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Matematik Ogretmeni Adaylarinin Timdengelimsel Akil
Yuriitme Yoluyla ispat Anlayislar *

Emine Gaye CONTAY!

Ozet

Bu c¢alismanin amaci matematik ogretmeni adaylarinin
tumdengelimsel akil ydridtme yoluyla ispat yapma becerilerini,
ispat yontemlerine iliskin bilgilerini ve ispat yontemlerini
kullanma becerilerini ispat semalariyla iliskilendirerek “ispat
anlayislar” baglaminda ortaya koymaktir. Calisma bir devlet
universitesinde son sinifta égrenim goren 44 ogretmen adayi
ile gerceklestirilmistir. Calismada 6gretmen adaylarinin ispat
anlayislarini ortaya koymasi amaciyla iki farkli élcme araci
gelistirilmis ve uygulanmistir. Calismanin bulgulari 6gretmen
adaylarinin  buyluk bdéliumuniun ispat becerilerinin  zayif
oldugunu, ispat yaparken kullandiklari yontemlerden habersiz
bicimde dnermede yer alan degiskene degerler vererek ispati
yapilandirdiklarini,  ¢ogunlukla  deneysel ispat semasi
gdstergeleri ile hareket ettiklerini ortaya koymustur. Ogretmen
adaylari  ispat yoéntemlerine iliskin  bilgileri agisindan
degerlendirildiklerinde, en ¢ok aksine ornek verme ile ispat
yoéntemine iliskin  bilgiye sahip olduklari goridimdustar.
Ogretmen adaylarinin analitik dénustmsel ispat semasina
iliskin gostergelerle hareket ettikleri tek ispat sorusu ise
durumlarla ispat yontemi ile ¢ozulebilecek ispat sorusudur.
Analitik ispat semasi gostergeleriyle ispatlarini yapilandiran
ogretmen adaylarindan  higbirinin,  kullandiklari  ispat
yontemini bilmedikleri belirlenmistir. Dolayisiyla bu ¢alismaya
katilan matematik 6gretmeni adaylarinin ispat anlayislari
yetersiz bulunmustur.
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Giris
Yunanlilar tarafindan ortaya atilan ispat kavrami zamanla farkli kulturler
icerisinde cesitli bicimlerde ele alinarak gunumuze kadar gelmistir.
Antik cagda; acik¢a belirlenmis postulatlardan c¢ikarim yapma olarak
aksiyomatik sistem icerisinde ele alinirken, 17. yUzyilda tamamen farkli
bir sekilde sembolik gosterimlerle ifade edilerek limit, sureklilik gibi
Analiz'in onemli kavramlariyla birlikte ilerlemistir (Almeida, 2003;
Grabiner, 2012; Kleiner, 1991; Reid ve Knipping, 2010). 19. yuzyila dogru
sezgisel geometrik unsurlar eklenerek aksiyomatik sisteme gecilmis ve
ispat bdylelikle matematiksel mantikla beraber ilerlemistir. Daha sonra,
Oklit geometrisinin temelleri ele alinmis ve Oklit disi geometriler ortaya
cikmistir. 20. yUzyilda bilgisayarlarin matematikte rol almasiyla beraber
aksiyomatik sistem yeniden matematigin temel alanlarinda yer almaya
baslamis; matematik icerisinde ispatin rolU ve anlami yeniden
dusunulmeye baslamistir. Matematiksel ispat, “sosyal ispat”, “yari
deneyselci ispat”, “sosyal sure¢ olarak ispat” gibi yeni kavramlar ile ele
alinmaya baslanmistir. Bu kavramlar ile ispatin mutlak dogru,
bicimselci ve formel yapisi varsayimlari reddedilmistir. Ornegdin Lakatos
bu donemlerde matematigin yanilabilir oldugunu ve &énermelerin
ornekler ve olasi reddetmelere bagl oldugunu ortaya atmistir. Bu tur
gelisimler ise okullardaki “sosyal ispat” kavraminin dogmasina sebep
olmus; ispat kavrami sadece formel bicimiyle degil, informel bicimde de
ele alinarak ispatlamanin uygun bir standardi olarak kabul edilmeye
baslanmistir. (Almeida, 2003; Grabiner, 2012; Hanna, 1990; Kleiner, 1997,
Reid ve Knipping, 2010). Boylelikle kabul edilebilir ispat kavrami
gelismis (Hanna, 1990); matematiksel ispat bir problem ¢oézme etkinligi
olarak fikirlerin kesinlestigi son basamak olarak gdrulmustur (Tall,
2002). Mason, Burton ve Stacey'in (2010) bu baglamdaki so6zu
meshurdur: “Kendini ikna et, arkadasini ikna et, dusmanini ikna et!” (s.
87). Boylelikle; bu yeni ispat bicimi, “Yetkin yargilarla yargilanan ikna
edici bir arguman” olarak informel ispat baglaminda yerini almistir
(Hersh, 1993; s. 389). Bundan sonraki sureclerde ise akil yurutme ve
ispatin matematigin temel parcalarindan oldugu kabul edilmis ve okul
oncesi dénemden en ust duzeye kadar égrencilere kazandirilmasi
gerekliligi fikri egitimde benimsenmeye baslamistir (NCTM, 2000;
Common Core, 2010). Boylelikle matematik egitiminin dnemli bir amaci
haline gelen ispat ve ispatlama kavramlari; 6gretim programlarina dahil
edilmek istenmistir (Mariotti, 2006). NCTM (2000) ispatin tum konularda
sinif tartismalarinin dogal bir parcasi haline gelmesi gerektigini
vurgulamistir. ispatin egitimde yer almasi gerekliligini savunan yenilikci
bakis acilarina karsin; 6gretmenlerin cogu matematiksel ispat hakkinda
sinirli bilgi ve anlayisa sahiptir ve bu yeni bakis acilariyla matematiksel
ispatlari 6gretmek icin yeterli egitim almadan égretmen olmaktadirlar
(Knuth, 2002; Yoo, 2008). Fakat, Universite &gretmen yetistirme
programlari matematiksel yenilikleri uygulamada uygun bir yere
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sahiptir (Varghese, 2007). Bu yuUzden, matematik &gretmeni
adaylarinin, matematiksel ispata iliskin anlayislarinin ortaya konmasi
onemli goérulmuastur.

Matematik &gretmen adaylarinin tumdengelimsel akil yurdtme ile
ispat suUreclerini ortaya koymak icin; belirli ispat ydéntemlerinden
bahsetmek yararli gorulmektedir.

ispat Yontemleri

Ispatlanmak  istenen onermenin  totolojik  yapida oldugu
varsayildiginda; “p dogru ise g dogrudur” seklindeki 6nerme ya dogru
ya da yanlistir. Bu calismada kullanilan ispat yontemleri, é6nermenin
yanlis olma hali ve dogru olma haline gére sunulmustur (Uygur Kabael,
2020):

Onermenin Yanhs Olma Hali

Aksine Ornek Vererek ispat. p doJru ise g doJrudur (p=>q)’
onermesinin yanlis olmasi durumunda p 6énermesi dogru iken @
onermesinin  saglanmadigr en az bir durum vardir, bu durum
orneklendirilerek ve p=>qg énermesinin yanlis oldugu ispatlanabilir.

Onermenin Dogru Olma Hali

Dogrudan ispat. p dodru ise g dodrudur (p=>q) dnermesinin
yanlis olmasi durumunda p onermesi dogru iken g Oonermesinin
saglanmadigi en az bir durum

Tiiketerek ispat. Sonlu sayida elemani olan bir E kiimesi kabul
edilsin. p oOnermesindeki o&zelligin dogru oldugu varsayllir. g
onermesindeki ézelligin dogrulugu; E kimesindeki her eleman icin
gosterilebilecek sayida elemandan olustugunda dnerme her eleman
icin ayri ayri gosterilir ve tuketerek ispat yapilmis olur.

Durumlarla ispat. Bazi durumlarda &nermenin, bir kimenin
belirli alt kUmelerinde (sinirli sayida) olan elemanlarin farkli 6zelliklerine
goére incelenir. Bu durumda énermenin dogrudan ispati her bir alt
kUme icin yapllir. Sonsuz kimelerde bu ispat yontemi kullanilamaz.

Dolaylh ispat. Onceki sonuclarin “p dogdru ise q dogrudur”
onermesinin dogrudan ispati icin yeterli olmadiglr durumlarda dolayli
ispat yontemi kullanilir. Onermenin mantiksal denk oldugu diger
onermenin veya degilinin yanlis oldugu gosterilir.

Olmayana Ergi (Karsit Ters) ile ispat. “p dogru ise g dodrudur”
yerine bu 6nermenin mantiksal olarak denk karsiligi olan g’ dogru ise p’
dogrudur (g'=>p’) dnermesi dogrudan ispatlanir.

Celiski ile ispat. “p dogru ise g dogrudur” énermesinin degili olan
onermenin (pAqQ’) yanhshgi gosterilir. (pAq') 6nermesinin dogru oldugu
varsayllarak celiskiye ulasilir;  varsayimin  yanhshgi, yani p=>q
onermesinin dogrulugu goésterilmis olur.
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ispat Semalari

Matematik egitiminde dnemi vurgulanan ve yukarida da ¢esitli ydntem
bicimleriyle ele alinmis olan ispat ve ispatlama kavrami, Harel ve Sowder
(1998) tarafindan da sosyal ispatlar baglaminda ele alinmustir. ispatlama
okullarda kullanilan sosyal, yani informel ispatlar acisindan ele
alindiginda "Bir gdzlemin dogrulugu hakkindaki supheleri olusturmak
ya da ortadan kaldirmak icin birey tarafindan ortaya konan sure¢" (Harel
ve Sowder, 1998, s. 241) olarak tanimlanabilir. Harel ve Sowder (1998),
ispatlama surecini "aslini anlama" ve "ikna etme" olarak iki surece
ayirmistir. Aslini anlamayi, "Bireyin bir gézlemin dogrulugu hakkinda
kendi suphelerini ortadan kaldirmak i¢cin ortaya koydugu bir sure¢" ikna
etmeyi "Bir gozlemin dogrulugu hakkinda digerlerinin suphelerini
ortadan kaldirmak icin ortaya koydugu bir sure¢" (Harel ve Sowder,
1998, s.241) olarak tanimlamislardir. Boylelikle ispat semasi kavrami: "Bir
bireyin ispat semasi o birey icin aslini dgrenme ve ikna etmeyi olusturan
seyleri icerir" (Harel ve Sowder, 1998, s.244) olarak tanimlanmistir.
Dolayisiyla bireylerin ispat semalarinin ortaya cikarilmasinin, onlarin
ispat sureclerinde kendilerini ve baskalarini nasil ikna ettiklerinin
belirlenmesi acisindan gerekli oldugu sdéylenebilir. Sowder ve Harel
(1998) ispat semalarini dissal, deneysel ve analitik olmak Uzere Uc¢
sekilde gruplandirmislardir:

Dissal ispat Semasi

Bireylerin aslini anlama ve ikna etme durumlari dissal kaynakhdir. Bu
dissal kaynaklar bir 6gretmene ya da bir kitaba dayanan bir otorite
(otoriter ispat semasi); bir argumanin gérunumu, bicimi ve alisilagelen
formati (aliskanlik edinilmis ispat semasi); veya sembollerin anlamdan
uzak ve durum icindeki nicelikleriyle iliskilendirmeden, anlamsiz
manipulasyonu (sembolik ispat semasi) olarak ortaya cikabilmektedir
(Sowder ve Harel, 1998).

