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ABSTRACT

Soft set theory, developed by Molodtsov, has been applied both theoretically and practically in many fields. It is a useful
mathematical tool for handling uncertainty. Numerous variations of soft set operations, the crucial concept for the theory, have
been described and used since its introduction. In this paper, we explore more about soft binary piecewise difference operation
(defined first as “difference of soft sets”) and its whole properties are examined especially in comparison with the basic
properties of difference operation in classical set theory. Several striking properties of soft binary piecewise operations are
obtained as analogous to the characteristic of difference operation in classical set theory. Also, we show that the collection of
all soft sets with a fixed parameter set together with the soft binary piecewise difference operation is a bounded BCK-algebra.

Keywords: Soft sets, Soft set operations, Soft binary piecewise difference operation

1. INTRODUCTION

Due to the existence of some types of uncertainty, we are unable to employ traditional ways effectively
to address issues in many domains, including engineering, environmental and health sciences, and
economics. Molodtsov [1], in 1999, proposed Soft Set Theory as a mathematical method to deal with
these uncertainties. Since then, this theory has been applied to a variety of fields, including information
systems, decision-making, optimization theory, game theory, operations research, measurement theory,
and some algebraic structures. The initial contributions to soft set operations were stated by Maji et al.
[2] and Pei and Miao [3]. Following this, Ali et al. [4] introduced and discussed several soft set
operations, including restricted and extended soft set operations. Sezgin and Atagiin [5] discussed the
basic properties of soft set operations and the connections between them. They also investigated and
defined the idea of restricted symmetric difference of soft sets. A brand-new soft set operation called
“extended difference of soft sets” was presented by Sezgin et al. [6]. Stojanovic [7] introduced the term
"extended symmetric difference of soft sets" and its characteristics were investigated. The two main
categories into which the operations of soft set theory fall, according to the soft set literature, are
restricted soft set operations and extended soft set operations. Soft binary piecewise operations were
defined by Yavuz [8], who also carefully analyzed their core characteristics. Since the creation of new
soft set operations and derivation of their algebraic properties as well as the introduction of new soft set
operations and their implemantations offer new perspectives for solving parametric data problems, the
operations of soft sets are the fundemantal concepts of soft set theory, and thus soft set operations have
been extensively studied since 2003. For more details, we refer to [9-36].

There is a lot of algebra related to logic. Boolean algebra is related to traditional two valued Aristotelean
logic. MV algebra is suitable for multi-valued logic. BCI/BCK algebra generalizes the concept of set
algebra of sets with the set subtraction as the only non-nullary operation, while these algebras generalize
the algebra of implication. The concept of BCI/BCK algebra was introduced by Imai and Iseki [37] to
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study non-classical propositional logic. Although soft sets over algebraic structures have been studied
extensively with the initial study of soft groups, the soft set algebras themselves have been studied
extensively by [10,18,38,39].

There are five different types of difference operation defined in the soft set literature; one of which is
restricted difference of soft sets defined in [4], the other is extended difference of soft sets defined in
[6], the other is complementary extended difference of soft sets defined in [9], the other is
complementary soft binary piecewise difference operation defined in [28]. Eren [17], in 2019,
introduced a brand-new class of soft difference operations, which we call here as “soft binary piecewise
difference” to avoid confusion, and the core characteristics of the operation together with the distribution
laws were analyzed. This paper is a following study of [17] and we aim to enrich the paper [17] by
investigating more on soft binary piecewise difference operation.

In this study, we especially examine the full algebaric properties of this soft set operation comparatively
with the basic properties of difference operation existing in classical set theory and we obtain many
interesting similarities. Moreover, we prove that the set of all the soft sets with a fixed parameter set
together with the soft binary piecewise difference operation is a BCK-algebra. This paper is arranged in
the following manner. In Section 2, we recall the preliminary concepts in soft set theory together with
BCK-algebras. In Section 3, definition and the example of soft binary piecewise difference operation
defined in [17] are reminded. The full analysis of the algebraic properties of the new operation, including
closure, associativity, unit, inverse element, and abelian property, are then examined. Besides, the
properties of this soft set opertaion are handled comparatively with the difference operation in classical
set theory and we obtain stunning analogies. In the same section, it is proved that the set of all the soft
sets with a fixed parameter set with respect to soft binary piecewise difference operation is a BCK
algebra. In the conclusion section, we put into focus the meaning of the study's findings and its potential
influence on the field.

2. PRELIMINARIES

Definition 2.1. [1] Let U be the universal set, E be the parameter set, P(U) be the power set of U and
A C E. Apair (F,A) is called a soft set over U where F is a set-valued function such that F: A — P(U).

Throughout this paper, the collections of all the soft sets defined over U is designated by Sg(U). Let A
be a fixed subset of E and S (U) be the collection of all those soft sets over U with the fixed parameter
set A. Clearly, S,(U) is a subset of Sg(U).

Definition 2.2. [4] (K, W) is called a relative null soft set (with regard to W), denoted by @y, if K(9) =
@ for all 9eW and (K, W) is called a relative whole soft set (with regard to W), denoted by Uyy if
K®) = U for all $ eW. The relative whole soft set Ug with regard to E is called the absolute soft set
over U. We shall denote by @4 the unique soft set over U with an empty parameter set, which is called
the empty soft set over U. Note that by @4 and by @, are different soft sets over U [10].

Definition 2.3. [3] For two soft sets (K, W) and (T, S), (K, W) is a soft subset of (T, S) and it is denoted
by (K,W) € (T,S), if WE Sand K(9) € T(9), V9 e W. Two soft sets (K, W) and (T, $) are said to
be soft equal if (K, W) is a soft subset of (T, S) and (T, S) is a soft subset of (K, W).

