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Article Info
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Abstract

LetpeN, s=(s1,...,5p) €CP, h=(hy,...,hp) €RE, (n) = (ny,...,n,) € NP and the
sequences A,y = (/I,E,”,...,/'L,Ef)) are such that 0 < klm < /'Lk(j) < lk(i)l 1 o0 as k — oo for
every j=1,...,p. Fora=(ay,...,ap) and c = (c1,...,cp) let (a,c) = ajc; + ...+ apcp,

and we say thata > cif a; > ¢ forall 1 < j < p. For a multiple Dirichlet series

F(s) ="M+ Y fonexp{(Ap.9)}

Ay>h
Available online: 22 November 2023 ">
absolutely converges in Hg = {s:Res < 0}, concepts of pseudostarlikeness and pseudo-
convexity are introduced and criteria for pseudostarlikeness and the pseudoconvexity are
proved. Using the obtained results, we investigated neighborhoods of multiple Dirichlet
series, Hadamard compositions, and properties of solutions of some differential equations.

1. Introduction

Let S be a class of functions f(z) =z+ Yy, f»2" analytic univalent in D = {z: |z| < 1}. The function f € § is said to be starlike if f(ID) is
a starlike domain concerning the origin. It is well-known [1] (see p. 202) that the condition

Re{zf'(2)/f(2)} > 0 (:€D)

is necessary and sufficient for the starlikeness of f. A. W. Goodman [2] (see also [3] p. 9) proved that if ¥'>> , n|f,| < 1 then function f € §
is starlike.

The concept of the starlikeness of function f € S got the series of generalizations. 1. S. Jack [4] studied starlike functions of order o € [0, 1),
1. e. such functions f € S, for which

Re{zf'(z)/f(z)} > a (z€ D).

It is proved [4], ([3], p. 13) thatif ¥ ,(n— o)|f,4| < 1 — o then function f € § is starlike function of order ¢. V. P. Gupta [5] introduced
the concept of starlike function of order ¢ € [0, 1) and type 8 € (0, 1]. A function f € S is so named for that

[2f'(2)/ f(z) =1 < Blef'(2) / f(2) + 1 - 20

It is proved [5] that if

forall ze€D.

oo

Y A +B)n—B2a—1)-1)}fl <2B(1-a)

n=2

then function f € S is starlike function of the order o and the type 3.
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For f € S, following A. W. Goodman [6] and S. Ruscheweyh [7], its neighborhood is called a set

Ns(f) = {8(2) =1+ Y e €8: Y kg —fil < 6}.
k=2 k=2

The neighborhoods of various classes of analytical in D functions were studied by many authors (we indicate here only in articles [§—14]).
For power series

i@ =Y s (=12
k=0
the series
(fixf2)(z ka 1fiead

is called the Hadamard composition (product) [15]. Obtained by J. Hadamard properties of this composition find the applications [16—18] in
the theory of the analytic continuation of the functions represented by power series. Many authors (see for example [7, 19-22]) have studied
Hadamard compositions of univalent, starlike, meromorphically starlike functions.

Let h > 1, A = () be an increasing to +oo sequence of positive numbers (4; > k) and S(A) be a class of Dirichlet series

F(s)=¢e"+ i Srexp{sA} (s=o+ir)
k=1

absolutely convergent in half-plane ITy = {s: Res < 0}. It is known [24], ( [3], p. 135) that each function F € S(A) is non-univalent in ITy,
but there exist conformal in Iy functions F € S(A), and if

Y Alfil <
=2

then function F' is conformal in I1y. A conformal function F in I1j is said to be pseudostarlike if
Re{F'(s)/F(s)} > 0(s € IIy).

In [24] (see also [3], p. 139) it is proved that if
Y Al fil <
k=2

then function F is pseudostarlike. A conformal function F € S(A) is said to be pseudostarlike of the order o if
Re{F'(s)/F(s)} >a€[0,1) forall s&Ilp.

Since the inequality |w — k| < |w — (20t — k)| holds if and only if Rew > ¢, function F € S(A) is pseudostarlike of the order ¢ if and only if
|F'(s)/F(s)—h| < |F'(s)/F(s) — (2a — h)| fors € TI,.

Therefore, as in [25], we call a conformal function F € S(A) in ITj pseudostarlike of the order o € [0, 1) and the type 8 € (0, 1] if
|F'(s)/F(s)—h| < B|F'(s)/F(s) — 2 —h)| for s€T.

In [25], it is proved that if

o

Y A +B) A —2Bo—h(1=B)}|fil <2B(h—a)

k=1

then F is pseudostarlike of the order o and the type . If in the definition of the pseudostarlikeness instead of F’/F to put F” /F’ then we
will get the definition of the pseudoconvexity.
S. M. Shah [26] indicated conditions on real parameters Yy, V1, %> of the differential equation

z ﬁ +zf + (0 +nz+p)w
under which there exists an entire transcendental solution f(z) = z+ Y, f2" such that f and all its derivatives are close-to-convex in I.
The convexity of solutions of the Shah equation has been studied in [27,28]. Substituting z = ¢* we obtain the differential equation

2

d“w
F*’(Yoe

e+ y)w =

with & = 1. The pseudoconvexity and pseudostarlikeness of solutions of the last equation have been studied in [3] (see p. 147-153).
In the proposed article we will get similar results for multiple Dirichlet series. The theorems proved here complement the results of the
papers [29-31].
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2. Pseudostarlikeness and Pseudoconvexity
Letpe N, h=(hy,...,hp) € Rﬁ, (n) = (n1,...,np) € NP and the sequences l(,,) = (A,EP,...,)L,E?) are such that

O<7Ll(j)<l,£j)<l,§'j31?+oo as k—oo forevery j=1,...,p

We denote H= 11y ... p, A,y = (l,gln~...~...l,£f)).Alsolets=(s],...,sp)E(Cp,sj=0'j+itj,G:(Gl,...,dp),andforaz(a],...,ap)

and ¢ = (cy,...,¢p) let (a,c) = ajc; + ... +apcp. Wesay thata > cifa; > cjforall 1 < j < p.
Suppose that the multiple Dirichlet series

F(s)=e""+ Y fonexp{(A).s)} 2.1

;L(n) >h

absolutely converges in T} = {s : Res < 0}, where Res < 0 <= (Res; <0,...,Res, <0).
For the definition of the pseudostarlikeness of the function (2.1) can be used either by one variable or in joint variables or in the direction.
Here we will look at the pseudostarlikeness in joint variables.

We denote
IPF (s) IPFP) (s) 9%PF (s)
FP) () = d F@P)(s) = = .
(s) dsy-...-dsp an (s) dsi-...-dsp  d%sy-...-9%sp
We say that function (2.1) is pseudostarlike of the order a € [0, H) and the type 8 > 0 in joint variables if
FP)(s) FP)(s)
-H —(2a—-H 1. 2.2
F(s) <Pl “Ce-H). sell @2

and function (2.1) is pseudoconvex of the order & € [0, H) and the type 8 > 0 in joint variables if

F2)(s)
F) (s)

F@r)(s)
Fl(s)

—(2a—H)‘, sel’.

Theorem 2.1. Let o € [0, H) and B > 0. If
Y {1+ B)Aw —2Ba—H(1 = B)}{f,)| <2B(H-a) 23)

},(,,)>I’l
then function (2.1) is pseudostarlike of the order o and the type B in joint variables. If

Y Aw{(1+B)Ap) —2B0—H(1 = B)} fi| < 2HB(H— ) (2.4)
A(,,)>/’l

then function (2.1) is pseudoconvex of the order o, and the type B in joint variables.

