < 52[1_ a, (l_ 5)] [1_ ﬂn (1_ 5)]||un - Xn "

+0[l-a,(1-){1-a, + L+ B, 1+ L)}u, = Tu,|

+{Sa, (1+ L)+ L}|v, = Tv, | (1.21)
<[1-a,@=)]|u, =X, |

+0l-a,1-8){1-a, + L+ 58,0+ L)} |u, —Tu,|

+{Sa, (1+ L)+ L}|v, = Tv, |

Since 5€(0,1) and [1-4,(1-5)]<1, we have

Ju

n+l Xn+l|| < [1_an (1_ 5)]"u” X ”
+6[1-a, 1 6)|{1-a, + L+ 88,1+ L)} |u, - Tu,|

+{Sa, 1+ L)+ L}|v, —=Tv,|.
Let
Hy =&, (1_5) € (011)
a, = ”un _Xn”’
b,

=0[l-a,(1-6){1-a, + L+B,@+L)}u, - Tu,|
+{6a, 1+ L) +L}|v, =Tv,|.

Furthermore, using Tp, = p, and |u, —p,|— 0, we have

u,
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and

Vo =TVall < Vo = p.[[+ 8]y = p. ]+ L p. =Tp.|
=(1+38)|v, - p.|
<1+8)A-a,)|u, = p.|+ @+ ), 5 |u, — p.|
=(1+6)[1-a,1-)]|u, — p.|
Then, |lu,—Tu,|—0and |v,-Tv,|—>0. Because of these results, we obtain

b, —0 . By applying Lemma 1.1, we have a, =|u, —X,| >0 a5 n—co .
Consequently

|Ups = X,a]| =0 as n—oo.
Now, we show that (ii) = (i) :

||Xn+l - un+l|| < ||T [(1_ a, ) yn + anTyn] _Tvn
<5|(1-a,) Y, +a, Ty, -V,

+L||(l_an)yn +anTyn _T[(l_an)yn +anTyn]
<S(1-a,)|y, — |+ Sa, [Ty, = Tu,|

+L(1-a,)|y, -Tl(1-ea,)y, +,Ty,]
Tyn _T[(l_an)yn +anTyn]
<S(1=a, )|y, —Ua|+ 5%, | Yo = Uy ||+ S, L ||y, =Ty, ||

+L(1_an)”yn _Tyn"

+L(1—an) Ty, —T[(l—an)yn +a,Ty,]
Tyn _T[(l_an)yn +anTyn]
:5[1_an(1_6)]"yn _un"
+{L(26a, + L+1—a, }|Y, =TV, |

+Le,

(1.22)

+Le,

and

"yn _un" < ||T[(l_ﬂn)xn +ﬂnTXn]_TXn
+"Xn _un"
<5|(1-B,) %, + BTX, — X,
+||Xn _Txn||+||xn _un"
=[x, =, ||+ {8, + L+1}|x, =Tx, |

+[Tx, =%,

+ L%, =T, | (1.23)
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Substituting (0.23) in (0.22), we obtain

X1 = Uy || < STL— e, = 8)[| X, — U, |
+0[L— o, 1= (5B, + L+1)|x, = Tx, |
+{L(20a, + L+1=a, }|Y, =Ty,
Denote that
u, =a,1-0)e(0,1)
a, :"Xn _un"'

b, =[1-a, (- 8)I(3B, + L+1)|x, —Tx,|
+{L(20a, +L+1-a, }y, =Ty, |-

Furthermore, using Tp, = p, and |u, —p,|—0 ,we have

[ =T, <%, = p. ]|+ 8%, = p.]+ L[ p. = Tp|

=(@+3)[x, = p.-

and

I¥e =Tyl <0 = ]+ Sy, = P.] + L] . = Tp,
=@1+5)|y,—p.

<(1+8)3|@-B,)%, + B.Tx, — p.|+L|p. - Tp.
< (1+6)5(1_ﬂn)"xn - p*||+(1+5)62ﬁn "Xn - p*"

= (1+6)5[1—ﬂn(1—5)]||xn - p||
Then, |x,—Tx||—0and |y, -Ty,|—0. Because of these results, we obtain

b, —0 . By applying Lemma 1.1, we have a, =|u, —X,|—>0 a5 n—co .