Definition 2.4. [4] The relative complement of a soft set (K, W), denoted by (K, W), is defined by
(K, W)' = (K", W), where K": W = P(U) is a mapping given by (K, W)" = U\W(9) for all 9 € W.
From now on, U\K(9)=[K(9)]" will be designated by K’(9) for the sake of ease.

Soft set operations can be grouped into the following categories as a summary: If " © " is used to denote
the set operations (Namely, © here can be N, U, \, A), then the following soft set operations are defined
as follows:
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Definition 2.5. [4,5] Let (K, W) and (T, S) be soft sets over U. The restricted © operation of (K, W) and
(T,S) is the soft set (B,X), denoted by, (K, W)Or(T,S) = (B,X), where X=WnS=+@and VI €X,
B(9) =K(9) 0 T(9). Here note that if WN § = @, then (K, W)Or(T,S) = @4 [10].

Definition 2.6. [2,4,6,7,11] Let (K,W) and (T,S) be soft sets over U. The extended © operation of
(K,W) and (T,S) is the soft set (B,X), denoted by, (K,W)0.(T,S) = (B,X), where X=WUS and
V9 e X,

K@), 9 € W\S,
B(9) = T(9), 9 eS\W,
K®)OT®), 9ewns.
Definition 2.7. [9,12,23] Let (K,W) and (T,S) be soft sets over U. The complementary extended ©
operation of (K, W) and (T, S) is the soft set (B,X), denoted by, (K, W)0.(T,S) = (B, X), where X =
WuU Sand V9 € X,

K'(9), 9 € W\S,
B ={ T'(9), 9 € S\W,
KM®)OT(I), 9eWwWns.
Definition 2.8. [8,17] Let (K, W) and (T, S) be soft sets over U. The soft binary piecewise © operation
of (K, W) and (T, S) is the soft set, (B,W), denoted by, (K, W)® (T,$) = (B, W), where V9 eW,
K(9), 9 eW\S

B(%)=
K@) e T®), 9eWnNs
A set X containing a binary operation { and a constant 0 is called a BCI algebra if it satisfies

BCI-1((@a¢b)l(acc))(cch)y=0,BCl-2(a¢(a¢h))cb=0, BCl-3aa=0, BCl-4atb=0andb
Ca=0imply a=b. A BCl algebra is called a BCK algebra if it additionally satisfies: BCK-50{a=0.A
BCK algebra X is called bounded if there exists some element 1 € X such thata * {1 =0 for all x € X.
For a bounded BCK algebra X, if an element aeX satisfies 1 { (1 { a) = a, then a is called an involution.

3. MORE ON THE PROPERTIES OF SOFT BINARY PIECEWISE DIFFERENCE
OPERATION

Definition 3.1. [17] Let (V,X) and (Y, I) be soft sets over U. The complementary soft binary piecewise
difference operation of (V,X) and (Y, 1) is the soft set (Q,X), denoted by (V,X)\(Y,I) = (Q, X), where
V3eR,

V(9), geR\l

QE)=
V(9) \Y(9), 9eRrNI

Here note that, in [17], the above definition was given as “difference of soft sets”; however since there
are five types of difference of soft sets operations in the literature, in order to avoid confusion, we prefer
to use “soft binary piecewise operation” for the above definition.

Example 3.2. Let E={e;,e;,e3,e,} be the parameter set Q={e;, e3} and I={e,, e3, e, } be the subsets
of E and U={h,,h;,h3,h,,hs} be the initial universe set. Assume that (V,X) and (Y,l) are the soft sets
over U defined as follows:

(V,X) ={( ey, {hz hs}), (e3,{hy,hz,hsH}
(Y.D={( e2.{h1,hy,hs}), (e3.{hy.h3,h,3), (e { h3hs P} Let (V.X) \ (Y,1)=(Q,X). Then,
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V(9), e\l
QM= {
V(9)\Y(9), 9erNI

Since X={e;, ez} and X\I={e;}, SO Q(ey) = V(ey)={hy,hs}. And since XNI={e3}, so Q(e;)=
V(e3)\Y(e3)={hy, hs}. Thus, (V,R) \(Y,1)={(e;,{hy,h3,h,}), (e3, {hy, hs})}.

In classical set theory, VIY=VNY’. Now, we have the following analogy.
Theorem 3.3 (V,R) \(Y,R) =(V,R) n. (Y,X N R)" [17].

Theorem 3.4.(V,R) \(Y,R) =(V,X) A (Y,R)".

Proof: Let (V,X) N (Y,R)"'=(Q,X), where V3eX,

V(9), 9eR\R

Q®)=
V®NY’(9), 9eRNR

Thus, (Q,X)= (V,R) \(Y,R).

Theroem 3.5. (Algebraic properties of the operation)
1) The set Se(U) is closed under the operation \.
Proof: It is clear that \ is a binary operation in Sg(U). That is,
\: Se(U)x Se(U)— Se(V) 3
(Vi) (Y,1) =(V.8) \ (Y.1)= (Q.X)
In classical set theory, difference operation does not have associative property. Now, we have the
following analogy:

2) [(VRN(Y,®) TNQ.R) = (V,®) \[(Y,X) \(QN)]
Proof: Let (V,X) \ (Y,X)=(T,X) , where V3eX;
V(9), 9eR\R=0
T(®)=
V(©)\Y(H), 9JeRNN=X

Let (T, ®) {(Q, X)=(M, R) , where V9eX;

T(9), 9eR\R=0
M(8)=
TO\Q(9), 9JeRNR=X
Thus,
CT(9), 9eR\R=0
M(9)=

L V() \Y(O)\Q(®), 9eRNR=X
Let (Y,R)\ (Q,X) =(L,X) , where V9eX;

Y(9), 9eR\R=0
L(©®)= -
Y(9)\QE), 9eRNR=N

Let (V,R) \(L,X) =(D,R) , where V9eX;
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V(9), 9eR\R=0
D(®)= -
- V(E)\LE), 9eRNN=R
Thus,
" V(9), 9eX\N=0
D(9)= -
L VEN\YEN\QE)],  9eRNR=KR

It is seen that (M, X) and (D,X) are not the same soft sets.

That is, on the soft sets whose parameter set are the same, the operation \ does not have associativity
property. Moreover, we have the following:

3) [(V.®) N (Y.DIN(Q.2) = (V.X) \[(Y.1) \(Q.2)]
Proof: Let (V,X) \ (Y,)=(T,R) , where V9eX;

" V(9), 9exr\l
T(S): a
| V(9)\Y(9), gernl
Let (T.X) \(Q,2) =(M,X) , where V9eX;
CT(9), 9er\Z
M(9)=
C TO\Q), 9erNZ
Thus,
"V(9), 9e(R\)\Z=RNI"'NZ’
M(@©)= | V(9)\Y(9), 9e(RN\Z=RNINZ’
V(9\Q(9), 9e(R\)NZ=RNI"'NZ
LIVONY@)]\Q®),  9e(RNNNZ=RNINZ

Let (Y,D \ (Q,2)=(K,I), where V9el;

Y(9), 9el\Z
K(9)=
Y(9)\Q(®), 9elnz
Let (V,R) \ (K,I) =(S,X) , where V9eX;
V(9), 9er\I
S(9)=
V(9)\K(9) , 9erNI
Thus,
V(9), 9er\l
S(9)= — V(9)\Y(9), 9eRN(\2)=RNINZ’
V) \[Y(®)\Q®)],  9eRNINZ)=RNINZ

Here let handle 9eX\I in the first line of S(9). Since R\I= RN, if 9€l’, then $€Z\l or Y€(1UZ)’. Hence,
if 3R\, then 3eXNI’NZ’ or 3eXNI’NZ. Thus, it is seen that (M, X) and (S,X) are not the same soft set.
That is, for the soft sets whose parameter set are not the same, the operation \ does not have associativity
property in the set Sg(U).
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In classical set theory, difference operation does not have commutative property. Now, we have the
following analogy:

4) (V.R) L (Y, D#(Y, D\ (V.X)
Proof: Let (V,X) \(Y,1)=(Q,X). Then, V9eX:;

V(9), 9ex\I
Q(®)=

VO\Y(9), 9exNl
Let (Y,1) \ (V,R) =(T, ). Then v9el;

Y(9), 9el\R
T(9)=

Y(9)\R(9), 9elNN

Here, while the parameter set of the soft set of the left hand side is X; the parameter set of the soft set
of the right hand side is I. Thus, by the definition of soft equality

(V&) N (Y, DAY,D) \(V,R).

Hence, the operation \ does not have commutative property in the set Sg(U), where the parameter sets
of the soft sets are different. Moreover, it is easy to see that (V,X) \ (Y,X)#(Y.R) \(V,R) since V(9) \Y(9)
# Y(9)\R(9). That is, the operation \ does not have commutative property when the parameter sets of
the soft sets are the same.

5) (V.R)\ (V.X) = 0.
Proof: Let (V,X) \ (V,R) =(Q,R), where V9eX;

V(9), 9eR\R=0
Q(®)=
VOIW(9) 9ERNN=NR

Here V3eX; Q(8)=V(9) \V(8)= 9, thus (Q,X) = .
That is, the operation \ does not have idempotency property in the set Sg(U).
6) (V.X) \ 9x=(V,R) [17].

Here note that, for the soft sets (no matter what the parameter set is), null soft sets with respect to any
parameter set (Here, K may be E, X, @, or any set) is the right identity element for the operation \ in the
set Sg(U).

7) Ox\ (V.R) = @ [17].

Here note that, for the soft sets (no matter what the parameter set is), null soft sets with respect to any
parameter (Here, K may be E, X, @, or any set) is the left-absorbing element for the operation \ in the
set Sg(U).

8) (V.X) \ Ux=(V,X) \Ug=0y [17].

9) Ux\(V,®) = (V,®)"and Ug\(V,R) # (V,X)" [17].

10) (V. &) \(V,R)'=(V,X).

Proof: Let (V,X)'=(Q,X). Hence, V3eX; Q(9)=V’(9). Let (V,R) \(Q,X) =(T,X) , where V9eX,
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V(9), JeR\R=0
T®)=
V(9) NQ(9), 9eRNR=KR

Hence, V9eX; T(9)= V(9) NQ’(9)=V(9) NV(9)= V(9), thus (T,X) =(V,X).

Note that, relative complement of every soft set is its own right identity element for the operation \ in
the set Sg(V).

11) (V,R)"\(V,X) = (V,X)".
Proof: Let (V,X)'=(Q,R). Hence, V9eX; Q(9)=V"(9). Let (Q,X)\(V,X) =(T,X) , where V9eX;

Q(9), 9eR\X =0
T(9)=
Q(9) NV*(9), 9eRNK =X

Hence, V3eX; T(8)= Q(3) NV’(9)=V’(B) N V’(9)= V’(9), thus (T,X) = (V, X)".

Note that, relative complement of a soft set is its own left-absorbing element for the operation \ in the
set Sg(U).

%
12) [VRNCYDI=(V,R) ~ (YD),

+

Proof: Let (V,X)\(Y,D=(Q.,X). Then, V9eR,

V(9), gex\l

Q®)=
VO NY’(9), 9erNI

Let (Q,X)'=(T,X), so VIeN,

V(9), 9exr\l
T)=
V’(9) UY(9), 9erNI
£S
Thus, (T,8) =(V,R) ~ (Y,I).
+

In classical set theory, VNY =U & V = Uand Y = U. Now, we have the following:
13) (V,8) \(Y,®)=Uyg © (V,X) = Ugand (Y, R)=0x.
Proof: Let (V,R) \(Y,X) = (T,X). Hence, V9eX,
V(®), 9eR-R=0
T(9)=
VEONY’(Y), 9eRNX =X

Since (T,R) = Uy, V9eX, T(9)=U. Hence, V&, T(9)= V(HNY’(9)=Ue VI e X, V(9)=U and
Y’(9)=U © V9eR, V(9)=U and Y(9)= @ & (V,X) = Ugand (Y, X) = By.

In classical set theory, for all A, ® < A. Now, we have the following:

14) B E(V,R) \(Y,1) and 8, E(Y,1) \(V. ).
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In classical set theory, for all A, A < U. Now, we have the following:
15) (V,8) (Y1) € Ugand (Y1) (V,X) € U,

In classical set theory, VIY € V and Y\VCS Y. Moreover, VIY € Y' and Y\V € V' Now, we have the
following analogy:

16) (V.R\(Y,1) E(V.R) and (Y,I) \(V.R) E(Y,I). Moreover, (V,R) \(Y,R) E(Y,X) and (Y,X) \(V.R)
S(V,X)".

Proof: Let (V,X) \(V,l) =(Q,R). First of all, X € X. Moreover, V9eX,

V(9), 9exr\l

Q)=
VONY’(9), 9eRNI

Since V9eR\L; Q(9)C V(9) and VIERNL; Q(I)=V(HNY"(9) € V(9), thus VIER; Q($)C V(9). This shows
that (Q,X) = (V,®)\(Y,.DE(V,R). (Y,D\(V.R)E(Y,I) can be shown similarly.

Let (V,R) \(Y,R) =(K,R). First of all, X € X. Moreover, V9eX,

V(9), 9eR\R=0
K®)=
VONY(9), 9eRNR=N

Since V9eR; K(9)=V()NY (Y)CY’(9), this shows that (K.X) = (V,R)N(Y,R)E(Y,R) . (Y,R)(V,R)
€(V,R)" can be shown similarly.

In classial set theory; V=(V\Y) U (VNY) and Y=(Y\V) U (YNV). Now, we have the following analogy:
17) (V,R) =[(V,®) (Y, ) TT[(V,®) A (YD) Tand (Y,1) =[(Y,)) \(V.®) 1T [(Y,D A (V.¥)].
Proof: Let (V,X) \(Y,I) =(Q,R), where V9eR,

V(9), gex\l

Q®)=
VO \Y(9),  9erNI

and (V,X) N0 (Y,1) =(K,X), where V3eX,

V(9), 9exr\l
K@)=
VO N Y(9), 9erNI

Let (Q,X) U (K,R) =(T,X) , where V9eX,

Q®), JeXR\R=0
T®)=
Q®) UK(®), JeRNN=N
Thus,
VU V@), Se(R\) N(R\D)=(R\I)
V(©)U [VE) nY(©D)], Je(R\) N(RNT)=0
TE) = | [VE)\Y(I)] U V(@©), Je(RNDHN(R\DN=0
[VONY®)] UVE) NYM®)], Se(RNDNRNAT)=(RNI)
Hence,
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V@), 9en\I
T@)= | [VE\Y(®)] U VO NY®)], 9erNI

Since, V3eR, [V \Y®)] U [V®) N Y®)]=V(®), T®)= V(§). Thus, (T,X) =(V,X). The other can be
shown similarly.

In classical set theory, VU Y= (V\Y) U Yand Y U V = (Y\V) U V. Now, we have the following analogy.
18) (V,®) T (Y,1) =[(V,&) \(Y,) T T(Y,) and (Y,1) T (V,R) =[(Y,D) \ (V.X) 1 T(V,X).

Proof: Let (V,R) \(Y,) =(Q,X) , where V9eX,

V(9), 9exr\l

Q®)=
VO\Y(9), 9eXrNI

and (Q, X) U(Y,I) =(K,X) , where V9eX,

Q(9), e\
K@®)=
QOUY(9), 9JeXNI
Thus,
V(9), Ye(R\D\I=R\I
K@®)= | VO\Y(9), 9e(XND\I=0
V(@) U Y(9), 9e(R\DHNI=0

[VOW@]UY®E)  9e®NDNRND=(RNT)
Since [V(O\Y(3)] U Y(9)= V(S)UY(9), V9eR,

V(9), 9exr\l
K(9)=
V(9 U Y(@Q), 9eRNI

Thus, (K,X) = (V,X) U(Y,X). The other can be shown similarly.

In classical set theory, VE Y & V\Y = @. In [17], it was shown that if (V,X) E(Y,I), then (V,&) \(Y,I)
=@y. For satisfying also the necessity, we have the following:

19) (V.X) E(Y,R) < (V,R) \(Y,X) =0x.
Proof: Let (V,X) E(Y,X). Then, v9eX,V(9) < Y(9). And let (V,X) \(Y,R) =(Q,R) . Then, VIeR,

V(9), JeR\K=0

Q®)=
V) \Y(9),  9eRNR=N

Since V9eX, V(9) € Y(9), then V(9)\Y(9)= 0, and hence (Q,X) = (V,X) \(Y,R) =@y, For the converse,
we need to show that when (V,R)\(Y,R) =@y, then (V,X) E(Y,R) . In order to show this, let (V,X) (Y,X)
= (T, X). Then,

V(9), JeR\R=0
T(9)=
V(9)\Y(9), 9eRNKR=K
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Since, (T,X) =@y, VO € X, V(9) \Y(9)= @. Thus, VIeR, V(3)SY(9). Hence, (V.X) E(Y,X).
In classical set theory, V\(V\Y)=VNY and Y\(Y\V)=YNV. Now, we have the following:
20) (V,®) \ [(V,%) \(Y,®)]= (V,®) A(Y,8) and (Y,R) \[(Y,®) \(V,®)]= (Y,R) [ (V,N).
Proof: Let (V,X) {(Y,X) =(Q,X). Then, V9eR,

V(9), 9eR\R=0

Q)=
VO)\Y(9),  9eRNR=KR

Let (V,R) \(Q,R) =(K,R). Then, V9eX,

V(9), 9eR\R=0
K@®)=

V(9)\Q(9), JeRNR=R
Thus, VIeX,

V(9), 9eR\R=0
K(9)=

VN (VO)\Y()), 9eRNN=X
Hence, V3eX,

V(9), JeR\R=0
K(9)=

V) NY(D), 9eRNR=K

Thus, V9eR, (K,X) = (V,R) \ (Y,X). Moreover (Y,R) \ [(Y,R) \(V, ®)]= (Y,R) A(V,X) can be shown
similarly.

In classical set theory, V\(YNV)=V\Y and Y\(VNY)=Y\V. Now we have the following:
21) (VRN [(Y.DAV,R) J= (VR(Y, 1) and (Y1) N IV.R) A (YD) 1= (Y1) (VOR).
Proof: Let (Y,I) A(V,X) =(Q,X). Then, v3el,

Y(9), 9el\R

Q®)=
Y(9) NV(9), 9elNX

Let (V,X) \(Q,1) =(K,R). Then, V9eX,

V(9), e\
K@®)=
VE\NQ@®), 9eXNI
Thus, VIeX,
V(9), e\
K@®)= 7 VO\Y(®) 9eRNI\R)=0

VON[(Y(9) NV(Q)],  9eRN(INK)=RNI
Since V(9 [(Y(3) NV(9)]= V(O\Y (D), hence V9e,

V(9), 9er\I
K(9)=
VO\Y(®), 9erNI
41



Sezgin and Calisic / Eskisehir Technical Univ. J. of Sci. and Technology B — Theo. Sci. 12 (1) — 2024
Thus, (K,&) = (V,®)\(Y,1). Moreover (Y,1) \ [(V.R)A (Y,1) ]= (Y,1) \(V,X) can be shown similarly.
In classical set theory, VA(VNY)=V\Y and Y\(YNV)=Y\V. Now, we have the following:
22) (V,RNI(V,R) ACY,R) ]= (V,R\(Y,R) and (Y,R\Y,R)A(V,R) 1= (Y R)N(VR).
Proof: Let (V,X) N(Y,X) =(Q,X). Then, V9eX,

V(9), JeR\R=0

Q®)=
V(9) NY(9), 9eRNR=KR

Let (V,R) \ (Q,X) =(K,R). Then, V9eR,

V(9), JeRk\R=0
K®)=

VO \Q®), 9eRNR=X
Thus, VIeX,

V(@9), JeX\R=0
K@®)=

VEON(VE) NYW)], JeRNN=N
Hence, V3eX,

V(@9), JeR\R=0
K@®)=

VO\Y(9), 9eRNR=R
Thus, V9er, (K,X)=(V,R)\(Y,R). Moreover (Y, R)\[(Y,R)A(V,R)]= (Y,X)\(V,X) can be shown similarly.

NOTE: In classical set theory, VNY=YNV, hence V\(YNV)=V\(VNY)=V\Y and Y\(VNY)=
Y\(YNV)=Y\V. However, since (V,X) N (Y,1)# (Y,1) A(V,X); while Theorem 3.4 (21) is satisfied when
the parameter sets of soft sets are different; Theorem 3.4. (22) is satisfied only when the parameter sets
of soft sets are the same.

In classical set theory, if VNY= @, then V\Y=V. Now, we have the following analogy:
23) If (V,R) 0 (Y, 1) = @y, then (V,R) \(Y,I) =(V,X).
Proof: Let (V,X) A(Y,1) =(Q,X). Then, for all &,

V(9), gex\l

Q)=
V) NY(S), 9erNI

Since, (Q,X) = @y, then for all 3eX. Q(8)= @. Thus, for all 3eX\[; Q(3)=V(3)= @, and for all 3eXNI;
QO)=V(®) NY(9)= 0. Let (V,R) \(Y,I) =(S,X). Then, for all 9eX,

V(9), gex\l
S@)=
V)\Y(®), 9erNI

Since, for all 3eRXNI; V(S NY(8)= B, V(8) \Y(8)=V(9). Therefore,

V(9),  9eX\l
S@)=
V(9), 9eRNI
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Thus, (S,8)=(V,R) \(Y,1) =(V,).
In classical set theory, (V\Y) NY=0 and (Y\V) NV=@. Now, we have the similar analogy:
24) [(V,®) \ (Y,R) IA(Y,R) = @ and [(Y,&) \(V.R) ]A(V,R) = 0.
Proof: Let (V,X) \ (Y,RX) =(Q,X). Then, V9eX,

V(9), 9eR\R=0

Q®)=
VOVNY(9), 9eRNR=N

And let (Q,R)A(Y,X) =(T,X), where V9eR,

Q®), JeRk\R=0
T®)=

Q®NY (W), 9eRNN=N
Thus, VIeX,

Q®), JeRk\R=0
TE)=

[VENWY®)] N YO, JeRNN=N
Hence, V3eX,

Q®), 9eR\N=0
T®)=

9, 9eRNN=R

Since V9eX, T(9)= 0, thus (T,R) = @x. Moreover, [(Y,R) \ (V,X) ] A(V,X) = @ can be shown similarly.
NOTE: In classical set theory, (VIY)\Y=V\Y (as (VIY) NY=@) and (Y\V)\V=Y\V (as (Y\V) NV=0).
As an analogy, we have the following:

25) [(VRNCY, 1) TNCY,1) = (VR)NCY, 1) and [(Y,1) N(V,8) TN(V.R) = (Y D(VR).

Proof: Let (V,X) \ (Y,1) =(Q,R). Then, V9eX,

V(9), 9exr\l

Q)=
VOVY(9),  9eRNI

And let (Q,X) \ (Y,I) =(T,X), where V9eX,

Q(9), e\l
TO)=
QMY (®), 9exNI
Thus, V9eR,
V(®), Je(R\D\I=R\I
VENY (W), 9e(RND\I=0
TO)= | VO\IY(O), Ye(R\)NI=0
[VOVNY®)]\Y(®), Je(RNDHNI=RNI
Thus, VIeR,
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V(9), 9eR\|
TE)=
VO\Y(9)], 9eRNI

Thus, (T,R)= (V,R)\(Y,1). Also, [(Y,D\(V,X) ] \(V,R) = (Y,D\(V,R) can be shown simillarly.
In classical set theory, (V\Y) N(Y\V)=@. Now, we have the following analogy.

26) [(V,R)N(Y,R)] A [(Y.R)\(V,X) =85 and [(Y,R)\(V,R)] 7 [(V,R\(Y,R) ]=0x.

Proof: Let (V,X)\(Y,R) =(Q,R). Then, V9eXR,

V(9), JeR\R=0

Q®)=
VOIY(S), 9eRNR=N

Let (Y,R)\(V,R) =(K,R). Then, v9eX,

Y(9), JeR\R=0
K(9)=
Y(9\WV(E), 9eRNR=K

And let (Q,X)N(K,X) =(T,X), where V3eX,

Q(9), 9eR\R=0
TO)=

QMO)NK(Y), 9eRNR=K
Thus, VIeR,

Q(9), 9eR\N=0
TO)=

[VEONYO)]N[YO\WV(I)], IeRNN=X
Hence, V3eX,

Q(9), 9eR\R=0
TE)=

0} 3eXNN=R

Since V9eR, T(9)=0, (T,R) =@x. Moreover [(Y,R)\(V,X) ] A [(V.R) \(Y,X) ]=0 can be shown similarly.

NOTE: In classical set theory, (VA\Y)\(Y\V)=V\Y (as (V\Y)N(Y\V)=0) and (YAV)\(V\Y)=Y\V (as
(Y\V)N(V\Y)=0). As an analogy, we have the following:

27) [(V.R) NCY DIV LY NVAR) 1= (V.R) N(Y 1) and [(Y,1) N(V,R) T ICV.R)NCYD) 1= (Y D(VAR)
Proof: Let (V,X)\(Y.,]) =(Q,X). Then, V9eX,

V(9), geR\l
Q®)=
VONY(9),  9erNI

Let (Y,D)\(V,X) =(K, ). Then, v9el,

Y(9), 9el\X
K(9)=
YOWV(@E),  9elny
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And let (Q,X) \ (K,I) =(T,R), where V9eX,

Q(9), 9er\l
T(9)=
QO\K(9),  9eRNI
Thus, V9eR,
T V(9), 9e(R\D\I=R\I
V() \Y(9), 9e(RNI\I=0
T®)=_| VONY(®), 9e(R\DNI\R)=0
VONY(®) \V(9)], 9e(R\NNINK)=@
[V(®) \Y(9)] \Y(9), 9e(RNDNI\R)=@
LIV YO\ [YO\V(®)], 9e(RNDNINR)=INK
Hence, V3eX,
V(9), 9er\l
T(9)=

V(9)\Y(9), 9eRNI

Thus, (T,R)=(V,X) \((Y,D. Moreover, [(Y,D\(V,R)INI(V,R)N(Y,D]=(Y,D\(V,R) can be shown
similarly.

In classical set theory, (V\Y) N(YNV)=@ and (Y\V) N(VNY)=@. Now, we have the following analogy.
28) [(V,®) \ (Y,R) 17 [(Y,R) 73 (V,R) ]=@x and [(Y,R)\ (V,8) 11 [(V.R) A (Y,R) ]=0y.
Proof: Let (V,X) {(Y,X) =(Q,X). Then, V9eR,

V(9), 9eR\R=0
Q®)=
VO\NY(9), 9eRNR=N

Let (Y,X)A (V, X)=(K,X). Then, V9eX,

Y(9), 9eR\R=0
K@®)=
Y(9) NV(Q), 9eRNR=N

And let (Q,X) N (K,X) =(T,X), where VIeX,

Q). 9eR\R=0
T(9)=

Q®) NK(Y), 9eRNR=K
Thus, VIeR,

QM) 9ER\R=0
T(9)=

[VEONY®IN[Y(S) NV(B)], 9eRNR=K
Hence, V3eX,

Q), 9eR\R=0
T(®)=

?, JeRNNR=R
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Since V9eX, T(9)= 0, (T,X) = @x. Moreover, [(Y,R) \(V.R) ] A [(V.X) A (Y,X) ]=0 can be shown
similarly.

NOTE: In classical set theory, (VAY)\(YNV)=(VYY) (since V\Y)N(YNV)=@) and (Y\V)\(VNY)=Y\V
(since (Y\V) N(VNY)=0). As an analogy, we have the following:

29) [(V.R) \(Y.D) TN LCY.D) AV,R) I= (V,8) \(Y,1) and [(Y,1) N(V.R) TALV,R) ACYL1) T= (Y1) N (V).
Proof: Let (V,X)\(Y,]) =(Q,X). Then, v9eX,

V(9), 9exr\l

Q®)=
VO\NY(9), 9exrNI

Let (Y,I) i (V,&) =(K,I). Then, V9el,

Y(9), 9el\R
K(9)=
Y(9)NV(9), 9elNX

And let (Q,X) \ (K,I) =(T,R), where V9eX,

Q(9), 9er\l
T®)=
Q(9\K(9),  9exNI
Thus, V9eR,
L V(9), Ye(R\D\I=R\I
V(9 \Y(), 9e(RNDH\I=0
T®)= | V() \Y(9), 9e(R\NN(I\R)=0
VEONY(9) NV(©)], 9e(R\)NINR)=0
[V(9) \Y(9)] \Y(9), 9e(RNDHNI\R)=0
LIV \YO)T\[Y ) NV(©)], 9e(RNDNINK)=INR
Hence, V3eR,
V(9), 9er\l
T®)=

V(9)\Y(9), 9erNI

Thus, (T,X)=(V,X) \((Y.). Moreover, [(Y,I) \(V.®)\[(V.X) AY,D]= (Y.I) {(V,X) can be shown
similarly.

In classical set theory, VO(Y\V) =@ and YN(V\Y) =@ . Now, we have the following analogy:
30) (V,&) A [(Y,R)\(V,®)]=0x and (Y,R) A [(V,R) \ (Y,K) ]=0x.
Proof: Let (Y,X) {(V,X) =(Q,X). Then, V9eR,

Y(9), 9eR\R=0
Q)=

Y(O\V(9), 9eRNR=X
Let (V,®)7 (Q, X)=(K,X). Then, V9eX,

V(9), 9eR\R=0
K(9)=
VONQ(Y), 9JeRNR=KR
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Thus, VIeX,

V(9), 9eR\R=0
K@®)=

VN [YEW®)], 9eRNN=R
Hence, V3eX,

V(®), JeR\N=0
K®)=

2, 9eRNNR=N

Since V9eR, K(9)= 0, (K,R) = @y. Moreover (Y,RX) A [(V,X)\(Y,R) ]=0x can be shown similarly.
NOTE: In classical set theory, V\(Y\V)=V (since VN(Y\V)= @) and Y\(V\Y)=Y (since YN(V\Y)= 0).
Now, we have the followin analogy:

31) (V,®) \ [(Y, DNV, R)I=(V,R) and (Y,1) X [(V,R) \(Y,1) 1=(YD).

Proof: Let (Y,I) \(V,X) =(Q,1). Then, v9el,

Y(9), 9el\R

Q®)=
YO\V(), 9elny

Let (V,X)\(Q, D=(K,X). Then, V9eX,

V(9), 9er\
K@)=
VEOWQ@®), 9eXkNI
Thus, VIeR,
V(9), e\l
K(9)=7 V(O\Y(9), 9eRN(I\R)= 0
VYOIV (B)], deRNINK)= KRNI
Hence, V3eX,
V(9), e\
K(9)=
V(9), 9eRNI

Since V9eR, K(9)=V(9), (K,R)=(V,R). Moreover, (Y,1) \ [(V.X) \(Y,D)]=(Y,]) can be shown similarly.
In classical set theory, VUY=(V\Y) U(Y\V) u(VNY). Now, we have the following analogy:

32) (V,R) T (Y, D=[(V,®) \ (Y, 1T [(Y, D\ (V,®)] T [(V,®) 7 (Y, D)].

Proof: Let (V,X)\(Y,]) =(Q,X). Then, V9eX,

V(9), gex\l
Q®)=
VONY(9),  9erNI

Let (Y,1) § (V,X) =(K, ). Then, v3el,
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Y(9), 9el\X
K@®)=
YO\V(9),  9elny

And let (Q,X) T (K,I) =(T,X), where V3eX,

Q9), 9eR\l
TE)=
Q)UK(9), 9eRNI
Thus, VIeX,
V(@9), 9e(R\)\I=R\I
V(©)\Y(9), 9e(RNI\=0
T(9)= | V(9) UY(9), Je(R\D)N(I\X)=0
V(9) U [Y(O\V(9)], 9e(R\DNINR)=0
[V(9) \Y(9)] UY(9), 9e(RNDN(I\K)=0
[V(®) \Y(9)] U [YOWV®)], 9Ie(RNDHNAINR)=INR
Hence, V9eX,
V(@9), 9ex\l
T(9)=

[V(9) \Y(®)JU[YO\WV(9)], 9erNI
Let (V,X) N(Y,I) =(W,R). Then, VIeR,

V(9), 9exr\l
W(9)=
V(9) NY(9), 9eRNI

Let (T,X) U(W,X)=(R,X). Thus, for all 9eX;

T(9), 9eXR\R=0
R(9)=
TO) UW(Q), IJeXRNR=N
Thus, VIeR,
V(9) UV(9), 9e(R\I) N(R\D=R\I
R®)= | V@) U[V®E) NY9)], Je(R\DN(RNI) =@
[TV \Y®)IULYOI\WV(®)]] uV(®), Je(RNDHN(X\)=0

[[V() \ YO IU[YOWOUIVONY®)],  e(®NDN(RNT=RNI
Since [[V(9) \Y(9)] U [Y(OW(S)]] U [V($) NY(9)] = V() U Y(9), thus,

V(9), gex\l
R(9)=
V) UY®), 9eRNI

Therefore, (R,X)= (V,X) U (Y, D).

NOTE: Since [(V,X) T (Y,D] U (Z,K) #(V,X) U [(Y,])) U (Z,K)], we should also have looked the
following:

33) (V,R) T (Y, D=[(V.®) \ (Y,) 1T [[(Y, DX (V,®)] T [(V,R) A (Y,D]].
Proof: Let (Y,1)\(V,X) =(Q,I). Then, v9el,
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Y(9), 9el\X

Q®)=
YO\V(), 9elny

Let (V,R) \ (Y,]) =(K,R). Then, V9eR,

V(9), 9exr\l
K@®)=
VONY(9),  9erNI

And let (Q,1) U (K,X) =(T,I), where v9el,

Q(9), 9el\X
T(9)=
Q(HUK(Y), 9elNy

Thus, v9¢l, hence,

T Y(9), 9e(I\R)\R=I\R
Y(9)\V(©), 9e(INR)\R=0
TO=_ Y(OUV(9), 9e(I\R)N(R\)=0
Y(S)U[VINY(9)], 9e(I\R)N(RNI)=0
[Y(9)\V(]UV(9), 9e(INR)N(R\)=0
L IYO\VOIU[VENY (9], 9eINR)NRND=RNI
Hence, V3el,
Y(9), 9el\R

T(9)=
[Y(S) \V(®)] U [VE\Y(®)], 9elny

Let (V,X) \(Y,]) =(W,R). Then, V9eR,

V(9), 9exr\l
W)=
V(9)\Y(9), 9erNI

Let (W,R)U(T,1)=(R,X). Thus, for all 3eX;

W(9), e\
R@)=
W(9) UT(9), 9eXNI
Thus, V3eN,
V(9) Ge(R\D\I=R\I
V) \Y(9), 9e(RND\I =@
V(O)UY(9), Je(R\D)N(T\X)=0
R®)= 1 VOU [[YO)\V®)] U [VO\Y®)]] Je(R\DN(INXR)=0
[VO\NY(O)]UY(I), 9e(RNDHN(I\R)=0

[VENYENIU {[YE\V®)] U [VE\Y(®)]} e(RNDNINK)= 8RNI
Since [V($) \Y(H)] U [[YEGIVE)] U [VEONY@]=VEUY (),
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V(9), gex\l
R(9)=
VOUY(®), 9erNI

Therefore, (R,X)= (V,X) U (Y, ).

In [10], it was shown that the collection of soft sets with a fixed set of parameter set associated respect
to restricted difference becomes a BCK algebra. Now, we have the following:

Theorem 3.6. (Sx(U), \, @x) is a bounded BCK algebra whose every element is an involution.
Proof: Let (V,R), (Q,X),(Z,X)e Sx(U). Then,
BCI-1 [((V.®) \ (Q:X) \ ((V.R®) \ (ZR)]\((Z.¥) \ (Q.R))= Dy. In fact,
Let (V,X)\ (Q,X)=(T,X), where VIeX;
V(9), 9eR\R=0
TO)=
V(3)\Q(), IJeRNN=X

Let (V,R) \(Z,8)=(M,R) , where V9eX;
V(9), 9eR\N=0
M(8)=
V(O\Z(9), 9eRNN=R
Let (T,X) \(M,X)=(W,R), where V9eX:

T(9), JeR\N=0
W(9)=
TEWM(E), 9eRNN=N
Hence, V3eX;
[ T9), 9eR\R=0
W(9)= -

| IV(9)\Q@) [V(\Z(®)], 9eRNR=X
Let (Z,%) {(Q,R)=(S,X), where V9eX;

- 2(9), 9eR\R=0
S(9)= -

| Z(9)\Q(9),  9eRNN=X
Let (W,R) \(S,X)=(X,X), where V9eX;

W(9), YeR\R=0
X(®)= {

W(3)\S(8), 9eRNN=N
Thus, V9eR,

{ W(9), 9eR\R=0

X(9)=

{IVE) \QEN [VENZ®INIZG\Q®)], 3eRNR=R
Thus, VIeX;
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W(S),  9eR\R=0
X(®)=
@, 9eRNR=N

It is seen that (X,X)= @y.
BCI-2 [(V,R) \ ((V,R) \(Q,8)] \ (Q,%)= @y. In fact, let (V,R) \ (Q,R)=(T,R), where V9eX;

V(9), 9eR\R=0
T(®)=
V() \Q(O),  9eRNR=XR

Let (V,X) \(T,R)=(M,X) , where V9eX;

V(9), 9eR\N=0

M(9)= {
VO\T(),  9eRNR=KR

Thus, v9eX
V(9), 9eR\R=0)
M(9)=
V(9) \[V(9)\Q(9)], 9eRNR=X
Thus, V3eR,
V(9), 9ER\R=0
M(9)=
V(9)NQ(S), IeRNR=N
Let (M,R)\(Q,X) =(L,X) , where V9eX;
M(9), 9ER\R=0
L(®)=
M(\Q() 9ERNR=K

Let (V,R) \(L,X) =(D,X), where V9eX;
M(9), 9eR\R=0

D(9)=

[V(9) NQ(9]\Q(Y), 9eRNR=R
Thus,

M(9), 9eR\R=0
D(%)=

2, 9eRNN=KR
It is seen that (D,X)= Q.
BCI-3 By Theorem 3.5. (5), (V.R) \(V,X) =0y.

BCI-4 By Theorem 3.5. (19), (V. ®)\(Y,X) =@x =(V,R)E(Y,X) and (Y,R)\(V,X) =04 =(Y,X) E(V,X)
and thus, (V,X)=(Y,R).

BCK-5 By Theorem 3.5. (7), @x\(V,X)= 0x.
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Thus, (Sx(U), \, @x) is a BCK-algebra. Since, (V, R)\ Ux=0yx for all (V, R)€ Sx(U) (b)y Theorem 3.5.
(8), (Sx(V), \, @x) is a bounded BCK-algebra, where X is a fixed set of parameter set. Moreover since Uy
\[Ux\(V, R)]=(V, R) for all (V, R)E Sx(U), (As Ug\(V, X)= (V, X)" by Theorem 3.5. (9)), and Us\(V,
X)) =[(V, X)T'=(V, X)), every element of S¢(U) is an involution.

In fact, since restricted difference soft set operation coincides with soft complementary difference
operation in the collection of soft sets with a fixed parameter set, the BCK algebra in [10] and the BCK-
algebra in this paper are in fact the same.

4. CONCLUSION

Since the inception of soft set theory by Molodtsov, numerous variations of soft set operations have
been described and used. In this article, in order to improve the soft binary piecewise difference
operation, we have explored its overall properties, especially in comparison with the fundamental
properties of the difference operation in classical set theory and we have obtained very interesting
analogies. Furthermore, we have proved that the set of all soft sets with a fixed parameter set is a
bounded BCK-algebra together with the soft binary piecewise difference operation. Since studying the
algebraic structure of soft sets from the perspective of operations provides deep insight into the algebraic
structure of soft sets and its application and soft set algebra shows the potential applications of soft sets
in classical and nonclassical logic, we hope this paper contibutes to the literature of soft set in this regard.
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