Proof. Since

FP)(s) =Hel"™ 1+ ¥ A(n) fin exp{(Agn), )}
A.(n)>h

we have

F)(s) ~HF (s)| = B|FP)(s) ~ 2~ H)F ()| =| ¥ (A(n) ~H)f(y) exp{ (A, 9)}

—B2(H=0)e™ + ¥ (A(n) +H=20) f( exp{ (A 5)} -
Ay >h

Suppose that o < H. Since —|a+b| < —|a| + |b| and 6 < 0, hence in view of (2.3) we get

’F(p) (s) HF(S)‘ B ‘F(m (s)— (2o — H)F(s)‘

< Y (A(m) —H) fyexp{(A(n),s) }2[3 (H— o)™ | +|B Y (Ayy+H—20) ) exp{(Ay).9)}
A‘(n)>h A(n)>h

sz (A(n) = H)|f) lexp{(A(y), 0)} — 2B (H— )" +BAZ ) TH=2a)|f(|exp{(A(,), 0)}
(w>h () >h

=€<“"h)< )Y {(1+ﬁ)/\<n>ZBQH(lﬁ)}If(n)exp{(Mn)h,G))}2l3(Ha))

A(n)>h

< Y A +B)Aw) —2Ba—H(1 = B)}| | —2B(H—a) <0,

k(,,) >h
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FP)(s) —HF (s)

—B ’F(m (s)— 2a—H)F(s)| <0, seIll. 2.5)

Since conditions (2.2) and (2.5) are equivalent, function (2.1) is pseudostarlike of the order & and the type B in joint variables.
Since F(2P)(s)/F(P) (s) = GP) (5) /G(s), where

Gs)=¢"+ ¥ gwexp{(Aw:)}h 8w = fo
l(,,)>h

the function F is pseudoconvex of the order o € [0, H) and the type B > 0 in joint variables if and only if the function G is pseudostarlike
of the order o € [0, H) and the type 8 > 0 in joint variables. Therefore, if (2.4) holds then the function F is pseudoconvex of the order
o € [0, H) and the type B > 0 in joint variables. The proof of Theorem 2.1 is complete. O

The following theorem complements the statement of Theorem 2.1.

Theorem 2.2. Let o € [0, H) and > 0. If function (2.1) is pseudostarlike of the order o and the type B in joint variables and all f(m) <0
then (2.3) holds. If function (2.1) is pseudoconvex of the order o and the type B in joint variables and all Sim) < 0 then (2.4) holds.

Proof. If function (2.1) is pseudostarlike of the order & and the type 8 in joint variables and Sy =— | f<m)\ then in view of (2.5) as above
we have for all s € Hg

— L (An)=H)|fimlexp{(A(),5)}
)>h F(P)(s) —HF (s)

A _
2(H - a)elssh) — .\ L h(A(") +H=200)| f) lexp{(Any,8)} | |FP)(s) — (20— H)F (s) <P
(n) >

and therefore,

L (A(n) —H)[f()lexp{(A(). )}
Ay >h

)
2= e~ T (M) B 20) i exp )] P
n) >

A

Re

whence for all ¢ < 0 we obtain
L (A(n) —H)|fn|exp{(A(n),0)}
},(,,)>h

2(H—a)el®h — ¥ (A(n) +H=200)|f,)|exp{(An), 0)}
},(n)>h

<B

Letting 0 — 0 from here we get
by (A(n) - H)‘f(n)'
;\,(,,)>/1

2H-a)— . Z>h(/\(n) +H=2a),[fil
(n)

<B

whence (2.3) follows. The first part of Theorem 2.2 is proved. The second part is proved similarly. O

Theorems 2.1 and 2.2 imply the following statements.