Deneysel ispat Semasi

Dissal ispat semasi gostergeleriyle hareket eden bireyler varsayimlarini
duyusal deneyimlere veya fiziksel kanitlara dayandirarak gecerli kilma
ya da reddetme davranislari sergilerler. Bireyler bir durumun
dogrulugunu ya da yanhshgini hisleriyle sezinleyip gucglu kanit
bulamadiklarinda, ¢izim ile ikna ¢cabasina girdiklerinde, deneysel algisal
ispat semasina; varsayimlari degerlendirirken ikna etme cabalarini bir
ya da birden fazla érnekle test ederek olusturduklarinda deneysel temel
ornekler ispat semasina sahiptir.

Andalitik ispat Semasi

Bireyler varsayimlarini mantiksal ¢ikarim yoluyla gecerli kildiklarinda
analitik ispat semasina ilisin gdstergelerle hareket ederler. Analitik
doénusumsel ispat semasina sahip bireyler gerekcelendirmelerini
durumlarin genel yonleriyle iliskilendirir ve genel bir analitik catiya
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yerlestirirler. Analitik aksiyomatik ispat semasi gostergeleri ile hareket
eden bireyler ise gerekcelendirmelerin baslangic noktasinin tanimsiz
terim ve aksiyomlar oldugunu bilerek aksiyomatik sistem icerisinde
rahatca calisabilirler.

Sowder ve Harel'a (1998) gore ispat semalarinin siniflandiriimasi kismi
hiyerarsik bir yapilya sahiptir. Ornegdin; dénldstmsel ispat semasi
aksiyomatik ispat semasinin bir 6n kosulu olarak kabul edilebilir veya
dissal ispat semalari analitik ispat semalarinin gelisiminde 6nemli
sayllmaktadir. Bunun yaninda bireyler ayni anda birden fazla ispat
semasina iliskin gdéstergelerle hareket edebillirler.

ilgili Alanyazin ve Calismanin Onemi

Bu calismada bireylerin ispat anlayislari; onlarin ispat becerileri, ispata
iliskin yontemsel bilgileri ve ispat semalari ile birlikte ele alinarak bir
butun olarak ortaya konmaya c¢alisiimistir.

llgili alanyazin incelendiginde matematik égretmeni adaylarinin ispat
konusundaki becerilerini ve ispat semalarini ortaya koyan bir¢cok
calismaya rastlanmistir. Bu calismalar matematik 6gretmen adaylarinin
ispat semalarini incelenmesine yonelik yapilan arastirmalar (Contay ve
Paksu, 2018; Guner, 2012; iskenderogdlu, 2010; iskenderoglu ve dig., 2010;
Pala ve Narli, 2018; Sari ve dig., 2007; Sears, 2019; Sengul ve Guner, 2013;
Uygan ve dig., 2014) ve 6gretmen adaylarinin ispat bilgilerini veya ispat
sureclerini inceleyen arastirmalar (Barak 2018; Doruk ve Kaplan 2013;
Ersen ve Ocak, 2017; Guler, 2013; Guler ve Ekmekgi, 2016; Guler ve dig.,
2012; imamoglu ve Yontar Togrol, 2015, Karakus ve dig., 2017,
Karunakaran ve dig., 2014; Noto ve dig., 2019; Oztlrk ve Kaplan, 2022;
Peksen Sagir, 2013, Stylianides ve dig., 2007; Sahin, 2016; Sen ve Guler,
2022; Zaimoglu, 2012) olarak siniflandirilabilir.

Arastirmalar, ogretmen adaylarinin (CGholamazad ve dig., 2004%;
Iskenderoglu ve dig., 2010; Uygan ve dig., 2014) deneysel ispat semasini
agirlikli olarak kullandiklarini ya da deneysel olarak olusturulan
argumanlari ispat olarak gorduklerini gostermektedir. Bazi ¢calismalar
ise sinif 6gretmeni adaylarinin (Oflaz ve dig., 2016) deneysel ve dissal
ispat semalari kullandiklari ydnunde bulgulara sahiptir. Stylinou ve
digerleri (2006) calismalarinda benzer sekilde lisans &grencilerinin
bircogunun deneysel ispat semasini kullandiklarini ortaya koymustur.
Sears (2019) calismasinda matematik ogretmeni adaylarinin dissal,
deneysel ve tumevarimsal (empirik) ispat semasini ortaya en siklikla
ortaya koyduklarini belirlemistir.

Matematik 6gretmeni adaylarinin ispat bilgilerini veya ispat sureclerini
inceleyen calismalardan bazilari (Guler, 2013) ortadgretim matematik
ogretmeni adaylarinin  matematiksel ispat sureclerini incelemeyi
amaclamis; bazilari (Guler ve dig., 2012; Stylianides ve dig. 2007)
matematik &égretmeni adaylarinin matematiksel tUmevarim yoluyla
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ispat bilgilerini ortaya koymaya calismis; bir tanesi (Karakus ve dig.,
2017) fen edebiyat fakultesinin pedagojik formasyon egitimine devam
eden matematik bdlumu &égrencileri ile egitim fakultesinde 6grenim
goéren matematik ogretmeni adaylari arasindaki ispat yapma
duzeylerini karsilastirmis; diger bir grup (Doruk ve Kaplan, 2013; Guler ve
Ekmekci, 2016) matematik 6gretmeni adaylarinin ispati degerlendirme
becerilerini incelemistir. Bir kisim arastirma ise (Barak, 2018; Doruk ve
Kaplan, 2017; Ozturk ve Kaplan, 2022; Peksen Sagdir, 2013; Sahin, 2016)
matematik ogretmeni adaylarinin belirli konulardaki ispat yapma
becerilerini incelemistir. Bunlar arasinda Doruk ve Kaplan (2017)
ogretmen adaylarinin analiz alaninda yaptiklari ispatlarin 6zelliklerini
ortaya koymaya calismis; Ozturk ve Kaplan (2022) matematik
ogretmeni adaylarinin geometrik ispat yapma sureclerini incelemis,
Sen ve Guler (2022) 6gretmen adaylarinin Van Hiele modeline dayall
egitimlerde ispat yazma becerilerindeki gelisimi incelemislerdir.

Doruk (2019) matematik 6gretmeni adaylarinin tamsayilarla ilgili ispat
yontemlerini belirleme becerilerini inceledigi calismasinda 6gretmen
adaylarinin tumevarim, dogrudan ispat, karsi érnek yontemiyle ispati
belirlemede basarili olduklari, ¢eliskiyle ispat yontemini belirlemede
basarisiz olduklarini belirlemistir. Ogretmen adaylarinin zit ispat yerine
dogrudan ispatl, celiski ile ispat yerine zit ispati, celiskili ispat yerine
dogrudan ispati kullandiklari raporlanmistir. Bunun yaninda égretmen
adaylari herhangi bir ispat yontemini degerlendirirken ¢cogunlukla o
yoéntemi dogrudan ispat olarak degerlendirme egiliminde olmuslardir.
Demircioglu (2022) calismasinda matematik 6gretmeni adaylarinin
yanlis ifadeyi ispatlama becerilerini degerlendirmeyi amacladigi
calismada “dogru oldugunu kanitla ya da godster” ifadelerinde
sorgulama yapmadiklarini, alternatif ispat yéntemleri konusunda bilgi
sahibi olmadiklarini ve bildikleri ispat yontemlerini kullanmakta israrci
olduklarini belirlemistir. Doruk ve Kaplan (2013) matematik égretmeni
adaylarinin ispat degerlendirme sureclerinde basarisiz olduklarini, daha
cok ezbere yollarla ispatlari &grenip yapilandirdiklarini ortaya
koymuslardir. Benzer sekilde Doruk ve Kaplan (2017) matematik
ogretmeni adaylarinin é6nermelerin dogruluklarini belirlemede gucluk
yasamadiklarini fakat ispat yapma becerilerinin zayif oldugunu ortaya
koymuslardir. Bunun yaninda yuksek akademik basariya sahip
ogretmen adaylarinin  analitik ispat semasina, ortalama basari
duzeyindeki 6gretmen adaylarinin deduktif, deneysel ve dissal ispat
semalarina sahip olduklarini belirlemislerdir. Ugurel ve digerleri (2016)
matematik &gretmeni adaylarinin  verilen &nermenin anlamini
anlamada, ispata baslayacaklari yeri bilmede, ispat icin uygun yéntemi
bulmada, kullanmada, ispat olusturmada ve onermenin mantiksal
yapilarini tanimlamada sikintilar yasadiklarini belirmemislerdir. Kogce
(2013) calismasinda matematik ogretmeni adaylarinin  6nermeleri
sayisal degerler vererek dogrulamanin ispat icin yeterli oldugu inancina
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sahip oldugu sonucuna varmistir. Guler ve Ekmekci (2016) égretmen
adaylarinin ispat degerlendirme becerilerinin zayif oldugunu ve zayif
argumanlar Urettiklerini  belirlemistir. Barak (2018) matematik
ogretmeni adaylarinin temel kavramlari ispatlama sureclerinin istenen
duzeyde olmadigi sonucuna ulasmistir. Pala ve Narli (2018) matematik
ogretmeniadaylarinin formel ispatlari olusturmada basarisiz olduklarini
ortaya koymuslardir. imamoglu ve Yontar Togrol (2015); matematik
ogretmeni adaylarinin  ispat ydntemlerini nasil  kullandiklarini
inceledikleri calismada, bircok yontemle ispatlanabilecek bir dnermeyi
ogrencilerin daha cok dogrudan ispat ve durumlarla ispat yontemini
tercin ettiklerini ve cogunun ispatlarini  yapilandirmada zorluk
yasadigini  belirtmislerdir. Calismada ogretmen adaylarinin  ve
matematik lisans &grencilerinin deneysel argumanlarla ikna olma
cabasina egilimli olduklari belirlenmistir. Noto ve digerleri (2019),
ogretmen adaylarinin geometrik nesneleri gorsellestirerek bunlarla
ilgili kural olusturmada, ispat yaparken kullanilan dil ve sembolleri
anlamada, ispati olusturmak icin tanimlari kullanmada sorunlar
yasadiklarini, ispata nasil baslayacaklarini bilmediklerini belirtmislerdir.

Bu calismada 6gretmen adaylarina yoneltilen her bir dnerme farkl
yéntemlerle  cozllebilecek  niteliktedir.  Ozetlenen  calismalar
incelendiginde ortaokul matematik &gretmeni adaylarinin ispat
sureclerine iliskin yapilan calismalar arasinda tumdengelimsel akil
yurutme becerilerini bu calismada ele alinan konu alanlari baglaminda
ve yontem cesitliligiyle ele alan calismaya rastlanmamistir. Bunun
yaninda; bu calismadaki 6gretmen adaylari ispat ile ilgili tum dersleri
almis olarak doéorduncu sinifta &grenim goren ogrencilerden
olusmustur. Calisma; ispat becerilerini konu alan diger ¢calismalardan
bu ydnUyle de ayrilmaktadir. ilgili alanyazinda égretmen adaylarinin
ispat semalarini  belirlemeye yonelik calismalar mevcuttur. Bu
calismada ise 6gretmen adaylarinin ispat semalari; ispat yapmaya
yoénelik becerilerinin ve ispat yontemleri hakkindaki bilgi ve fikirlerinin
ortaya cikarilmasiyla beraber “ispat anlayislari” baglaminda ele
alinmistir. Bu ydnuyle bu arastirmanin matematik ogretmeni
adaylarinin  tumdengelimsel ispat becerilerini, ispat semalariyla
iliskilendirerek sunmasi acisindan alanyazina katkl saglayacadi
dusunulmuastuar.

Bu calismanin amaci matematik égretmeni adaylarinin ispat yapma
becerilerini, ispata iliskin yéntemsel bilgilerini ve ispat semalarini
beraber ele alarak ispat anlayislarini ortaya koymaktir.

Yontem

Olaylar, olgular ve baglamlarin sinirlari acik ve net olmadigi durumlarda
olguyu gercek hayat durumlari icinde inceleyen arastirmalar durum
calismasi niteliginde olarak degerlendiriimektedir (Yin, 2003). Bu
calisma nitel arastirma yontemlerinden durum calismasi niteligindedir.
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Calismanin analiz birimi matematik &gretmen adaylarinin ispat
anlayislaridir. Matematik égretmeni adaylarinin ispat anlayislari onlarin
ispat becerileri, ispat bilgileri ile ele alinarak ispat semalar ile
desteklenmistir. Yin'e (2003) gére durum calismasi birden fazla analiz
birimi icerdiginde i¢c ice gecmis durum calismasl olarak
tanimlanmaktadir. Dolayisiyla bu calismanin deseni i¢c ice gecmis
durum c¢alismasi olarak belirlenmistir. Matematik &gretmeni
adaylarinin ispat anlayislari onlarin ispat becerileri, ispat bilgileri ile ele
alinarak ispat semalari ile desteklenmistir.

Bu calisma 2019BSPO17 numarali BAP projesinin  Pamukkale
Universitesi Sosyal ve Beseri Bilimleri Arastirma ve Yayin Etigi
Kurulu'nun 09.09.2020 tarih ve 68282350/2018/G07 sayili izni ve
93803232-622.02/ sayil karari kapsaminda gerceklestirilmistir.

Katumcilar

Bu calisma Ege Bélgesi'nde bir devlet Universitesinde Matematik
Egitimi ABD'da son sinifta 6grenim gdren 46 matematik égretmeni
adayi (sekiz erkek, 38 kadin) ile gerceklestirilmistir. Nitel arastirmalarda
aktarilabilirligi artirmak i¢cin hem tipik olarak karsimiza ¢ikan olay ve
olgulari hem de bunlarin degiskenlik gosteren oOzelliklerini ortaya
koymak amaciyla (Yildirnm ve Simsek, 2021) amach oérnekleme ile
calisma grubu tayin edilmistir. Calismada 6gretmen adaylarinin ispatile
ilgili tum dersleri almis olmasi istenmistir. Bu yuzden ogretmen
adaylari, icinde ispat uygulamalari yer alan Elemanter Sayr Kurami ve
bunun yaninda ispata iliskin bilgiler ve teoremler barindiran Analiz | ve
Il, Soyut Matematik, Cebir, Analitik Geometri derslerini almis olan ve
dorduncu sinifta égrenim gdren matematik ogretmeni adaylari
arasindan goénulluluk esasina gdre secilmistir. Calismaya katilan
ogretmen adaylar, kendilerine verilen sira numarasina goére
isimlendirilmistir (O1, 02, O3, gibi).

Calismada Kullanilan Olgcme (Veri Toplama) Araclari

Calismada matematik égretmeni adaylarinin tumdengelimsel ispat
anlayislarinin ortaya konmasi icin veri toplama araclari gelistirilirken t¢
matematik egitimi profesdrinden, bir matematik egitimi doktorall
ogretim gorevlisinden ve bir matematik egitimi doktorali matematik
dgretmeninden uzman gordst alinmistir. Olcme araclari son halini pilot
uygulama sonrasinda almistir.  Uzman gdrusleri  uzmanlarin
yorumlarinin haricinde &lgcme araclarinin arastirmanin amaci icin
uygunluguna, zorluguna, aciklik netlik ve anlasilirhgina gdre
degerlendirmelerini de gerektirmistir. Bunun icin uzmanlardan 1ile 5
arasl puanlama degerlendirmesi vermeleri istenmistir. Uzman gérusleri
ve pilot uygulama sonucunda 6lcme araclari son halini almistir.
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Timdengelimsel Akil Yiiriitme Olcme Araci

Tumdengelimsel Akil Yaratme Olcme Araci (TAOA), Sayilar alaninda
arastirmaci  tarafindan  olusturulmustur. Ogretmen adaylarina
tumdengelimsel akil yurdtme ile ispat yapmalari gereken orta
derecede kolaylikta bes ispat sorusu yéneltilmistir. ilk soru dogrudan
ispat, ikinci soru durumlarla ispat, UclUncu soru celiski yoluyla ispat,
doérduncu soru olmayana ergi ile ispat, besinci soru ise karsl 6rnek ile
ispat ile cdzulebilecek niteliktedir. Sorular asagidaki gibidir:

1) n>m>0 olmak Uzere; (M+1)/(n+1)>m/n; 2) NEZ icin NA2+3n+7 tektir.

3) xn2-yA2=11 saglayan hicbir tamsayi yoktur. 4) A, B, C kimeleri icin
C\DcANB ve xeC olsun. Eger x¢A ise xe D.

5) n>1ve asal bir sayi olsun. 2An-1 asaldir.

Ogretmen adaylarina her sorunun sonunda “Hangi yéontemi kullandin?
Aciklar misin?” sorusu yoneltilmis ve yazmalariicin alan birakilmistir. Alt
basliklar kucuk harfle ve yukaridaki formata uygun yazilmalidir. Burada
oldugu gibi alt boliumlerde bu formata dikkat edilmelidir.

ispat Yontemleri Bilgisi Olcme Araci

ispat Yontemleri Bilgisi Olcme Araci (IYOA) égretmen adaylarinin ispat
yontemleri hakkindaki bilgilerini dlcmek amaciyla olusturulmustur.
Oncelikle 6Jretmen adaylarindan bildikleri ispat yéntemlerini
aciklamalari ve daha sonra dogrudan ispat, olmayana ergi ile ispat,
celiski yoluyla ispat, aksine &érnek ile ispat ve deneme yoluyla ispat
yontemlerini tanimlamalariistenmistir. Boylelikle 6gretmen adaylarinin
tumdengelimsel ispat becerileri dlculmek istenmis ve bu yontemler
hakkindaki bilgileri saptanmaya calisiimistir. Ogretmen adaylarinin
ispat semalari ise aciklamalari ve ispat davranislari gdzlenerek
incelenmistir.

Veri Toplama Sureci
Pilot Uygulama

Pilot uygulama, ayni Universitenin son sinifinda 6grenim goren iki kadin
iki erkek 6gretmen adayi ile 2020-2021 egitim ogretim yilinin guz
déneminde gerceklestirilmistir. TAOA ve IYOA, Covid-19 pandemisi
sebebiyle cevrimici olarak uygulanmistir. TAOA, pilot uygulamada iki
kisimdan olusmustur. ilk kisimda 5 adet ispat sorusu, ikinci kisimda ise
ayni sorularin verili ispatlari yer almistir ve 6gretmen adaylarindan bu
ispatlari degerlendirmeleri istenmistir. Pilot uygulama sonrasinda; ilk
boélumde 6gretmen adaylarindan genis ve derinlemesine bilgi alindigi
goérulmus ve ikinci bolumun 6gretmen adaylarina yoneltiimesinden
vazgecilmistir. IYOA ise pilot uygulama sonrasi uygulanabilir
bulunmustur. TAOA ve IYOA, Zoom uygulamasi yardimiyla powerpoint
sunumuyla ekran paylasimi yapilarak yéneltiimistir ve kayit altina
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alinmistir. Video kayitlari yaninda ispat ¢dzUmleri fotograflanmistir.
TAOA ve IYOA pilot uygulamalari 1 saat ile 1 saat 16 dakika araliginda
gercgeklesmistir. Pilot uygulama sonrasinda tum ispat semasi cesidi
gostergelerine rastlanmistir. Ogretmen adaylarinin yaptiklari ispatlar ve
ifadeleri dogru, yanlis ve yari dogru siniflandirmalari altinda da
toplanmis ve bu siniflar altindan incelenerek ortak tepkileri
belirlenmistir. Ortak ifadeler gruplandirilmis, daha sonra bu ifadeler
temalar altinda toplanmistir. Dolayisiyla élcme araclarinin gercek
uygulama icin uygulanabilir oldugu ve pilot uygulamanin veri
cesitliligini ortaya koymada yeterli oldugu belirlenmistir.

Uygulama

TAOA ve IYOA 6gretmen adaylarina 2021-2022 égretim yilinin guz
doneminde yazili olarak Universite dersliklerinde ayni gunde arka
arkaya sessiz bir ortamda iki sinifta uygulanmistir. Yazili uygulamalarin
her biri bir ders saati ile iki ders saati arasinda surmustur. Uygulama
sonucunda, 44 6gretmen adayl tum yazil formlari cevaplamislardir. (Bu
calisma ilgili projenin bir parcasi oldugundan iki dgretmen adayi (039
ve O44) TAOA'ya ve iIYOA'ya katilmamistir, proje kapsamindaki diger
o6lcme araclarinda yer almistir. Bu yuzden bu élcme aracina yanit veren
son dgretmen adayi O46'dir).

Veri Analizi

Her iki dlcme araci yazili olarak uygulanmis; arastirmaci ve matematik
egitimi doktorali 6gretim gorevlisi tarafindan icerik analizine tabi
tutulmustur. Her bir 6lgme araci 6ncelikle soru bazinda excel formatina
desifre edilmis daha sonra ortak ifadeler belirlenmistir. Her bir dlcme
aracinda ayni ifadeler bir araya getirilerek kodlar olusturulmustur.
Kodlayicilar zaman zaman bir araya gelerek ortak kodlari ve temalari
belirlemislerdir ve analiz sonucunda tamamen fikir birligine
varmislardir. Calismada matematik ogretmeni adaylarinin ispat
semalari Sowder ve Harel'in (1998) ispat semasi catisi kullanilarak ortaya
cikarilmistir. Ogretmen adaylarinin  timdengelimsel akil yuratme
surecleri (ispat yontemleri hakkindaki bilgileri, bu yéntemleri kullanis
bicimleri) arastirmaci tarafindan olusturulan élcme araclariyla ortaya
konmustur. Dolayisiyla 6gretmen adaylarinin tumdengelimsel akil
yurutme ile ispat anlayislari onlarin ispat yontem bilgileri, ispat
becerileri ve ispat semalarinin beraber analizi sonucunda bir butun
olarak ortaya konmaya calisiimistir.

Bulgular ve Yorum

Bu bolumde matematik 6gretmeni adaylarinin ispat anlayislarina iliskin
bulgular ve bu bulgularla iliskili yorumlar sunulmaktadir. Bunun icin
matematik 6gretmeni adaylarinin ispat becerilerine iliskin bulgular ile
ispat yontemleri bilgilerine iliskin bulgular sunulmustur. Bu bulgular
ogretmen adaylarinin ispat semalariyla iliskilendirilmistir. TUm bulgular
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beraber ele alinarak matematik 6gretmeni adaylarinin ispat anlayislari
ortaya c¢ikarilmaya calisiimistir.

Matematik Ogretmeni Adaylarinin ispat Becerilerine iliskin Bulgular

Matematik égretmeni adaylarinin TAOA'da yer alan bes soruya iliskin
yanitlari incelenmistir. 44 6gretmen adayr TAOA'ya yanit vermistir.
TAOA'ya iliskin ilk soru dodrudan ispat, ikinci soru durumlarla ispat,
ucuncu soru celiski yoluyla ispat, dérdUncu soru olmayana ergi ile ispat,
besinci soru ise karsi ornek ile ispat ile ¢ozulebilecek niteliktedir.
Asagida 6gretmen adaylarinin tum sorulara iliskin verdikleri yanitlar yer
almaktadir (Tablo 1).

Tablo 1
TAOA'ya lliskin Bulgular

Soru Soru Soru Soru Soru Toplam
1 2 3 4 5

c )% Dogru 0 18 0 0 0 18
= S Yanlis 43 20 39 39 42 183
= % Bos 1 0 2 5 2 9
C )
e
Tumdengelim 7 2 2 3 1 15
— Dogrudan ispat 13 13 6 7 1 40
g Deneme Yoluyla ispat 6 10 9 8 13 46
£ Tdmevarim ile ispat 5 6 6 1 7 25
Y Olmayana Ergiile Ispat 2 2 2 3 2 1
% Aksine Ornek Verme 3 0 4 5 9 21
& Celiski Yontemi ile Ispat 1 1 5 1 3 1
% Yaptigim Ispat Dedil 1 0 0 1 0 2
35 Bilmiyorum 5 7 9 8 6 35
% /Bos/Hatirlamiyorum
) Mantiksal Akil Yaratme/Akil 1 0 0 1 0 2
= Yurdtme
o Olasi Tum Durumlari 0 1 1 0] 0] 2
‘g Deneme
© Varsayimsal Akil Yaratme 0 1 0] 0] 0] 1
> Yontemi
X Dedger Verme Yontemi 0 1 0 0 0 1
Sekil Cizme 0 0 0 1 0 1

Tablo Tincelendiginde 6gretmen adaylarinin durumlarla ispat yontemi
ile kolaylikla yanitlanabilecek ikinci ispat sorusu disindaki hicbir soruya
dogru yanit vermedikleri gordlmektedir. Ogretmen adaylari TAOA'ya
iliskin sorulara verdikleri yanitlarda en cok kullandiklari ydnteme iliskin
olarak ilk sirada deneme yoluyla ispat daha sonra dogrudan ispat
yontemlerini  séylemislerdir.  OJretmen adaylari  kullandiklarini
dusundukleri ispat yontemi olarak en ¢cok dogrudan ispat ve deneme
yoluyla ispat yanitini vermislerdir. Fakat ikinci soruya iliskin yanitlarinda
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hicbir 6gretmen adayr kullandigr yéntem hakkinda dogru yanit
vermemistir. OJretmen adaylarinin deneme yoluyla ispat yéntemi
olarak adlandirdiklari yontem “tUketerek ispat yontemi” dir. Buradan
matematik 6gretmeni adaylarinin TAOA'ya iliskin verdikleri yanitlarda
buyuk cogunlukla ispatlari yapilandiramadiklari, dogru yapilandirdiklari
ispatlarda kullandiklari ydontem hakkinda yanlis bilgilere sahip olduklari
sonucuna varilabilir.

Matematik Ogretmeni Adaylarinin TAOA’nin Birinci Sorusuna iliskin
Yanitiari

Birinci soru; dogrudan ispat yontemiyle esitligin her iki tarafina “mn”
ifadesinin eklenmesi ve kolay bir cebirsel manipulasyonla ¢ozulebilecek
niteliktedir. Bu ispat sorusundaki 6nermeyi dogru ispatlayan 6gretmen
adayl olmamistir. Tablo 2'de goruldugu Uzere, matematik égretmeni
adaylarinin ispat sorularina iliskin verdikleri yanitlar onlarin
kullandiklarini sdyledikleri ispat yontemleri ve bu ispat sorularina iliskin
yanit verme bicimleri acisindan siniflandiriimistir. Ornegdin bir dgretmen
adayl dogrudan ispat yaptigini sdylemekte fakat bunu soylerken
onermeyi belirli degerler ile yoklama tepkisinde bulunabilmektedir.
Ogretmen adaylarinin  sdyledikleri ile gerceklestirdikleri ispat
davranislari ispat semalariyla iliskilendirilerek sunulmustur. Ogretmen
adaylarinin dnermeyi ispatlarken verdikleri yanitlar; “belirli degerler ile
dogrulama”, “hukumden hipoteze ilerleme”, “yanlis/anlamsiz cebirsel
manipulasyon” temalari altinda siniflandiriimistir. Bu temalar ayrica
ispat semalariyla iliskilendirilmistir.

Tablo 2
TAOA'nin Birinci Sorusuna lliskin Bulgular
Kullandigini Onermeyi HUkimden Yanlis/Anlam Topla
Séyledigi ispat Belirli Hipoteze siz Cebirsel m (%)
Yoéntemi/ispat Degerler ile llerleme ManipUlasyo
Davranisi Dogrulama (Dissal N
(Deneysel Sembolik (Dissal
Temel 1.S.) (%) Sembolik I.S.)
Ornekleri.S.) (%)
(%)
Tumdengelim 3
Dogrudan ispat 1 1 1 13
Deneme Yoluyla 5 1
Ispat
TUmevarim ile ispat 3 2 5
Olmayana Ergi ile 2 2
Ispat
Celiski Yontemi ile 1 1
Ispat
Mantiksal Akil 1 1
Yurutme
Aksine Ornek Verme 3 3
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Tablo 2 .

TAOA'nin Birinci Sorusuna lliskin Bulgular (devam)
Bilmeyen/Hatirlamay 1 2 2 4
an
Toplam 18(42%) 17 (40%) 6(14%) 42

(97%)

Tablo 2'de gdéruldugu Uzere 6nermeyi belirli degerler ile dogrulamaya
iliskin gostergelerle ispat yapan &6gretmen adaylari deneysel temel
ornekler ispat semasina; hukimden hipoteze ilerleme ve
yanlis/anlamsiz cebirsel manipUlasyon gostergeleri ise dissal sembolik
ispat semasina gruplandiriimistir. 18 6gretmen aday! birinci soruya
iliskin yanitlarinda dnermeyi belirli sayl degerleri ile yoklamislardir ve
tepkileri deneysel temel ornekler ispat semasi gostergeleri ile
iliskilendirilmistir. Alti  6gretmen adayl yanlis/anlamsiz cebirsel
manipulasyonlar yapmislar ve 17 6gretmen adayi hipotezden hukume
ilerlemek yerine “sembolleri anlamdan uzak ve durum icerisindeki
nicelikleriyle iliskilendirmeden” hukUmden hipoteze ilerleyerek ispati
yapillandirma yoluna giderek dissal ve deneysel ispat semalarinin
gostergeleriyle yanit vermislerdir. Ogretmen adaylari (13 6gretmen
adayl) dogrudan ispat yontemini kullandiklarint belirterek ispat
yoéntemi hakkinda dogru yargiya varsalar da hicbiri dnermeyi dogru
olarak ispatlayamamistir. Dogrudan ispat ydntemiyle kolaylikla
¢Ozulebilecek olan birinci soruya iliskin yanitlarinda deneysel temel
ornekler ispat semasina iliskin godstergelere sahip olan 6gretmen
adaylarinin  kullandiklarini  soyledikleri ispat ydntemleri sunlardir:
Tumdengelim, dogrudan ispat, deneme yoluyla ispat, tUmevarim ile
ispat, mantiksal akil ydrutme, aksine érnek verme. Bir 6gretmen aday!
ise hatirlamadigini sdyleyerek soruya cevap vermemistir. Bu yuzden bu
ogretmen adaylarinin tepkileri (3%) tabloya dahil edilmemistir.

Tumdengelim yoéntemini kullandiklarini  belirten yedi &gretmen
adayinin  Uc¢uU, dogrudan ispat yontemini kullandigini sdyleyen
ogretmen adaylarindan biri, deneme yoluyla ispat ydntemini
kullandigini sdyleyen 6gretmen adaylarindan altisi, tUmevarim ile ispat
yaptigini sdyleyen U¢ oOgretmen adayl, mantiksal akil yudrutme
yontemini kullandigini séyleyen bir 6gretmen adayi, aksine ornek
verme yontemini kullandigini belirten U¢ égretmen adayi, dnermeyi
belirli degerler ile dogrulama davranisi géstermislerdir. Bu gdstergeler
deneysel temel drnekler ispat semasiyla iliskilendirilmistir. iki 6gretmen
aday! cebirsel manipulasyonlarla ispat yapmaya calismis, basarili
olamayinca belirli sayisal degerlerle dogrulugu gdéstermeye calismistir;
“Mantiksal akil yarattum” diyen bir 6gretmen adayl dnermenin ispatini
sozel bir dille aciklamaya calismis, daha sonra ise sayisal denemelerle
dogrulama yoluna gitmistir. Tumevarim yontemini kullandigini
soyleyen iki 6gretmen adayl benzer goéstergelerle hareket ederken, bir
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ogretmen adayl m=k ve n= k+1 seklinde degiskenler alip varsayim (q)
ifadesinde yerine koymus fakat bunu hipotezden hukme ilerleyerek
yapmamistir. OJretmen adayinin ifadeleri onun k ve k+1 gibi iki farkli
degiskene deger vererek ispati yoklamayi tumevarim olarak algiladigini
gostermektedir. O12'nin birinci ispat sorusuna iliskin yaniti Sekil Tdeki
gibi érneklendirilebilir.

Sekil 1

O12'nin TAOA Birinci Sorusuna Yaniti

1) m ve n reel sayllar olmak Gzere; n> m >Oohulmm;m>—

N2 A Mmoo RN |
. e o
Ny ve M 1
«’%
N v M L j_
< 2%
™
(9 absrn  deter lor  ywel'§m  Qevon, % \—K 345 lone 4ot
Netro olele §unv (oo lutna

Hangi yontemi kullandin? Agiklar misin?

= doGearonn
Tovelnselmisl  usden  tlloradivn  Seetidls (et Soflsen Soae v

o P So o o G lemesleti g wdrel oddion

O12 tumdengelim ydntemini kullandigini belirtmis; ispati m=1,2,3 gibi
sayl degerleri ile yoklayarak yapilandirmaya calismistir. Bu égretmen
adayinin ispat semasi deneysel temel o&rnekler ispat semasi ile
iliskilendirilmistir. Dissal sembolik ispat semasi gdstergeleriyle yanitlar
veren ogretmen adaylarindan bazilari (17 &gretmen adayl, 40%)
dogrudan ispat davranisi ile hipotezden (p) hukme (q) ilerlemek yerine
hukumden hipoteze dogru ilerlemis; dolayisiyla “sembolleri anlamdan
uzak ve durum icerisindeki nicelikleriyle iliskilendirmeden” hareket
etmisler; bazi 6gretmen adaylari (alti 6gretmen adayi, 14%) ise anlamsiz
cebirsel manipulasyonlarla ispati yapilandirmaya calismislardir. Baska
deyisle o6gretmen adaylarinin %54'4, yani yarisindan fazlasi dissal
sembolik ispat semasina iliskin gostergelerle birinci ispat sorusunu
yanitlamislardir. Bu égretmen adaylari tumdengelim, dogrudan ispat,
tumevarim, olmayana ergi yontemlerini kullandiklarini belirtmislerdir.
Tumdengelim yontemini kullandiklarini  belirten yedi &gretmen
adayinin dérdu dogrudan ispat yontemini kullandigini soyleyen
ogretmen adaylarindan 11, celiski yontemi ile ispat yodntemini
kullandigini sdyleyen 6gretmen adaylarindan biri hUkimden hipoteze
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ilerleme davranisi goéstermislerdir. Sekil 2'de O15'in 1. soruya iliskin yanit
gorulmektedir.

Sekil 2

O15'in TAOA'nin Birinci Sorusuna Yaniti

M-l > m\(\-¢|\
N

"\ ) [2 20 0 AN —ﬂ.

MmAay ™Ma + o -N

0> ™M -—nN

>

O15, n>m hipotezinden hikme ilerlemek yerine verilen hiukimden n>m
hipotezine ilerleyerek ispati yapilandirmistir. Aciklama kisminda ise
dogrudan ispat ydntemini kullandigini ifade etmistir. Dolayisiyla
ifadeleri dissal sembolik ispat semasi ile iliskilendirilmistir.

Dogrudan ispat yontemini kullandigini  séyleyen &gretmen
adaylarindan biri, tUmevarim ile ispat yontemini kullandigini belirten
ogretmen adaylarindan ikisi, olmayana ergi ile ispat yaptigini sdyleyen
ogretmen adaylarindan ikisi anlamsiz cebirsel manipulasyonlar ile
ispatl yapilandirmaya calismislardir. Bu 6gretmen adaylarinin tepkileri
de dissal sembolik ispat semasina gruplandirilmistir. Bu égretmen
adaylari tumdengelim, dogrudan ispat, tUmevarim, olmayana ergi
yéntemlerini  kullandiklarini  belirtmislerdir. Ornedin timdengelim
yoluyla ispat yaptigini sdyleyen dort 6gretmen adayl dogrudan ispat
mantigl ile hipotezden (p) hukme (q) ilerlemek yerine hukumden
hipoteze dogru ilerlemislerdir. O7 g'dan p'ye giderek pozitif ve negatif
durumlari kullanarak ¢ikarim yapmaya calismis; O13 g'dan p'ye giderek
pay ve paydanin artacagini soyleyerek sonuca ulastigini belirtmis (Sekil
3), O25 g'dan p'ye giderek anlamsiz cebirsel islemler kullanmistir.

Sekil 3

O13'tn Birinci Ispat Sorusuna Yaniti

A+l S M+l O Dodgoduc,
N0>S MN 4 -
?Q“ e po‘de o Mg A
M=+ A M et sSEl\oAnrorodar
"+ D N
A+ 1> N SM

Tum bu bulgulardan yola c¢ikarak; o6gretmen adaylarinin hicbirinin
dogrudan ispat gerektiren bu &nermeyi ispatlayamadigr ve
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kullandiklariyéntem hakkinda dogru bilgiye sahip olmadiklari ve birinci
soruya iliskin ispat cabalarinda hicbir 6gretmen adayinin analitik ispat
semasina sahip olmadigl soylenebilir. Bunun yaninda; hukumden
hipoteze ilerleyerek ve anlamsiz cebirsel islemler yaparak dissal
sembolik ispat semasi gdstergeleriyle hareket eden 6gretmen adaylari
buyuk cogunluktadir (%54). Bunun yaninda ogretmen adaylarinin
%42'si degiskenlere sayisal degerler vererek ispati yapilandirdiklari
goérulmustur. Bu &6gretmen adaylari farkh yontemler kullandiklarini
belirtseler de aciklamalarinda sayisal degerlerle dogrulama yoluna
gitmislerdir. Sonu¢ olarak &gretmen adaylarinin hemen hemen
hepsinin durumlarla ispat  yontemi kullanilarak kolayca
ispatlanabilecek bu édnermeye iliskin yanitlarinda dissal ve deneysel
kaynakli ikna etme durumlari kullandiklari soylenebilir.

Matematik Ogretmeni Adaylarinin TAGA’nin ikinci Sorusuna lliskin
Yanitiari

Ikinci soru; durumlarla ispat yéntemi kullanilarak yapilandirilacak bir
ispatiicermistir. Bu soru 6gretmen adaylarinin dogru yanit verdikleri tek
sorudur. Bu O6nermeyi 24 0gretmen adayl ispatlayabilirken; 19
ogretmen aday! ispatlayamamistir. Bir 6gretmen adayl ise yanit
vermemistir. Buradan matematik ogretmeni adaylarinin %55'inin
durumlarla ispat yontemi kullanilarak c¢cézulebilecek ispat sorusunu
dogru yanitladiklari, %43'0nun ise yanlis yanitladigi sdylenebilir. Tablo 3
ispati dogru olarak yapilandiran &gretmen adaylarinin verilerini
icermektedir.

Tablo 3

TAOA'nin Ikinci Sorusuna Verilen Dogru Yanitlara lliskin Bulgular
Kullandigini Sdyledigi ispat Yontemi/ Durumlarla ispat
Ispat Davranis yontemini kullanma
Deneme Yoluyla ispat 4
Olmayana Ergi ile ispat 1
Varsayimsal Akil YUurutme 1
TUmevarimsal ispat Yéontemi 4
Dogrudan ispat 6
Tumdengelimsel ispat 1
Deger Verme Yontemi 1
Kullandigi Yontemi Belirtmeme/ Hatirlamadigini 5
Sdyleme
Toplam 23

Bu onermeyi 6gretmen adaylarinin 24’0 dogru olarak ispatlamislardir.
ispatlarini dodru yapilandiran 6gretmen adaylarinin biri haric (O5) hepsi
durumlarla ispat yontemini kullanarak ispatlarini tamamlamislardir.
Fakat; hicbir 6gretmen adayi kullandiklari ispat ydntemini dogru olarak
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ifade etmemistir. O5 celiski yontemini kullandigini belirtmis fakat
olmayana ergi yontemini kullanmistir. (Tabloya dahil edilmemistir). Bu
dgretmen adayi (O5) gdsterimlerini yanlis kurmus fakat dogru mantikla
ispatl yapilandirmistir (Sekil 4).

Sekil 4
O5'in Ikinci Soruya lliskin Yaniti
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Ispati dogru olarak kabul edilen diger dgretmen adaylari ispatlarini
durumlarla ispat yontemiyle yapilandirmislardir. Dort 6gretmen adayi
deneme yoluyla ispat yontemini kullandiklarint belirtirken, bir
ogretmen adayl olmayana ergi yontemini kullandigini belirtmis, bir
digeri “varsayimsal akil ydritme yontemini”, dort &égretmen adayi
“tUmevarimsal ispat” kullandigini belirtmis, alti 6gretmen adayi
dogrudan ispat yontemini, bir o6gretmen adayl tumdengelimsel
yontemi, digeri deger verme yontemini kullandigini belirtmistir.
Ornegin O19 aciklamasinda “n tam sayl oldugundan ya tek ya cift
olacaktir diyebiliriz. Cift ya da tek olarak ele aldigimda da tek oldugunu
gosterdim. Tumevarimsal bir ispat oldu” seklinde ifadelerde
bulunmustur (Sekil 5).

Sekil 5
O19'un ikinci Soruya iliskin Yaniti
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Bes dgretmen adayl hangi ydntemi kullandigini bilmedigini belirtmistir.
Bu bulgulardan hareketle; ispati dogru yapilandiran hicbir égretmen
adayinin kullandigi yéntemi bilmedigi sonucuna ulasilabilir. Ogretmen
adaylarinin hepsi aksiyomatik sistem icerisinde mantiksal c¢ikarim
yoluyla donusturme islemlerini yaptiklarl icin bu soruda 6gretmen
adaylarinin %55'inin analitik donusumsel ispat semasina sahip olduklari
sonucuna ulasiimistir. Geri kalan 19 égretmen adayinin yanitlari yanlis
olarak degerlendirilmistir (Tablo 4).

Tablo 4
TAOA'nin Ikinci Sorusuna Verilen Yanlis Yanitlara lliskin Bulgular
Kullandigini Séyledigi ispat  Belirli Sézel YaDa Yanhs/Anlams
Yéntemi/ispat Davranisive  Degerler ile Cizimlerle 1z Cebirsel
iliskilendirilen ispat Semasi  Dogrulama ifade Manipulasyon
(Deneysel (Deneysel (Dissal
Temel Algisal i.S)  Sembolik i.S.)
Ornekler 1.S)
Tumdengelim 1
Dogrudan ispat 1 5
Deneme Yoluyla ispat 4 2 1
TUmevarim ile ispat 3
Olmayana Ergi ile ispat 1
Yontem Belirtmeyen 1
Toplam 9 (47%) 2 M%) 8 (42%)

Dogrudan ispat yontemini kullandigini ifade eden 6gretmen adayinin,
deneme yoluyla ispat yaptigini séyleyen doért égretmen adayinin,
tumevarim ile ispat yaptigini sdyleyen u¢ 6gretmen adayinin ve yontem
belirtmeyen bir 6gretmen adayinin tepkileri deneysel temel érnekler
ispat semasi gdstergeleri ile iliskilendirilmistir. Deneme yoluyla ispat
yaptigini sdyleyen iki 8gretmen adayinin tepkileri deneysel algisal ispat
semasi ile iliskilendirilirken, timdengelim ydntemini kullandigini ifade
eden ogretmen adayinin, dogrudan ispat yaptigini sdyleyen dort
ogretmen adayinin, deneme yoluyla ispat yaptigini soyleyen bir
ogretmen adayinin, olmayana ergi ile ispat yaptigini sdyleyen bir
ogretmen adayinin tepkileri dissal sembolik ispat semasi gostergeleri
ile iliskilendirilmistir. Tablo 4'e bakildiginda; 19 6gretmen adayi toplam
ogretmenlerin %44'UnU olusturmustur. Bu yUzden deneysel temel
ornekler ispat semasi gostergeleriyle hareket eden égretmen adaylari
yanlis yanit verenlerin  %47'sini, toplam sayinin ise %20'sini
olusturmaktadir. Benzer sekilde dissal sembolik ispat semasi
gostergesine sahip olan 6gretmen adaylart bu soruyu yanlis
yanitlayanlarin %53'0Unu, toplam &gretmen adaylarinin ise %23'Unu
olusturmaktadir.

Ogretmen adaylarinin dokuzu deneysel temel érnekler ispat semasina
iliskin gostergelerle hareket ederek onermeyi sayisal degerlerle
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yoklamislardir. Ornegdin O4, O15, O31, 045 deneme yoluyla ispat
yaptiklarini ve belirli degerler icin onermenin dogrulugu sagladigini
belirtmislerdir.

Sekil 1
O31'in ikinci Soruya lliskin Yaniti
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Sekil 6'da goruldugu Uzere O31 n'ye 1 ve 2 dederleri vererek dnermeyi
yoklamis; her iki deger sonucu tek ciktigi icin 6nermenin dogru
oldugunu belirtmis; diger sayilar icin 6nerme Uzerinde inceleme geregi
duymamistir. Bu yUzden ispat sureci ve aciklamalari deneysel temel
ornekler ispat semasi gostergeleri ile iliskilendirilmistir.

Benzer olarak bir &6gretmen adayl dogrudan ispat ydntemini
kullandigini belirtmis fakat sayisal degerlerle ispati yapilandirma yoluna
gitmistir. TuUmevarimsal akil ydrutme ile ispat kullandigini séyleyen
ogretmen adaylarindan ikisi degiskene farkl sayisal degerler vererek
ispati yapilandirdiklarini  belirtmislerdir. Ornegdin; O22 “Tumevarim
yontemiyle  genellemeye  ulastim”  ifadesinde  bulunmustur.
TUmevarimsal akil yaritme kullandigini belirten O25, énce n=12 gibi
degerler icin onermeyi yokladiktan sonra P(k+1) yazmis fakat k+1
uzerinden degiskenlere deger vererek yoklama yapmistir. Cikarim
yapmamistir. O42 ise herhangi bir yéontem kullandigini belirtmemis
fakat degiskenlere sayisal degerler verme yoluna gitmistir.

Bazi 6gretmen adaylari, durumun dogrulugunu ya da yanlhshgini guclu
kanit bulamadiklarinda, c¢izim ya da yazi ile ikna ¢cabasina girmislerdir
(deneysel algisal ispat semasi). Bu 6gretmen adaylari aciklamalarinda
mantiksal cikarim yapamamis, dusuncelerini ifade etmislerdir. 017, 029
deneme yontemini kullandigini belirtmis, ispati s6zel olarak ifade
ederek tamamlamaya calismis ama yapilandiramamistir. Buradan O17
ve O29'un deneysel algisal ispat semasina sahip olduklari belirlenmistir.
029 “n tek ise n+3 cift olur” gibi aciklamalar yapmistir (Sekil 7).
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Sekil 2
O29'un Ikinci Soruya lliskin Yaniti
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Bazi ogretmen adaylari ise sembollerin anlamdan uzak ve durum
icindeki nicelikleriyle iliskilendirmeden, anlamsiz manipulasyonlar
(sembolik ispat semasi) ile hareket etmislerdir. Bir 6gretmen adayi
deneme yoluyla ispat yontemini kullandigini belirterek anlamsiz
cebirsel manipulasyonlar yapmistir. 5 6gretmen adayl dogrudan ispat
yontemini kullandigini  belirtmis fakat anlamsiz cebirsel ifadeler
kullanmugslardir. O27, akil yGritme surecini, sembollerle uyum icerisinde
yapilandirarak sonuca ilerlemekte basarili olamamistir (Sekil 8).

Sekil 8 ' .
O27'nin Ikinci Soruya lliskin Yaniti
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O12, tumdengelimsel ispat yéntemini kullandigini belirterek sadece
2k+Ticin dogrulama yapmistir. Bir diger 6gretmen adayl olmayana ergi
yontemini kullandigini belirtmis fakat sadece cift sayl tanimi kullanarak
mantik hatasi yapmistir. Bu 6gretmen adaylarinin tepkileri de dissal
sembolik ispat semasinda kategorize edilmistir. Ozetle, yanls yanit
veren 6gretmen adaylarinin cogunlugu (%47) deneysel temel 6rnekler
ve deneysel algisal (42%) ispat semalarina iliskin gostergeler ortaya
koymuslardir.

Matematik Ogretmeni Adaylarinin TAOA’nin Uglincl Sorusuna
lliskin Yanitlari

UclncU ispat sorusu; ispatin celiski yoluyla yapilandirilabilecegi bir
sorudur. Bu ispati dodru olarak yapilandiran &gretmen adayina
rastlanmamistir.
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Tablo5 _
TAOA'nin UgclUncu Sorusuna Verilen Yanitlara lliskin Bulgular
Kullandigini Séyledigi ispat  Belirli Degerler ile Yanlis/Anlamsiz

Yontemi/ Dogrulama Cebirsel

Ispat Davranisi ve (Deneysel Temel Manipulasyon
lliskilendirilen ispat Semasi  Ornekler I.9) (Dissal Sembolik I.S.)
Tumdengelimsel Yontem 2

Dogrudan ispat 4 2
Deneme Yoluyla ispat 8 2
/Deneme Yanilma

TUmevarim ile ispat 5 1
Olmayana Ergi ile ispat 1 1
Celiski 1 3
Herhangi Bir Yontem 5 2
Yazmayan/Fikrim Yok

Aksine Ornek Verme 2 2
Tum Durumlari Yoklama 1

Toplam 29 (66%) 12 (27%)

OJretmen adaylarinin 29'u  dnermeyi belirli sayr degerleri ile
yoklamislardir ve bu yuzden deneysel temel 6rnekler ispat semasina
iliskin gostergeler tasidiklari dustinulmustar.

Tablo 5e goére tumdengelimsel ydontem kullandigini ifade eden
ogretmen adaylarindan dérdu degiskenlere belli sayisal degerler
vererek dogrulugu yoklama yoluna gitmislerdir. 026 deneme yaniima
yontemini kullandigini belirtmis, 028 ve O35 deneme yoluyla ispat
yaptigini sdylemis ve her iki 6gretmen adayi x-y=1, x-y=-1 degerleri icin
x=1, y=0 sonucuna ulasarak ispati yaptiklarini ifade etmislerdir. O35
olmayana ergi yontemini kullandigini belirtmistir. Ayni ¢6zUm yolunu
kullanan iki 6gretmen adayi ise kullandigi ydontem hakkinda “fikrim yok”
demistir. Ayni ¢o6zUm yolunu kullanan farkl égretmen adaylari farkl
yontemleri kullandiklarini ifade etmislerdir. Ornegdin iki 6gretmen adayi
aksine 6rnek verme yontemini, diger ikisi tumdengelimsel yontemi, bir
ogretmen adayi celiski ydntemini, iki 6gretmen adayl dogrudan ispat
yontemini kullandigini belirtmis; bir 6gretmen adayi degerler tablosu
olusturmus ve kullandigr yontem icin “tum durumlari yokladim”
ifadesinde bulunmustur. Deneme yanilma yéntemini kullandigini
belirten O11 sonucu 1 verecek en klcUk sayilari sectigini sdyleyerek “1-
1=0 bu durumda hicbir tamsayi yoktur” aciklamasi yapmistir. Dogrudan
ispat yontemini kullandigini ifade eden O18 ise sayisal degerler
yoklayarak ispatiyapilandirmaya calismislardir. Bu yontemi kullandigini
belirten O33 (x-y).(x+y) ifadelerinden birine O verildiginde iki durumu da
inceledigini ve saglamadigini  belirtmistir. TUmevarim yodntemini
kullandigint belirten alti 6gretmen aday! farkli ¢ozUmlerle ispati
yapillandirmaya calismislardir. 5 6gretmen adayi degiskenlere belli
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sayisal degerler vererek ispati yapilandirmaya calismistir. Ornegin O13,
“X ve y pozitif tamsayi olacagi icin 1,2,3,4 olabilir sayilar arttik¢a karelerin
farki cok olacaktir” aciklamasini yapmistir. Uc 6gretmen adayi ise hangi
yontemi kullandiklarini  belirtmeden benzer sekilde degiskene
verdikleri belirli sayilarla ispati yapilandirmaya calismislardir. Ornegdin
O21 ardisik ve ayni sayilar secmistir. O46 “y=1 icin olmuyor” ifadesini
kullanmistir.

Dogrudan ispat yaptigini sdyleyen iki 6gretmen adayinin, deneme
yoluyla ispat yaptigini soyleyen iki 6gretmen adayinin, tumevarim ile
ispat yaptigini sdyleyen bir 6gretmen adayinin, olmayana ergi ile ispat
yontemini kullandigini  belirten bir &gretmen adayinin, celiski
yoéntemini kullandigini belirten U¢ égretmen adayinin, aksine ornek
verme yontemini kullandigini belirten iki 6gretmen adayinin, herhangi
bir ydntem belirtmeyen iki 6gretmen adayinin tepkileri digsal sembolik
ispat semasi gostergeleri ile iliskilendirilmistir. OJretmen adaylarindan
ikisi, deneme yoluyla ispat yaptigini ifade etmis, cebirsel ifadeyi (x-
y).(x+y) seklinde yazdiktan sonra -1 ve +1 degerlerini alabilecegini g6z
onune almis fakat ispata devam etmemislerdir. Dogrudan ispat
yontemini kullandigini ifade eden iki 8gretmen adayi anlamsiz cebirsel
manipulasyonlarla, tumevarim yoéntemini kullandigini séyleyen bir
ogretmen adayl anlamsiz cebirsel islemler ile ispati yapilandirmaya
calismistir. Celiski yontemini kullandigini belirten u¢ 6gretmen adayi
mantik hatalari yapmislardir. Ornegdin O8 ifadeyi dodru kabul ederek
ifadenin dogru olmadigini gdstermeye calismistir. Olmayana ergi
yoéntemini kullandigini belirten 040, cebirsel islemlerle x=1/2 sonucuna
ulasarak ispati tamamladigini belirtmistir. Aksine ornek yontemini
kullandigini belirten O9 belirli islemler yapmis fakat aksine érnek
bulamadigini séylemistir. O16 ise “ifade yanlistir ¢cUnklU x=1 icin
saglamiyor” demistir. Hangi yontemi kullandigini belirtmeyen ki
dgretmen adayl ise anlamsiz cebirsel islemler yapmislardir. Ug
ogretmen adayl bu ispat sorusuna yanit vermemistir.

Ozetle, hicbir 6gretmen adayinin kullandigi yontem hakkinda bilgi
sahibi oldugu gérulmemistir. OJretmen adaylari  codunlukla
degiskenlere sayisal degerler vererek ispati yapilandirma yoluna
gitmislerdir. Dort 6gretmen adayi celiski yoluyla ispat yaptiklarini ifade
etseler de belirli degerler ile ya da anlamsiz cebirsel manipulasyonlarla
dnermeyi dogrulama yoluna gitmislerdir. ispatin celiski yoluyla
yapilandirilabilecegdi soruya 6gretmen adaylarinin %66'si deneysel ispat
semasina, %27'si ise dissal sembolik ispat semasina iliskin gostergelerle
yanit vermislerdir.

Matematik Ogretmeni Adaylarinin TAOA’nin Dérdiinci Sorusuna
lliskin Yanitlari

DordUncu ispat sorusu, olmayana ergi yontemiyle ispatlanabilecek bir
onerme icermistir. Bu soruyu bes 6gretmen adayi bos birakmistir. Kalan
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tum 6Jgretmen adaylari ispati yanlis yapilandirmislardir. Ogretmen
adaylarinin ¢cogu Venn semasi gdsterimi ile ispati yapilandirmaya
calismistir. OJretmen adaylari ikna cabalarini sadece cizime veya baz
aciklamalara dayandirmislardir. Bu tepkiler deneysel algisal ispat
semasina iliskin gostergelerle iliskilendirilmistir. Bunun yaninda bu
ogretmen adaylari farkli yontemleri kullandiklarini belirtmislerdir.

Tablo 6
TAOA'nin DSrddncd. Sorusuna Verilen Yanlis Yanitlara lliskin Bulgular
Kullandigini Séyledigi  Sozel Ya Da Cizimlerle  Yanlis/Anlamsiz Cebirsel

Ispat Yéntemi/ispat ifade (Deneysel Algisal  ManipUlasyon (Dissal
Davranisi I.S.) Sembolik I.S.)
Tumdengelimsel 3
Yontem

Deneme Yoluyla isp. /

Deneme Yontemi 6

TUmevarim ile ispat 1

Olmayana Ergiile 2 1
Ispat

Aksine Ornek Verme 3 1
ile ispat

Dogrudan ispat 1 5
Celiski 1 1
Herhangi Bir Yontem 1

Yazmayan

Hic Aciklama 6

Yapmama Anlamsiz
Aciklamalar

21 (48%) 1 (25%)

Tablo 6'dan géruldlugu Uzere; deneme yoluyla ispat yaptigini ifade eden
alti 6gretmen adayi, tUmevarim ile ispat yaptigini sdéyleyen bir
ogretmen adayl, olmayana ergi ile ispat yaptigini sdyleyen iki 6gretmen
adayl, aksine ornek verme ile ispat yaptigini sdyleyen ug¢ 6gretmen
adayl, dogrudan ispat ve celiski yontemi ile ispat yaptigini sdyleyen birer
ogretmen adayi, herhangi bir ydntem yazmayan bir 6gretmen adayi ve
kullandiklari ydntem hakkinda hi¢ ac¢iklama yapmayan ya da anlamsiz
aclklama yapan alti 6gretmen adayi ispatlarini sembol kullanmadan
sozel olarak yaziya dokmusler ya da cizimlerle anlatmislardir. Bir
ogretmen adayl ise Venn semasl kullanmis ve hangi ydéntemi
kullandigini bilmedigini belirtmistir. OJretmen adaylarinin
matematiksel dili dogru kullanamadigr durumlarda gostergeleri
deneysel algisal ispat semasi ile iliskilendirilmistir.

Deneme yoluyla ispat yaptigini ifade eden O2 “Sartlari sadlayacak
degerler verdim” aciklamasinda bulunmustur. iki égretmen adayi
deneme yontemini kullandigini belirtmis ve yaptiklarinin yanlis
oldugunu da eklemistir. Bir 6gretmen aday! ise deneme yoluyla ispat
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yaptigini ve kuUmelerin gosteriminden yararlanarak olmadigini
gosterdigini ifade etmistir. O36 ciziminin yaninda sozel ifadelerle
aciklama yoluna gitmistir. Venn Semasi cizimi yapan O41 “Deneme
yontemi cunku sagliyor” aciklamasini yapmistir.

Venn Semas! kullanarak aciklama yapan Ol, tUmevarim yoéntemini
kullandigini belirtmis; “Adim adim verilenden yola ¢ikarak énermenin
dogrulugu yanlisligina ulastim” seklinde aciklama yapmistir (Sekil 9).

Sekil 3
Ol'in DérdUncu Soruya iliskin Yaniti

3ve x € Colsun. E&i@lsexerl_)).
0
E’;‘.} +¢EA e

( ' +§é,4nué\%,)a

td\) '
~(~CD

Olmayana ergi yontemini kullandigini belirten bir 6gretmen adayi
Venn semasi ile ¢izim yapmis ve ¢izimini sdzel ifadelerle desteklemeye
calismistir. Dogrudan ispat yontemi ile ispati yapilandirdigini belirten
bir 6gretmen adayi ise hipotez ve hukum ifadelerini yanhs almistir.
Deneme yontemini kullandigini ifade eden bir 8gretmen adayi ise ayni
sekilde uzun sozcuklerle anlamsiz ifadelerde bulunmustur.

Tumdengelimsel yontem kullandigini belirten U¢ &6gretmen adayi,
olmayana ergi ile ispat yaptigini soyleyen bir 6gretmen adayi, aksine
ornek verme ile ispat yaptigini séyleyen bir 6gretmen adayi, dogrudan
ispat yaptigini sdyleyen bes 6gretmen adayi ve celiski yontemi ile ispat
yaptigini séyleyen bir 6gretmen adayi, ispatlarini anlamsiz cebirsel
manipulasyonlarla destekleyerek yapilandirmislardir ve dissal sembolik
ispat semasina iliskin gostergeler tasimislardir.

Olmayana ergi yontemini kullandigini belirten bir 6gretmen adayi ise
hipotezin  degili ifadesinden yola c¢ikarak ispatinin  yanls
yapllandirmistir. Bir 6Jretmen adayr (O35) aksine o6rnek verme
yontemini kullandigini belirtmis, cebirsel islemler yapmis fakat mantik
hatasi yapmistir. CunkU hipotezin degili ifadesi ile ispati yapilandirmaya
calismistir (Sekil 10).

385



PAUEFD, 62, 362-404 [2024] E. G. Contay https://doi.org/10.9779/pauefd.1359924

Sekil 4
O35'in DérdUncu Soruya iliskin Yaniti
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Ispatl, dogrudan ispat yéntemi ile yapilandirdigini distinen 6gretmen
adaylari mevcuttur. Bes 6gretmen adayl Venn semasi cizerek cebirsel
islemler yapmaya calismistir. Bir 6gretmen adayi celiski yontemini
kullandigini belirtmis fakat anlasilamayan aciklamalarda bulunmustur.
Yedi 6gretmen adayinin ifadeleri konuyla iliskisiz bulunmustur.

Ogretmen adaylarinin bir kismi Venn semasi cizmenin yeterli oldugunu
dusunmusler ve ikna edici argumanlar yapilandiramamislardir fakat
tumdengelimsel yontem kullandiklarini ifade etmislerdir. Ornegdin O12
ciziminin yaninda “Bilgi butununu cizimlerle anlattim butunden
parcaya..” ifadesini kullanirken O13 “Genel kime tanimlarini dzele
indirgedim” demistir. Bir digeri anlamsiz cebirsel manipulasyonlarla
cizimini desteklemeye calismistir. Yonteme iliskin hicbir aciklama
yapmayan ve sadece Venn semasi cizen alti 6gretmen adayl mevcuttur.
Venn semasl cizerek aksine ornek verme yontemini kullandigini
soyleyen dort 6gretmen adayi cizimlerini sozel ifadelerle desteklemeye
calismislardir. Ozetle, olmayana ergi yontemiyle ispatlanabilecek bu
onermeyi dogru bicimde ispatlayabilen &gretmen adayl yoktur.
Ogretmen adaylarinin %48'i deneysel algisal ispat semasi, %25'i ise
dissal sembolik ispat semasina iliskin géstergelerle hareket etmislerdir.
Sadece U¢ 6gretmen adayi ispat yontemi hakkinda dogru bilgi vermis,
bir 6gretmen adayl Venn semasi ile cizim yapmis ve cizimini sozel
ifadelerle desteklemeye calismis; bir digeri hipotez ve hukum ifadelerini
yanlis almis, bir digeri ise hipotezin degdili ifadesinden yola cikarak
ispatinin yanhs yapilandirmistir

Matematik Odgretmeni Adaylarinin TAOA’'nin Besinci Sorusuna
lliskin Yanitlari

Besinci soru, &gretmen adaylarinin daha once de Kkarsilastiklari
Mersenne sayllarinin bir ispat formu olan dnerme icermektedir. Karsi
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ornek ile (aksine ornek verme ile) (n=11 ile) onermenin yanlshdi
ispatlanabilmektedir.

Tablo 7
TAOA'nin 5. Sorusuna Verilen Yanlis Yanitlara lliskin Bulgular
Kullandlglm Soéyledigi ispat Belirli Degerler ile Yanlis/Anlamsiz
Yontemi/ispat Davranisi Dogrulama Cebirsel Man.
(Deneysel T.O. is) (Dissal S.is)
Tumdengelimsel Yontem 1
Deneme Yoluyla ispat /Deneme 13
TUmevarim ile ispat 7
Olmayana Ergi ile ispat 2
Aksine Ornek Verme ile ispat 9
Dogrudan ispat 1
Celiski 2 1
Deneme Yontemi
Celiski Ya Da Olmayana Ergi 1
Aciklama Yapmama/ Anlamsiz 4 1
37(84%) 5 (11%)

Bu soruyu iki 6gretmen adayi bos birakmistir. Tablo 7'de de géruldugu
uzere, bes 6gretmen adayl anlamsiz cebirsel manipulasyonlarla ispati
yapilandirmaya calismislardir (dissal sembolik ispat semasi). Bunun
disindaki 6gretmen adaylari (37 &gretmen adayl) degiskene (n'ye)
sayisal degerler vererek ispatlarini yapilandirmis fakat farkli yontemleri
kullandiklarini ifade etmislerdir. Bu &gretmen adaylarinin tepkileri
deneysel temel ornekler ispat semasiyla iliskilendirilmistir. Deger
vererek dogrulama yapan 13 &6gretmen adayl deneme yoluyla ispat
yontemini kullandiklarini belirtmis; yedi 6gretmen adayi ise tUmevarim
yoéntemiyle ispat yaptiklarini sdylemislerdir. Sayisal degerlerle ispatlama
yoluna giden dort &gretmen adayl yonteme iliskin  aciklama
yapmamistir; O10 “Fermat teoremi diye hatiryorum” ifadesini
kullanmistir. O21 “isin icinden cikamadim” demistir. Yine sayi dederleri
ile dogrulama yapan dokuz égretmen adayi aksine drnek vererek ispat
yaptiklarini sdylemisler; fakat diger 6gretmen adaylari gibi 2,3,5, ve 7 gibi
degerleri 6nermede degiskenin yerine koyarak dogrulugu yoklama
yoluna gitmislerdir. Ornegdin O9 “Aksine bir 6rnek bulamadigim icin
dogrudur” aciklamasini yapmistir. O18 n=6 icin, O19, 029, O37 n=4 icin;
025 n=7 ve n=8 icin; 027 n=2 icin, 029 n=2,3 ve 4icin 6nermeyi ispat
ettigini ifade etmistir. Sayisal degerlerle ispat yaptigini dusunen bir
ogretmen adayl dogrudan ispat yaptigini belirtmis; 2,3,5 ve 7 saylilarricin
denemeler yapmistir. Yine ayni dusunceyle bir 6gretmen adayi 2,3,5 ve7
icin denemeler yapmis;, tumdengelimsel ydontemle ispat yaptigini
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belirtmistir. iki 6gretmen adayl ise benzer dusUnceyle n=4 icin
deneyerek celiski yontemi kullandigini belirtmistir. Diger gruptaki bes
ogretmen adayl ise anlamsiz  cebirsel manipulasyonlarda
bulunmuslardir. Bu odretmen adaylarinin dissal sembolik ispat
semasina iliskin gostergelerle ispatlarini yapilandirmaya c¢alistiklari
dusunulmuastuar. Bir 6gretmen adayi kullandigr yontem kismina sozel
ifadelerle ne yaptigini anlatmis; digeri celiski ya da olmayana ergi
yanitini vermis, bir dégretmen adayi celiski yontemini kullandigini
belirtirmis, iki 6gretmen adayl olmayana ergi yontemini kullandigini
belirtmistir. ki égretmen adayl ise soruya yanit vermemistir. Bir
ogretmen adayi ise aciklama kismini bos birakmistir.

Besinci ispat sorusuna iliskin yanitlar incelendiginde; &égretmen
adaylarinin  buyuk kismi (37 &gretmen adayl) dnermeyi sayisal
degerlerle ispatlama yoluna gitmis; bunun yaninda farkh ispat
yontemleri kullandiklarini belirtmislerdir. Yanit veren diger 6gretmen
adaylarinin hepsi dissal sembolik ispat semasina iliskin gdéstergelerle
hareket etmislerdir. Buradan besinci soruya iliskin aciklamalarinda
ogretmen adaylarinin buyuk cogunlugunun (%84'U) deneysel temel
ornekler ispat semasina iliskin gdstergeler tasidiklari, %17inin ise dissal
sembolik ispat semasina iliskin gdstergelerle ispat yaptigi sdylenebilir.

Matematik Ogretmeni Adaylarinin Kullandiklarini Sdyledikleri
Yontemlere lliskin Yanitlari

TAOA genel olarak ele alindidinda; matematik égretmeni adaylarinin
kullandiklari yontemler hakkinda ispat sorularina verdikleri yanitlar
Tablo 8'de sunulmustur.

Tablo 8
Ogretmen Adaylarinin TAOA'daki Sorularda Kullandiklarini Séyledikleri
Yontemler

Sl S2 S3 S4 S5

Dogrudan ispat 12 2 6 6 1
Durumlarla ispat - - 1 - -
Celiski Yoluyla ispat 1 - 4 2 3
Olmayana Ergi Yontemi ile ispat 2 2 2 3 2
Aksine Ornek Verme ile ispat 3 - 4 4 9

Tablo 8'e gore dogrudan ispat yontemiyle ispat yapmaya uygun olan
birinci soruya 12 6gretmen adayi; celiski yoluyla ispat yapmaya elverisli
olan UcUncu soruya dort 6gretmen adayi, olmayana ergi ydontemi ile
ispat yapmaya uygun olan dort soruya uU¢ 6gretmen adayil, karsi
ornek/aksine 6rnek verme ile ispat yontemiyle ispat yapmaya elverisli
olan besinci soruya dokuz égretmen adayl uygun yanitlar vermislerdir.
Durumlarla ispat yapmaya elverisli olan ikinci soruya hicbir é6gretmen
adayl dogru yanit vermemistir. