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Abstract

Let p ∈ N, s = (s1, . . . ,sp) ∈ Cp, h = (h1, . . . ,hp) ∈ Rp
+, (n) = (n1, . . . ,np) ∈ Np and the

sequences λ(n) = (λ
(1)
n1 , . . . ,λ

(p)
np ) are such that 0 < λ

( j)
1 < λ

( j)
k < λ

( j)
k+1 ↑+∞ as k→ ∞ for

every j = 1, . . . , p. For a = (a1, . . . ,ap) and c = (c1, . . . ,cp) let (a,c) = a1c1 + . . .+apcp,
and we say that a > c if a j > c j for all 1≤ j ≤ p. For a multiple Dirichlet series

F(s) = e(s,h)+ ∑
λ(n)>h

f(n) exp{(λ(n),s)}

absolutely converges in Π
p
0 = {s : Res < 0}, concepts of pseudostarlikeness and pseudo-

convexity are introduced and criteria for pseudostarlikeness and the pseudoconvexity are
proved. Using the obtained results, we investigated neighborhoods of multiple Dirichlet
series, Hadamard compositions, and properties of solutions of some differential equations.

1. Introduction

Let S be a class of functions f (z) = z+∑
∞
n=2 fnzn analytic univalent in D= {z : |z|< 1}. The function f ∈ S is said to be starlike if f (D) is

a starlike domain concerning the origin. It is well-known [1] (see p. 202) that the condition

Re{z f ′(z)/ f (z)}> 0 (z ∈ D)

is necessary and sufficient for the starlikeness of f . A. W. Goodman [2] (see also [3] p. 9) proved that if ∑
∞
n=2 n| fn| ≤ 1 then function f ∈ S

is starlike.
The concept of the starlikeness of function f ∈ S got the series of generalizations. I. S. Jack [4] studied starlike functions of order α ∈ [0, 1),
i. e. such functions f ∈ S, for which

Re{z f ′(z)/ f (z)}> α (z ∈ D).

It is proved [4], ( [3], p. 13) that if ∑
∞
n=2(n−α)| fn| ≤ 1−α then function f ∈ S is starlike function of order α . V. P. Gupta [5] introduced

the concept of starlike function of order α ∈ [0, 1) and type β ∈ (0, 1]. A function f ∈ S is so named for that

|z f ′(z)/ f (z)−1|< β |z f ′(z)/ f (z)+1−2α| for all z ∈ D.

It is proved [5] that if

∞

∑
n=2
{(1+β )n−β (2α−1)−1)}| fn| ≤ 2β (1−α)

then function f ∈ S is starlike function of the order α and the type β .
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For f ∈ S, following A. W. Goodman [6] and S. Ruscheweyh [7], its neighborhood is called a set

Nδ ( f ) =

{
g(z) = z+

∞

∑
k=2

gkzk ∈ S :
∞

∑
k=2

k|gk− fk| ≤ δ

}
.

The neighborhoods of various classes of analytical in D functions were studied by many authors (we indicate here only in articles [8–14]).
For power series

f j(z) =
∞

∑
k=0

fk, jz
k ( j = 1,2)

the series

( f1 ∗ f2)(z) =
∞

∑
k=0

fk,1 fk,2zk

is called the Hadamard composition (product) [15]. Obtained by J. Hadamard properties of this composition find the applications [16–18] in
the theory of the analytic continuation of the functions represented by power series. Many authors (see for example [7, 19–22]) have studied
Hadamard compositions of univalent, starlike, meromorphically starlike functions.
Let h≥ 1, Λ = (λk) be an increasing to +∞ sequence of positive numbers (λ1 > h) and S(Λ) be a class of Dirichlet series

F(s) = esh +
∞

∑
k=1

fk exp{sλk} (s = σ + it)

absolutely convergent in half-plane Π0 = {s : Res < 0}. It is known [24], ( [3], p. 135) that each function F ∈ S(Λ) is non-univalent in Π0,
but there exist conformal in Π0 functions F ∈ S(Λ), and if

∞

∑
k=2

λk| fk| ≤ h

then function F is conformal in Π0. A conformal function F in Π0 is said to be pseudostarlike if

Re{F ′(s)/F(s)}> 0(s ∈Π0).

In [24] (see also [3], p. 139) it is proved that if

∞

∑
k=2

λk| fk| ≤ h

then function F is pseudostarlike. A conformal function F ∈ S(Λ) is said to be pseudostarlike of the order α if

Re{F ′(s)/F(s)}> α ∈ [0, 1) for all s ∈Π0.

Since the inequality |w−h|< |w− (2α−h)| holds if and only if Rew > α , function F ∈ S(Λ) is pseudostarlike of the order α if and only if

|F ′(s)/F(s)−h|< |F ′(s)/F(s)− (2α−h)| f ors ∈Π0.

Therefore, as in [25], we call a conformal function F ∈ S(Λ) in Π0 pseudostarlike of the order α ∈ [0, 1) and the type β ∈ (0, 1] if

|F ′(s)/F(s)−h|< β |F ′(s)/F(s)− (2α−h)| for s ∈Π0.

In [25], it is proved that if

∞

∑
k=1
{(1+β )λk−2βα−h(1−β )}| fk| ≤ 2β (h−α)

then F is pseudostarlike of the order α and the type β . If in the definition of the pseudostarlikeness instead of F ′/F to put F ′′/F ′ then we
will get the definition of the pseudoconvexity.
S. M. Shah [26] indicated conditions on real parameters γ0, γ1, γ2 of the differential equation

z2 d2w
dz2 + z

dw
dz

+(γ0z2 + γ1z+ γ2)w = 0,

under which there exists an entire transcendental solution f (z) = z+∑
∞
n=2 fnzn such that f and all its derivatives are close-to-convex in D.

The convexity of solutions of the Shah equation has been studied in [27, 28]. Substituting z = es we obtain the differential equation

d2w
ds2 +(γ0e2hs + γ1ehs + γ2)w = 0

with h = 1. The pseudoconvexity and pseudostarlikeness of solutions of the last equation have been studied in [3] (see p. 147-153).
In the proposed article we will get similar results for multiple Dirichlet series. The theorems proved here complement the results of the
papers [29–31].
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2. Pseudostarlikeness and Pseudoconvexity

Let p ∈ N, h = (h1, . . . ,hp) ∈ Rp
+, (n) = (n1, . . . ,np) ∈ Np and the sequences λ(n) =

(
λ
(1)
n1 , . . . ,λ

(p)
np

)
are such that

0 < λ
( j)
1 < λ

( j)
k < λ

( j)
k+1 ↑+∞ as k→ ∞ for every j = 1, . . . , p.

We denote H= h1 · . . . ·hp, Λ(n) =
(

λ
(1)
n1 · . . . · . . .λ

(p)
np

)
. Also let s=(s1, . . . ,sp)∈Cp, s j =σ j+ it j , σ =(σ1, . . . ,σp), and for a=(a1, . . . ,ap)

and c = (c1, . . . ,cp) let (a,c) = a1c1 + . . .+apcp. We say that a > c if a j > c j for all 1≤ j ≤ p.
Suppose that the multiple Dirichlet series

F(s) = e(s,h)+ ∑
λ(n)>h

f(n) exp{(λ(n),s)} (2.1)

absolutely converges in Π
p
0 = {s : Res < 0}, where Res < 0⇐⇒ (Res1 < 0, . . . ,Resp < 0).

For the definition of the pseudostarlikeness of the function (2.1) can be used either by one variable or in joint variables or in the direction.
Here we will look at the pseudostarlikeness in joint variables.
We denote

F(p)(s) =
∂ pF(s)

∂ s1 · . . . ·∂ sp
and F(2p)(s) =

∂ pF(p)(s)
∂ s1 · . . . ·∂ sp

=
∂ 2pF(s)

∂ 2s1 · . . . ·∂ 2sp
.

We say that function (2.1) is pseudostarlike of the order α ∈ [0, H) and the type β > 0 in joint variables if∣∣∣∣∣F(p)(s)
F(s)

−H

∣∣∣∣∣< β

∣∣∣∣∣F(p)(s)
F(s)

− (2α−H)

∣∣∣∣∣ , s ∈Π
p
0 . (2.2)

and function (2.1) is pseudoconvex of the order α ∈ [0, H) and the type β > 0 in joint variables if∣∣∣∣∣F(2p)(s)
F(p)(s)

−H

∣∣∣∣∣< β

∣∣∣∣∣F(2p)(s)
F(p)(s)

− (2α−H)

∣∣∣∣∣ , s ∈Π
p
0 .

Theorem 2.1. Let α ∈ [0, H) and β > 0. If

∑
λ(n)>h

{(1+β )Λ(n)−2βα−H(1−β )}| f(n)| ≤ 2β (H−α) (2.3)

then function (2.1) is pseudostarlike of the order α and the type β in joint variables. If

∑
λ(n)>h

Λ(n){(1+β )Λ(n)−2βα−H(1−β )}| f(n)| ≤ 2Hβ (H−α) (2.4)

then function (2.1) is pseudoconvex of the order α and the type β in joint variables.

Proof. Since

F(p)(s) = He(s,h)+ ∑
λ(n)>h

Λ(n) f(n) exp{(λ(n),s)},

we have∣∣∣F(p)(s)−HF(s)
∣∣∣−β

∣∣∣F(p)(s)− (2α−H)F(s)
∣∣∣=
∣∣∣∣∣∣ ∑
λ(n)>h

(Λ(n)−H) f(n) exp{(λ(n),s)}

∣∣∣∣∣∣
−β

∣∣∣∣∣∣2(H−α)e(s,h)+ ∑
λ(n)>h

(Λ(n)+H−2α) f(n) exp{(λ(n),s)}

∣∣∣∣∣∣ .
Suppose that α < H. Since −|a+b| ≤ −|a|+ |b| and σ < 0, hence in view of (2.3) we get∣∣∣F(p)(s)−HF(s)

∣∣∣−β

∣∣∣F(p)(s)− (2α−H)F(s)
∣∣∣

≤

∣∣∣∣∣∣ ∑
λ(n)>h

(Λ(n)−H) f(n) exp{(λ(n),s)}

∣∣∣∣∣∣−
∣∣∣2β (H−α)e(s,h)

∣∣∣+
∣∣∣∣∣∣β ∑

λ(n)>h
(Λ(n)+H−2α) f(n) exp{(λ(n),s)}

∣∣∣∣∣∣
≤ ∑

λ(n)>h
(Λ(n)−H)| f(n)|exp{(λ(n),σ)}−2β (H−α)e(σ ,h)+β ∑

λ(n)>h
(Λ(n)+H−2α)| f(n)|exp{(λ(n),σ)}

= e(σ ,h)

 ∑
λ(n)>h

{(1+β )Λ(n)−2βα−H(1−β )}| f(n)|exp{(λ(n)−h,σ))}−2β (H−α)


< ∑

λ(n)>h
{(1+β )Λ(n)−2βα−H(1−β )}| f(n)|−2β (H−α)≤ 0,
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i. e. ∣∣∣F(p)(s)−HF(s)
∣∣∣−β

∣∣∣F(p)(s)− (2α−H)F(s)
∣∣∣< 0, s ∈Π

p
0 . (2.5)

Since conditions (2.2) and (2.5) are equivalent, function (2.1) is pseudostarlike of the order α and the type β in joint variables.
Since F(2p)(s)/F(p)(s) = G(p)(s)/G(s), where

G(s) = esh + ∑
λ(n)>h

g(n) exp{(λ(n),s)}, g(n) =
Λ(n)

H
f(n),

the function F is pseudoconvex of the order α ∈ [0, H) and the type β > 0 in joint variables if and only if the function G is pseudostarlike
of the order α ∈ [0, H) and the type β > 0 in joint variables. Therefore, if (2.4) holds then the function F is pseudoconvex of the order
α ∈ [0, H) and the type β > 0 in joint variables. The proof of Theorem 2.1 is complete.

The following theorem complements the statement of Theorem 2.1.

Theorem 2.2. Let α ∈ [0, H) and β > 0. If function (2.1) is pseudostarlike of the order α and the type β in joint variables and all f(m) ≤ 0
then (2.3) holds. If function (2.1) is pseudoconvex of the order α and the type β in joint variables and all f(m) ≤ 0 then (2.4) holds.

Proof. If function (2.1) is pseudostarlike of the order α and the type β in joint variables and f(m) =−| f(m)| then in view of (2.5) as above
we have for all s ∈Π

p
0∣∣∣∣∣∣∣∣
− ∑

λ(n)>h
(Λ(n)−H)| f(n)|exp{(λ(n),s)}

2(H−α)e(s,h)− ∑
λ(n)>h

(Λ(n)+H−2α)| f(n)|exp{(λ(n),s)}

∣∣∣∣∣∣∣∣=
∣∣∣∣∣ F(p)(s)−HF(s)
F(p)(s)− (2α−H)F(s)

∣∣∣∣∣< β

and therefore,

Re

∑
λ(n)>h

(Λ(n)−H)| f(n)|exp{(λ(n),s)}

2(H−α)e(s,h)− ∑
λ(n)>h

(Λ(n)+H−2α)| f(n)|exp{(λ(n),s)}
< β

whence for all σ < 0 we obtain

∑
λ(n)>h

(Λ(n)−H)| f(n)|exp{(λ(n),σ)}

2(H−α)e(σ ,h)− ∑
λ(n)>h

(Λ(n)+H−2α)| f(n)|exp{(λ(n),σ)}
< β

Letting σ → 0 from here we get

∑
λ(n)>h

(Λ(n)−H)| f(n)|

2(H−α)− ∑
λ(n)>h

(Λ(n)+H−2α), | f(n)|
< β

whence (2.3) follows. The first part of Theorem 2.2 is proved. The second part is proved similarly.

Theorems 2.1 and 2.2 imply the following statements.

Corollary 2.3. In order that the function (2.1) is pseudostarlike of the order α ∈ [0, H) in joint variables, it is sufficient and in the case,
when all f(n) ≤ 0, it is necessary that

∑
λ(n)>h

{Λ(n)−α)}| f(n)| ≤H−α. (2.6)

In order that the function (2.1) is pseudoconvex of the order α ∈ [0, H) in joint variables, it is sufficient and in the case, when all f(n) ≤ 0, it
is necessary that

∑
λ(n)>h

Λ(n){Λ(n)−α}| f(n)| ≤H(H−α).

Corollary 2.4. In order that the function (2.1) is pseudostarlike in joint variables, it is sufficient and in the case, when all f(n) ≤ 0, it is
necessary that

∑
λ(n)>h

Λ(n)| f(n)| ≤H.

In order that the function (2.1) is pseudoconvex in joint variables, it is sufficient and in the case, when all f(n) ≤ 0, it is necessary that
∑

λ(n)>h
(Λ(n))

2| f(n)| ≤H2.
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3. Neighborhoods of Multiple Dirichlet Series

Here the class of series (2.1) absolutely convergent in Π
p
0 we denote by D and we say that F ∈ D∗ if F ∈ D and all f(n) ≤ 0. By PSDα,β

we denote a class of pseudostarlike functions (2.1) of the order α and the type β in joint variables, and by PCDα,β we denote a class of
pseudoconvex functions (2.1) of the order α and the type β in joint variables.
For j > 0 and δ > 0 we define the neighborhood of F ∈ D in joint variables as follows

O j,δ (F) =

G(s) = e(s,h)+ ∑
λ(n)>h

g(n) exp{(λ(n),s)} ∈ D : ∑
λ(n)>h

Λ
j
(n)|g(n)− f(n)| ≤ δ

 .

Similarly, for F ∈ D∗

O∗j,δ (F) =

G(s) = e(s,h)+ ∑
λ(n)>h

g(n) exp{(λ(n),s)} ∈ D∗ : ∑
λ(n)>h

Λ
j
(n)|g(n)− f(n)| ≤ δ

 .

Here we will establish a connection between classes PSDα,β , PCDα,β and O j,δ (F), O∗j,δ (F). We need the following lemma.

Lemma 3.1. Let F ∈ D. Then G ∈ O2,Hδ (F) if and only if
G(p)

H
∈ O1,δ

(
F(p)

H

)
.

Indeed,

F(p)

H
= esh + ∑

λ(n)>h

Λ(n)

H
f(n) exp{(λ(n),s)} ∈ D.

Therefore,
G(p)

H
∈ O1,δ

(
F(p)

H

)
if and only if ∑

λ(n)>h
Λ(n)

∣∣∣∣Λ(n)

H
f(n)−

Λ(n)

H
g(n)

∣∣∣∣≤ δ , i. e. G ∈ O2,Hδ (F).

At first, we consider the case when F(s) = E(s) := e(h,s) and we prove such theorem.

Theorem 3.2. For the function E(s)= e(h,s) the following correlations are correct: O1,H(E)⊂PSD0,1, O∗1,H(E)=PSD0,1
⋂

D∗, O2,H2(E)⊂
PCD0,1 and O∗2,H2(E) = PCD0,1

⋂
D∗.

Proof. If G ∈ O1,H(E) then G ∈ D and ∑
λ(n)>h

Λ(n)|g(n)| ≤H. Since

G(p)(s) = He(s,h)+ ∑
λ(n)>h

Λ(n)g(n) exp{(λ(n),s)},

we have∣∣∣∣∣G(p)(s)
H

−G(s)

∣∣∣∣∣=
∣∣∣∣∣∣ ∑
λ(n)>h

Λ(n)

H
g(n) exp{(λ(n),s)}− ∑

λ(n)>h
g(n) exp{(λ(n),s)}

∣∣∣∣∣∣
=

∣∣∣∣∣∣ ∑
λ(n)>h

(
Λ(n)

H
−1
)

g(n) exp{(λ(n),s)}

∣∣∣∣∣∣
≤ ∑

λ(n)>h

(
Λ(n)

H
−1
)
|g(n)|exp{λ(n),σ)}

= ∑
λ(n)>h

Λ(n)

H
|g(n)|exp{λ(n),σ)}− ∑

λ(n)>h
|g(n)|exp{λ(n),σ)}

≤ exp{h,σ)} ∑
λ(n)>h

Λ(n)

H
|g(n)|− ∑

λ(n)>h
|g(n)|exp{λ(n),σ)}

≤ exp{h,σ)}− ∑
λ(n)>h

|g(n)|exp{λ(n),σ)}.

On the other hand,

|G(s)|=

∣∣∣∣∣∣e(h,s)+ ∑
λ(n)>h

|g(n)|exp{λ(n),σ)}

∣∣∣∣∣∣≥ e(h,σ)− ∑
λ(n)>h

|g(n)|e(λ(n),σ)

and thus,

∣∣∣∣∣G(p)(s)
H

−G(s)

∣∣∣∣∣≤ |G(s)|, i. e.

∣∣∣∣∣G(p)(s)
HG(s)

−1

∣∣∣∣∣≤ 1 for all s ∈Π
p
0 . From hence it follows that Re

{
G(p)(s)
HG(s)

}
> 0, i. e. G ∈ PSD0,1

and O1,H(E)⊂ PSD0,1.
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From above it follows that O∗1,H(E)⊂ PSD0,1. On the other hand, if G ∈ D and G ∈ PSD0,1 then by Corollary 2 ∑
λ(n)>h

Λ(n)|g(n)| ≤H, i. e.

G ∈ O∗1,H(E). Thus, PSD0,1
⋂

D⊂ O∗1,H(E) and PSD0,1
⋂

D∗ = O∗1,H(E).

Since G ∈ PCD0,1 if and only if G(p)/H ∈ PSD0,1, and by Lemma 3.1 G ∈ O2,Hδ (E) if and only if G(p)/H ∈ O1,δ (E/H) = O1,δ (E), one
can easily obtain the corresponding results for pseudoconvex functions.
For example, if G ∈ O2,H2(E) then G(p)/H ∈ O1,H(E) and, thus, G(p)/H ∈ PSD0,1 and G(p) ∈ PSD0,1. Therefore, O2,H2(E) ⊂ PCD0,1.
The proof of Theorem 3.2 is completed.

Now we investigate the neighborhoods of a pseudostarlike function of the order α . The following theorem is true.

Theorem 3.3. Let 0≤ α1 < α < H, Λ = min{Λ(n) : λ(n) > h}, δ1 = (α−α1)
Λ−H
Λ−α

, δ2 = Λ

(
H−α

Λ−α
+

H−α1

Λ−α1

)
and F ∈ D∗

⋂
PSDα,1.

Then O∗1,δ1
(F)⊂ PSDα1,1 and D∗

⋂
PSDα1,1 ⊂ O∗1,δ2

(F), O∗2,Hδ1
(F)⊂ PSDα1,1 and D∗

⋂
PSDα1,1 ⊂ O∗1,Hδ2

(F).

Proof. Let G ∈ O∗1,δ1
(F). Since F ∈ PSDα,1, by Corollary 2.3 condition (2.6) holds. Therefore, for α1 < α we get

∑
λ(n)>h

{Λ(n)−α1}|g(n)| ≤ ∑
λ(n)>h

{Λ(n)−α1}|g(n)− f(n)|+ ∑
λ(n)>h

{Λ(n)−α1}| f(n)|

= ∑
λ(n)>h

{Λ(n)−α1}|g(n)− f(n)|+ ∑
λ(n)>h

{Λ(n)−α}| f(n)|+(α−α1) ∑
λ(n)>h

| f(n)|

≤ δ1 +H−α +(α−α1) ∑
λ(n)>h

| f(n)|.

But in view of (2.6)

∑
λ(n)>h

| f(n)| ≤ ∑
λ(n)>h

Λ(n)−α

Λ−α
| f(n)| ≤

H−α

Λ−α
.

Therefore,

∑
λ(n)>h

{Λ(n)−α1}|g(n)| ≤ δ1 +H−α +(α−α1)
H−α

Λ−α
≤H−α1

i. e. by Corollary 2.3 the function G ∈ PSDα1,1 and, thus, O∗1,δ1
(F)⊂ PSDα1,1.

Now suppose that G ∈ D∗0
⋂

PSDα1,1. Then in view of (2.6) we have

∑
λ(n)>h

Λ(n)|g(n)− f(n)|= ∑
λ(n)>h

Λ(n)

Λ(n)−α1
(Λ(n)−α1)|g(n)− f(n)|

≤ Λ

Λ−α1
∑

λ(n)>h
(Λ(n)−α1)|g(n)− f(n)|

≤ Λ

Λ−α1

 ∑
λ(n)>h

(Λ(n)−α1)|g(n)|+ ∑
λ(n)>h

Λ(n)−α1

Λ(n)−α
(Λ(n)−α)| f(n)|


≤ Λ

Λ−α1

(
H−α1 +

Λ−α1

Λ−α
(H−α)

)
= δ2,

i. e. G ∈ O∗1,δ2
(F) and, thus, D∗

⋂
PSDα1,1 ⊂ O∗1,δ2

(F).

Finally, since F ∈ PCD0,1 if and only if
F(p)

H
∈ PSD0,1, and by Lemma 1 G ∈ O2,Hδ (F) if and only if

G(p)

H
∈ O1,δ

(
F(p)

H

)
, one can

easily obtain the corresponding results for pseudoconvex functions. For example, if G ∈ O2,Hδ1
(F) then

G(p)

H
∈ O1,δ1

(
F(p)

H

)
and, thus,

G(p)

H
∈ PSDα1,1 and G ∈ PCDα1,1. Therefore, O2,Hδ1

(F)⊂ PCDα1,1. The proof of Theorem 3.3 is completed.

Finally, we consider the generalized case when the function F is a pseudostarlike in joint variables of the order α and the type β . The
following theorem is true.

Theorem 3.4. Let 0≤ α < H, 0 < β < β1 ≤ 1,

Q =
(1+β1)Λ−2β1α−H(1−β1)

(1+β )Λ−2βα−H(1−β )
, δ1 =

2(H−α)(β1−Qβ )

1+β1

δ2 =
2β1(H−α)Λ

(1+β1)Λ−H(1−β1)−2αβ1
+

2β (H−α)Λ

(1+β )Λ−H(1−β )−2αβ
,

and

F ∈ D∗
⋂

PSDα,β .

Then, O∗1,δ1
(F)⊂ PSDα,β1

, and D∗
⋂

PSDα,β1
⊂ O∗1,δ2

(F), O∗2,Hδ1
(F)⊂ PSDα,β1

and D∗
⋂

PSDα,β1
⊂ O∗2,Hδ2

(F).
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Proof. At first we remark that in view of the conditions 0≤ α < H and 0 < β < β1 ≤ 1

max
λ(n)>h

(1+β1)Λ(n)−2β1α−H(1−β1)

(1+β )Λ(n)−2βα−H(1−β )
= Q

and β1−Qβ > 0. For 0 < β < β1 ≤ 1, we have

∑
λ(n)>h

{(1+β1)Λ(n)−2βα−H(1−β1)}|g(n)| ≤ ∑
λ(n)>h

{(1+β1)Λ(n)−2β1α−H(1−β1)}|g(n)− f(n)|

+ ∑
λ(n)>h

{(1+β1)Λ(n)−2β1α−H(1−β1)}| f(n)|
(3.1)

If G ∈ O∗1,δ1
(F), then

∑
λ(n)>h

{(1+β1)Λ(n)−2β1α−H(1−β1)}|g(n)− f(n)| ≤ (1+β1) ∑
λ(n)>h

Λ(n)|g(n)− f(n)| ≤ (1+β1)δ1,

and, since F ∈ D∗
⋂

PSDα,β , by Theorem 2.1

∑
λ(n)>h

{(1+β1)Λ(n)−2β1α−H(1−β1)}| f(n)|= ∑
λ(n)>h

(1+β1)Λ(n)−2β1α−H(1−β1)

(1+β )Λ(n)−2βα−H(1−β )
{(1+β )Λ(n)−2βα−H(1−β )}| f(n)|

≤ Q ∑
λ(n)>h

{(1+β )Λ(n)−2βα−H(1−β )}| f(n)| ≤ 2Qβ (H−α).

Therefore, (3.1) implies

∑
λ(n)>h

{(1+β1)Λ(n)−2βα−H(1−β1)}|g(n)| ≤ (1+β1)δ1 +2Qβ (H−α) = 2β1(H−α),

i. e. by Theorem 2.2 G ∈ PSDα,β1
. Theorem 3.4 is proved.

4. Hadamard Compositions of Multiple Dirichlet Series

For Dirichlet series Fj(s) = e(s,h)+ ∑
λ(n)>h

f(n), j exp{(λ(n),s)} ( j = 1,2) the Hadamard composition has the form

(F1 ∗F2(s) = e(s,h)+ ∑
λ(n)>h

f(n),1 f(n),2 exp{(λ(n),s)}. (4.1)

Theorem 2.1 and Corollary 2.3 imply the following statements.

Corollary 4.1. If the functions Fj ∈ D∗ are pseudostarlike of the orders α j ∈ [0, H) then Hadamard composition F1 ∗F2 is pseudostarlike
of the order α = max{α1,α2}.

If the functions Fj ∈ D∗ are pseudoconvex of the orders α j ∈ [0, H) then Hadamard composition F1 ∗F2 is pseudoconvex of the order
α = max{α1,α2}.
Indeed, since Fj ∈ D∗ that is f(n), j ≤ 0 for all n and j, from (2.6) it follows that | f(n), j| ≤ (H−α j)/(Λ(n)−α j) < 1 for λ(n) > h and
therefore,

∑
λ(n)>h

Λ(n)−α1

H−α1
| f(n),1 f(n),2| ≤

∞

∑
k=1

Λ(n)−α1

H−α1
| f(n),k| ≤ 1

for each k = 1 and k = 2, i. e. the function F1 ∗F2 is pseudostarlike of the order α1 and of the order α2, and thus, F1 ∗F2 is pseudostarlike of
the order α = max{α1,α2}.
The proof of the pseudoconvexity of F1 ∗F2 is similar.

Corollary 4.2. If the functions Fj ∈ D∗ are pseudostarlike of the order α ∈ [0, H) and the type β j > 0 then Hadamard composition F1 ∗F2
is pseudostarlike of the order α and the type β = min{β1, β2}.

If the functions Fj ∈ D∗ are pseudoconvex of the order α ∈ [0, H) and the type β j > 0 then Hadamard composition F1 ∗F2 is pseudoconvex
of the order α and the type β = min{β1, β2}.
Indeed, from (2.3) it follows that

| f(n), j| ≤
2β j(H−α)

(1+β j)Λ(n)− (1−β j)H−2β jα
< 1

for λ(n) > h and therefore, as above we have

∑
λ(n)>h

(1+β j)Λ(n)− (1−β j)H−2β jα

2β j(H−α)
| f(n),1|| f(n),2| ≤ 1, j = 1, 2.

Hence it follows that F1 ∗F2 is pseudostarlike of the order α and the type β j for each j and thus, F1 ∗F2 is pseudostarlike of the order α and
the type β = min{β1, β2}.
The proof of the pseudoconvexity of F1 ∗F2 is similar.
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5. Differential Equation

Here we consider a differential equation

∂ pw
∂ s1, . . . ,∂ sp

+(γ0e2(s,h)+ γ1e(s,h)+ γ2)w = 0 (5.1)

and we will find out at what conditions on the parameters γ0, γ1, γ2 this equation has solution (2.1) pseudostarlike in joint variables of the
order α ∈ [0,H) and the type β > 0.
We will look for a solution to the equation in the form

F(s) = e(s,h)+
∞

∑
n=1

f(n) exp{((n+1)h,s)}= e(s,h)+
∞

∑
n=1

f(n) exp{(n+1)(h,s)}, (5.2)

where (n) = (n, . . . ,n) (p times) and λ(n) = (n+1)h = ((n+1)h1, . . . ,(n+1)hp). Since

F(p)(s) = He(s,h)+
∞

∑
n=1

(n+1)pH f(n) exp{(n+1)(h,s)},

we have

He(s,h)+
∞

∑
n=1

(n+1)pH f(n) exp{(n+1)(h,s)}+ γ0e3(s,h)+ γ0

∞

∑
n=1

f(n) exp{(n+3)(h,s)}+ γ1e2(s,h)

+ γ1

∞

∑
n=1

f(n) exp{(n+2)(h,s)}+ γ2e(s,h)+ γ2

∞

∑
n=1

f(n) exp{(n+1)(h,s)} ≡ 0,

i. e.

(H+ γ2)e(s,h)+ γ1e2(s,h)+ γ0e3(s,h)+(2pH+ γ2) f(1)e
2(s,h)+(3pH+ γ2) f(2)e

3(s,h)+ γ1 f(1)e
3(s,h)+

∞

∑
n=3
{((n+1)pH+ γ2) f(n)

≥ 3+ γ1 f(n−1)+ γ0 f(n−2)}exp{(n+1)(h,s)} ≡ 0.

Hence it follows that

H+ γ2 = 0, (2pH+ γ2) f(1)+ γ1 = 0, (3pH+ γ2) f(2)+ γ1 f(1)+ γ0 = 0

and

((n+1)pH+ γ2) f(n)+ γ1 f(n−1)+ γ0 f(n−2)}exp{(n+1)(h,s), n≥ 3.

Therefore, the following lemma is correct.

Lemma 5.1. Function (5.2) satisfies differential equation (5.1) if and only if

γ2 =−H, f(1) =−
γ1

(2p−1)H
, f(2) =−

γ1 f((1)+ γ0

(3p−1)−1)H

and

f(n) =−
γ1 f((n−1))+ γ0 f((n−2))

((n+1)p−1)H
(n≥ 3). (5.3)

Using Lemma 5.1 now we prove the following theorem.

Theorem 5.2. Let α ∈ [0,H), β > 0, γ2 =−H and |γ0|+ |γ1| ≤
2β

1+β
(H−α). Then differential equation (5.1) has entire solution (5.2)

pseudostarlike in joint variables of the order α and the type β .

Proof. Recall that the function (2.1) is called pseudostarlike in joint variables of the order α ∈ [0,H) and type β > 0 if

|F(p)(s)/F(s)−H|< β |F(p)(s)/F(s)− (2α−H)|.

Also, we remark that function F is a solution of differential equation (5.1) if and only if

F(p)(s)+(γ0e2(s,h)+ γ1e(s,h)+ γ2)F(s)≡ 0.

Hence it follows that F is pseudostarlike in joint variables of the order α ∈ [0,H) and the type β > 0 if and only if

|− (γ0e2(s,h)+ γ1e(s,h)+ γ2)−H|< β |− (γ0e2(s,h)+ γ1e(s,h)+ γ2)− (2α−H)|, s ∈Π
p
0 ,

i. e.

|γ0e2(s,h)+ γ1e(s,h)|< β |γ0e2(s,h)+ γ1e(s,h)−2(H−α)|, s ∈Π
p
0 ,
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and thus,

1
β

<

∣∣∣∣1− 2(H−α)

γ0e2(s,h)+ γ1e(s,h)

∣∣∣∣ , s ∈Π
p
0 .

Since |w−1| ≥ |w|−1, this inequality holds if

2(H−α)

|γ0e2(s,h)+ γ1e(s,h)
> 1+

1
β
,

i. e. if

|γ0e2(s,h)+ γ1e(s,h)|< 2β (H−α)

1+β
, s ∈Π

p
0 .

The last condition holds because

|γ0e2(s,h)+ γ1e(s,h)| ≤ |γ0|e2(σ ,h)+ |γ1|e(σ ,h) < |γ0|+ |γ1| ≤
2β

1+β
(H−α)

and thus, function (5.2) is pseudostarlike in joint variables of the order α and the type β .
Finally, since for every σ ∈ Rp there exits n0 = n0(σ)≥ 1 such that

(|γ0|+ |γ1|)exp{2(h,σ)}
npH

≤ 1
2
,

in view of (5.3) we have

∞

∑
n=n0

| f(n)|exp{(n+1)(σ ,h)} ≤
∞

∑
n=n0

|γ1| f(n−1)|
((n+1)p−1)H

en(σ ,h)e(σ ,h)+
∞

∑
n=n0

|γ0| f(n−2)|
((n+1)p−1)H

e(n−1)(σ ,h)e2(σ ,h)

=
∞

∑
n=n0−1

|γ1| f(n)|
((n+2)p−1)H

e(n+1)(σ ,h)e(σ ,h)+
∞

∑
n=n0−2

|γ0| f(n)|
((n+3)p−1)H

e(n+1)(σ ,h)e2(σ ,h)

≤
∞

∑
n=n0

(|γ1|+ |γ0|)e2(σ ,h)

npH
| f(n)|e(n+1)(σ ,h)+

|γ1| f(n0−1)|
((n0 +1)p−1)H

e(n0+1)(σ ,h)

+
|γ0| f(n0−2)|

((n0 +1)p−1)H
e(n0+1)(σ ,h)+

|γ0| f(n0−1)|
((n+2)p−1)H

e(n0+2)(σ ,h)

≤1
2

∞

∑
n=n0

| f(n)|exp{(n+1)(σ ,h)}+ const,

i. e. Dirichlet series (5.2) is entire (absolutely convergent in Cp). The proof of Theorem 5.2 is completed.
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