Corollary 2.3. In order that the function (2.1) is pseudostarlike of the order o € [0, H) in joint variables, it is sufficient and in the case,
when all f(,;y <0, it is necessary that

Y {Aw— )} fl <H-a (2.6)
l( )>h

In order that the function (2.1) is pseudoconvex of the order o € [0, H) in joint variables, it is sufficient and in the case, when all fin) 0.t
is necessary that

Y Aw{Aw — S| <HH- ).
A.(n)>h

Corollary 2.4. In order that the function (2.1) is pseudostarlike in joint variables, it is sufficient and in the case, when all fi,,) <0, it is
necessary that

Y Awlfwl <H
l(,,)>h

In order that the function (2.1) is pseudoconvex in joint variables, it is sufficient and in the case, when all f(,) <0, it is necessary that

Y (Ap)* Sl <HZ

(,,)>/’L
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3. Neighborhoods of Multiple Dirichlet Series

Here the class of series (2.1) absolutely convergent in Hg we denote by D and we say that F € D* if F € D and all fn) £0. By PSDy, g
we denote a class of pseudostarlike functions (2.1) of the order a and the type f3 in joint variables, and by PCD, p we denote a class of
pseudoconvex functions (2.1) of the order & and the type B in joint variables.

For j > 0 and 8 > 0 we define the neighborhood of F € D in joint variables as follows

0j5(F)={G(s)=e"M+ ¥ gexp{(Ay).5)€D: Y, A{n)\g(n)—f(n)|§5

Awy>h Ay >
Similarly, for F € D*
s(F)=1G(s) ="Mt ¥ g exp{(A),9)} €D : Y AJ )& =S| <8
2,(,,)>/1 A(,,)>h

Here we will establish a connection between classes PSDy, g, PCDy g and O; 5(F), 0;‘. 5(F). We need the following lemma.

G F)
Lemma 3.1. Let F € D. Then G € O, y5(F) if and only ifT €015| 4 |

H

Indeed,

FP)

? eSh+ Z f(n)exp{( )} €D.

Ay >h
(n)
Gr) Fp) A )

Therefore, € 05 (H if and only if l():>hA " IE;> Foy— #g(’l) <9d,i.e. GE Oy ys(F).
At first, we consider the case when F(s) = E(s) := ¢("*) and we prove such theorem.

Theorem 3.2. For the function E(s) = e3) the following correlations are correct: O1H(E) CPSDy, Of y(E) = PSDy 1 D", O, g2 (E) C
PCDyy and 03 g (E) = PCDy 1 D"

Proof. If G € 01_H(E) thenGe Dand Y A(n) \g(,,)\ < H. Since
Ay >h

GP)(s) =Hel™™ 1+ ¥ An)g(u exp{(A(u):5)},

Z,(,l)>h
we have
G (s A
0609 =| ¥ g exp{(Ry )} - X g exp{(A5))
A.(,,)>h A,(,,)>I’l
S ) el (.9}
/,)>h
An
< £ (G01) kwlewiin.on
l(n)>h
- 1) exp{Au) 0)} = X lglexp{iu), o)}
l(n)>h }.”)>h
<exp{h,0)} Z H gl = X 180lexp{A.0)}
l( >h A(,l)>h
<exp{h,0)} = Y lg(mlexp{A);0)}-
Ay >h
On the other hand,
1G(s)| = (") + Y [g()|expfAg,0)} = e — ¥ g letter®)
A,(,,)>h A(,,)>h
and thus G(P>(s) —G(s)| <[G(s)],i. e G(1’>(s) —1| < I forall s € TT). From hence it follows that Re G(m(s) >0,i.e. G€ PSD
ITH = Y THG(s) = 0 HG(s) o 0.1

and 017H(E) C PSDQ,I .
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From above it follows that O} ;(E) C PSDg 1. On the other hand, if G € D and G € PSDg 1 then by Corollary 2 Y, h/\(,l) lgm <H.i. e.
(>

G € O] y(E). Thus, PSDy 1 D C O] x(E) and PSDy,1 D" = O7 y(E).

Since G € PCDy ; if and only if G(» /H € PSDy,1, and by Lemma 3.1 G € O, gs(E) if and only if G /He 0, S(E/H) =0, 5(E), one
can easily obtain the corresponding results for pseudoconvex functions.

For example, if G € 027Hz( ) then G /H € 0, H(E) and, thus, GV /H e PSDq1 and G'P) € PSDy . Therefore, O, w2 (E) C PCDy ;.
The proof of Theorem 3.2 is completed. O

Now we investigate the neighborhoods of a pseudostarlike function of the order . The following theorem is true.

H-oa H-qo

A—
Theorem 3.3. Let0§a1<a<H,A:min{A : An) > h}, 6; = (ot — al) 82* A (x+Af

Then O 5 (F) C PSDg, 1 and D*(\PSDq, | C O} 5 (F), O3 ys (F )CPSDallandD NPSDg, 1 C O 5, (F).

) and F € D*(PSDg, ;.

Proof. Let G € 0’1‘ 5 (F). Since F € PSDg 1, by Corollary 2.3 condition (2.6) holds. Therefore, for o;; < o we get

Y (Aw—adlewl < Y {Aw —atew —fnl+ Y {Aw — a1}l

A(,,)>/’l ﬁ.(“)>/‘l l(,,)>h
Y {Aw —aidlgm —fwl+ Y, {Aw —Hfwl+(@—a) Y Ifw
Ay>h Ay >h Ay >h
<§+H-a+(o—ap) Z o)
A(n)>h

But in view of (2.6)

- H-«a

Z |fn|< Z ni'f(n)lS .

Awy>h Ay >h A-a A-a
Therefore,

H-
Y Ap-—allgml <S+H-—a+(a— ) ®<H-o

),(,,)>I’l

i. e. by Corollary 2.3 the function G € PSDy, 1 and, thus, OF 5 (F) C PSDg, 1
Now suppose that G € Djj(\PSDg, 1. Then in view of (2.6) we have

A
(n)
Z A(n)|g(n)_f(n)|: Z ﬁ(/\(n)_alﬂg(n)_f(n)'
A,(,,)>h l(n)>h (”) 1
<P Y (A gy fin)
= n) — W n) — J(n
Ama X, o o~
A — o
< (A = 0u)lgm)| + ~ (A — )| Syl
< H-o A H-o))| =6
Ao 1+A_ ( )| =6,

i.e. G €0} 4 (F) and, thus, D*\PSDq, 1 C O; 5 (F).

F) G F)
Finally, since ' € PCDy ; if and only if H € PSDy,1, and by Lemma 1 G € O, ys(F) if and only if H €05 (H , one can

) ) ) ) ) G F(P)
easily obtain the corresponding results for pseudoconvex functions. For example, if G € O, g5, (F) then H) €05 (H and, thus,
G

H € PSDq, 1 and G € PCDy, 1. Therefore, O, g5, (F) C PCDy, 1. The proof of Theorem 3.3 is completed. O

Finally, we consider the generalized case when the function F is a pseudostarlike in joint variables of the order o and the type . The
following theorem is true.

Theorem 3.4. Let0<a<H 0<fB <f; <],

(+p)A-2pa—HA-p) o 2(H—0)(f —0f)
(1+B)A—2Ba—H(1-p) = '~ 1+ B

0=

2B (H—a)A . 2B(H— a)A
(1+B)A-H(1—-p1)—2ap  (1+B)A-H(1-B)—-2aB’

& =
and

F eD*(\PSDyp.
Then, O} 5, (F) C PSDg,p,, and D*(\PSDq g, C O} 5 (F), O3 ys (F) C PSDy g, and D*(\PSDg p, C O g5 (F).
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Proof. At first we remark that in view of the conditions 0 < @ < Hand 0 < 8 < f3; <1
i (L+B1)Ap) — 2B —H(1 - By)

Awy>h (1+B)A(n)—2ﬁa—H(l—ﬁ)
and B; —Qf > 0. For 0 < B < 1 < 1, we have
Y {(+B)Aw —2Ba—H1—=B)}ew | < Y {(1+B1)Aw —2B1a—H(1 = Bi)}Hewm) — fin]

2,(,,)>h l(,,) >h

+ Y {0 +B)AE) —2B1a—H(1 = B1)} fn)|

),(,l)>h

=0

3.1)

If G € 07 4 (F), then

Y {4+ B)AG —2Bia—H(1 =)} — fi| < (L+B1) Y. A lgm) — Ffim| < (1+B1)d1,

Awy>h Ay >h
and, since F' € D*(1PSD,, g, by Theorem 2.1
(L+B1)A) — 2B —H(1 - By)

Y {0 +B)A —2Bia—H(1—B)}fuml= Y {(T+B)Ap) —2Ba—H(1 =)}/l

Ay h ren (1+B)AG) —2Bo—H(1—B)
<0 Y {(1+B)Ap) —2Ba—H(1-B)}fin| <20BH-a).
Awy>h

Therefore, (3.1) implies
Y {(+B)AG) —2Ba—H(1 = Bi)}Hgg| < (1+B1)8 +20B(H—a) = 2B (H - a),

A(,,)>I’l

i. e. by Theorem 2.2 G € PSD, g . Theorem 3.4 is proved. O
4. Hadamard Compositions of Multiple Dirichlet Series

For Dirichlet series Fj(s) = e + ¥ fin),j€xP{(A(n)»5)} (j = 1,2) the Hadamard composition has the form
l(,,)>

(FixFa(s) = e+ Y fo 1 fim)2€xp{ (A()5) }- 4.1
2,(,,)>h
Theorem 2.1 and Corollary 2.3 imply the following statements.

Corollary 4.1. If the functions Fj € D* are pseudostarlike of the orders o; € [0, H) then Hadamard composition Fy x F; is pseudostarlike
of the order o = max{o, 0 }.

If the functions F; € D* are pseudoconvex of the orders o; € [0, H) then Hadamard composition Fj x F5 is pseudoconvex of the order
o= max{ocl s OCQ}.

Indeed, since Fj € D* that is f(,) ; < 0 for all n and j, from (2.6) it follows that |f(,) ;| < (H—a;)/(A,) — ;) < 1 for A,y > h and
therefore,

o o
Y o fmafmal = Z il <1
A(,,)>h H_al k=1

for each k =1 and k = 2, i. e. the function F} x F is pseudostarlike of the order ¢ and of the order 0, and thus, F} * F; is pseudostarlike of
the order o = max{ o, 05 }.
The proof of the pseudoconvexity of F| * F, is similar.

Corollary 4.2. If the functions Fj € D* are pseudostarlike of the order o € [0, H) and the type B; > 0 then Hadamard composition Fy * F>
is pseudostarlike of the order o and the type B = min{f, B> }.

If the functions F; € D* are pseudoconvex of the order o € [0, H) and the type f8; > 0 then Hadamard composition Fj % F; is pseudoconvex
of the order a and the type f = min{f, »}.
Indeed, from (2.3) it follows that

2B;(H—a)
(l+ﬁj)/\(n> -(1-B)H-2B;a

for A(,) > h and therefore, as above we have

Z (1 +ﬁj)A(n) —(1-B)H-2B;x
Ay >h Zﬁj(H_ )

<1

‘f(n),j' <

‘f(n),l”f(n),2|§17 j=12

Hence it follows that Fj x F; is pseudostarlike of the order o and the type 3; for each j and thus, Fi * F> is pseudostarlike of the order o and

the type f = min{f, B> }.
The proof of the pseudoconvexity of F| * F, is similar.
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5. Differential Equation

Here we consider a differential equation

Pw

2(s,h) (s,h) _
8s1,...,95p+(yoe +1e¥ +pw=0 5.1

and we will find out at what conditions on the parameters Yy, 71, 7> this equation has solution (2.1) pseudostarlike in joint variables of the
order o € [0,H) and the type 8 > 0.
We will look for a solution to the equation in the form

=) =

F(s) ="M+ Y fyexp{((n+1)h,s)} = + ¥ fi exp{(n+1)(h,s)}, (5.2)

n=1 n=1

where (n) = (n,...,n) (p times) and A,y = (n+ 1) = ((n+1)hy,...,(n+1)hy). Since

s

FP) (s) = He(") + (n+ 1)PHfyyexp{(n+1)(h,s)},

1

n

we have

(n+ 1)PH (g exp{(n+1)(h.5)} + 7> +9% Y fmyexp{(n+3)(h,5)} +ne*s"
1 n=1

s

HeM +

n

o

+71 Y S exp{(n+2) ()} + 1 + 1 Y finyexpf(n+1)(h,5)} =0,

n=1 n=1

=

(H+13)e™M + 91200 4903 4 (2PH+ 1) fi1) 2P + (3PH+ 1) fia) P + 1 )0 + Y {((n+ DPHA 1) fim)

n=3

>3+ fim-1)+ Wfn-2texp{(n+1)(h,s)} =0.
Hence it follows that

H+p=0, Q2"H+n)fq)+n =0, G"H+n)fo)+nfay+1n=0
and

(n+DPH+ %) fin) + N fn-1) + Wln-2)texp{(n+1)(h,s), n>3.
Therefore, the following lemma is correct.
Lemma 5.1. Function (5.2) satisfies differential equation (5.1) if and only if

_ I/ _ nhwtw

r= H7 f(l)f (2[)*1)H7 f(Z)* (3[771)71)H

and
1))+ _
fomy = — NS (n-1)) + 1S (n—2)) (n>3). (5.3)

(n+ 1P —1DH

Using Lemma 5.1 now we prove the following theorem.

2
Theorem 5.2. Let o € [0,H), B >0, » = —Hand |p|+ 71| < %(H — ). Then differential equation (5.1) has entire solution (5.2)

pseudostarlike in joint variables of the order o and the type B.

Proof. Recall that the function (2.1) is called pseudostarlike in joint variables of the order & € [0,H) and type 8 > 0 if
|[FP)(s)/F(s)—H| < BIFP)(5)/F (5) = (2a — H).

Also, we remark that function F is a solution of differential equation (5.1) if and only if
FO(s) + (1200 + 70 1) F () = 0.

Hence it follows that F is pseudostarlike in joint variables of the order a € [0,H) and the type 8 > 0 if and only if

|~ (e + 71l ) —H| < B — (02N + 1M 1) — 20 —H)|, seIl],

125N £ 1 eS| < Blpe? M) 4 yeh —2H—-a)|, selll,
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and thus,
1 2H—a) »
B T pe2Gh) +yelsh) | s €.

Since |w— 1| > |w| — 1, this inequality holds if

2H-a) L
Woe2(sah) ~|»’y]e(5~,h) ﬁ’
i.e.if
20(H—-
‘Y()e +Yle( )|<ﬁ§fﬁa), seng.

The last condition holds because
2B
90X + 1l < 3] + |y |1 < 3] + | < -

and thus, function (5.2) is pseudostarlike in joint variables of the order o and the type f3.
Finally, since for every 6 € R” there exits ny = ng(c) > 1 such that

(Il +Inl)exp{2(h,0)}
n?H

<

D | =

in view of (5.3) we have

Z |f(n>|exp{(n+1)(67h)} < Z In |f(n—1)| n(0.) g(osh) 4 Z ‘70|fn 2| Sn=1)(e.h) 2(0.h)

P & (n+1)P—DH® & (nr1)P—DH
1711w (n+1)(0.h) (0.h) - 1701 f(m)| (n+1)(0.h) 2(0.h)
w1 <<n+z>p71>He D YO (e
(Inl+ 1)) (n+1)(0 k) 7m0l et 1yom)
<n2no n’H 'f e "o+ 1p—nH®
+ 1701 fing—2)| o+ 1)(eh) 70| fny-1)| o(m+2)(0.h)
((np+1)»—1)H (n+2)»—1HH

1 oo
5 Z nylexp{(n+1)(o,h)} + const,
i. e. Dirichlet series (5.2) is entire (absolutely convergent in C?). The proof of Theorem 5.2 is completed. O
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