Consequently
[Xy12 = Upa] >0 as n— oo,

As a consequence of Theorem 2.2 and Theorem 2.3, we can give the following
corollary:

Corollary 2.4 Let X be a Banach space, C be a nonempty, closed, convex
subsetof X and T:C—C be a mapping satisfying condition (0.7) with fixed
point p,. If the initial point is the same for all iterations, then the following
assertions are equivalent:

(i) the Picard iteration (0.1) convergesto p, ,
(ii) the Mann iteration (0.2) convergesto p, ,
(iii) the S iteration (0.3) convergesto p, ,
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(iv)the Noor iteration (0.4) convergesto p, ,
(v) the Picard-Mann iteration (0.5) convergesto p, .
(vi) the new iteration (0.6) convergesto p,.

Theorem 2.5 Let X be a Banach spaces, and C be a closed, convex subset of
X ,and T:C—C be aalmost contraction map satisfying condition (0.7) with
fixed point p, . Let {«,} and {p,} be real sequences such that O0<e,, S, <1

forall neN . Forgiven x,=u, €C , consider the iterative sequences {un}w

and {x,}  defined by (0.5) and (0.6), respectively. Then {x,}"

p, fasterthan {u, }"  does.
Proof. Let
||Xn+1 - P

=[TIA-a,)y, +a,Ty,1- P
< SfL- e, (1= )]|ly, — .
by using (0.6), we get

%2 = P < 8"~ @=L~ B,A- ]|, — p.
Repeating this process n-times we get

<SR- @-L- B, Q=[x - P.
k=0
In further it is easy to see that

<™ [1L-e, @~ 5)]|u, - p.
k=0

||Xn+1 - P

||un+l = P.

[ 520”1)1_[[1_%(1_5)][1_ﬂk(1_5)]||xo_p*
[ L T =

o ||un+1 - P " 5n+1H[1_ak (1—5)]"[.!0 —-P.
k=0

1o, @S- 4, (1-5)]

— Iim§n+l k=0

n—w

n

é‘”*ll_[[l—azk @-9)1

k=0

Since we know that x, =u, and [1-¢, 1-0)][1- 4, (1-0)]<[l—-¢,(1-0)], then

im P =Pl s .
T

Thus,

Ll Y

o ||un+1 - p-

n=0

converges to
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Then we conclude that {x,}
Now, let us give a numerical example for analytic proof.

converges faster than {u,}" .

Example 2.6 Let us give the functionT:[0,10]—[0,10] such that

T(x)= Vx? —8x+40. It is easy to show that T is an almost contraction on [0,10]

with fixed point p.=5. Choose «, = 8, =7, =% with the initial value x, =1,99 .

The following table shows that the new iteration method (0.6) converges faster than
all Picard-Mann (0.5), Noor (0.4) and S (0.3) iteration methods.

The new iteration

Picard-Mann

Noor

S

1,99000000000000

1,99000000000000

1,99000000000000

1,99000000000000

4,99389167686581

4,92137488609813

4,17445437828765

5,01485375465129

4,99996100255133

4,99389167686581

4,76149300996949

5,00164414119613

5,00000000000000

4,99999998003362

4,99945966464220

5,00000002649966

X5

5,00000000000000

5,00000000000000

4,99999989115093

5,00000000000001

X

5,00000000000000

5,00000000000000

4,99999996772625

5,00000000000000

X29

5,00000000000000

5,00000000000000

5,00000000000000

5,00000000000000

We notice that the new iteration method converges faster than the others, since it

converges at the 8"step while the Picard-Mann, Noor and S iteration methods

converge at the 15" step, 16™ step and 29" step, respectively.
The following figure is a graphical presentation of the above results.
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Fixed point approach values
=
T

Tl b o " Ricard:Mann
il Noor
] I | S

5 8 Il 15 16 ]
Steps of teration sequences

Theorem 2.7 Let S be an approximate operator of T . Let {xn}‘::O be an
iterative sequence generated by (0.6) for T and define an iterative sequence
{u,}., asfollows:

u,eC
Uy, = S[A-, )V, +a,5v,] (1.24)
v, =S[(Ll-B,)u, +2,Su.], neN

where {a,}” {8}, be real sequencesin [01] satisfying (i) %<e, forall
neN ,If Tp,=p, and Sx, =x, suchthat u, > X, as n-— o ,then we have

T¢e

p* _X* <

1-o

where £ >0 is a fixed number.

Proof. From (0.6), (0.7) and (0.24), we have
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Iy, =va I <ITIA- B)X, + B,TX,1-TIA- B,)u, + B,Su, ]|
+|T[@- B,)u, + B,Su,1-S[(L- B,)u, + B,Su,]|
<S@1-B,)|%, = U]+ B, [Tx, — Su, |
-kL(l—ﬁn)"Xn -T[A-8,)x, +,BHTXn]||
+LA [Tx, —T[A-B)x, + B.Tx, ]|+ &
<S@1-B)|%, = U] + B, [Tx, = Tu, |+ 38, [Tu, — Su, |
+L@= 8% =T,
+L(@- BT, = TIA- B)X, + B,T%]|
+LA [T, =TIA-B)x, + B.Tx, ]|+ &
<SA=B)|% = Un ]|+ 2B, %, = n ||+ B, L%, =T, ||+ 3B,&
+L@=B) %, =T, |
+L8|x, = @= B)%, = B.T% |+ L%, =T, [+ &
=6[1-B,1-)|x, —u,|
+L{[1- 8,181+ L+ B,5}|x, =X, |+ B.5¢ + &,

(1.25)

and
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[Xo1 = Upor | S |TIA- )Y, + @, TY, 1-T[A— 2, )V, + 1, SV, ]|

+||T [A-a,)Vv, +a,Sv,]-S[(L-e, )V, +anSvn]||

< 5”(1_ an)(yn _Vn) + an (Tyn - SVn)”
+L||(1_ an)yn + anTyn) - (1_ a, +a, )T[(l_ an)yn + anTyn )]"
+&

<SQA-a,)|Y, —Voll+ 5, [Ty, =TV, ||+ Sex, [TV, — Sv, ||
+L(l_an)||yn _T[(l_an)yn +anTyn)]||
+La, [Ty, -TlA-a,)y, +a,Ty,)]|+&

<S@A-a,)||lyy Vol + ety ||Yy = Vo||+ S, L]y, =Ty, |+ Sz,
+L@-a,)[Y, =Ty
+L(l_an)||Tyn _T[(l_an)yn +anTyn )]"
+La, [Ty, -TlA-a,)y, +a,Ty,)]|+&

<S@A-a,)||lYy Vol + ety ||Yy = Vo ||+ S, L]y, =Ty, |+ Sz &
+LA=a,) Yo = TYa [+ LS|y, - Q=) Y, — Ty,
+L2y, =Ty, |+&

= 5[1_an (1_5)]||yn _Vn "

(1.26)
+{[1-a, 0= 8)]+ L+, 5}y, =Ty, |+ o, 0 + ¢,
Substituting (0.25) in (0.26), we obtain
||Xn+1 - un+1|| <5 [1_ ay, (1_ 5)] [1_ an (1_ 5)]"Xn —U, "
+oll-a, (- O~ 4, A=)+ L+ f,Hx, ~Tx | (127

+0°[l-a,(1-9)]B,e +O[l-a,(L-5)le
+{[1-, 1= )]+ L+, SH|Y, ~ TV, |+ 2,0 + &

Since 5e(0,1) and «,, B, €[01] forall neN , we have
1-a,(1-6) <1,
1-5,1-0) <1,

Ol-e,(1-9)] <1,

and using assumption we obtain

l-o,<ca,.

Hence, from (0.26), (0.27) and these inequalities, we have
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(X1 = Upo || < L= @, A=), —u, |
Hl-a, + o, 51{[1- B,(1- )]+ L+ B,5}|x, = Tx,|
+1l-a, +o,)L{1-a,(1-5)]+ L+ 0:”5}||yn -Ty, ||
+1l-a,+a,)3c+a,&
<[1-a,@-8)]|x, —u,|
+a, 1+ S)L{[1- B,(1- )]+ L+ B.5}|x, = Tx ||
+20,L{[1-e,(1-8)]+ L+ an§}|| Y, —TY, || +7a,¢&
=[1-a,1-5)]|x, —u,|
v, (1_5){ LA+ S){[1- B, A=)+ L+ B.5H%, —Tx,|
1-95)

L 2o, @O+ L+ o, Sy, Ty, [ +72
(1-9)

n+l

Denote that

a, :”Xn _un”’
U, =a,(1-5)€(0,1)

1 L@+ oI~ B, A=)+ L+ B8} x, —Tx |
= (1-6) |+2L{[L- e, @~ &)+ L+, 5}y, - Ty, ||+ ¢

Hence, from Lemma 1. 2, we have

0<limsup|x, —u,|

n—oo

LA+o){[1-p4.(1-0)]+L X —TX
< limsup 1+ 5){[1- B,(1-8)]+ L+ B,5}*, = Tx,|
n—>c0 @-9)
N 2{[1-o,(1-0)]+ L+an5}||yn =Ty, ||+ Te
1-5)
e
(1-9)
We know from Theorem 2.1 that x, — p, and using hypothesis, we obtain
Ip.-x|= %
T s
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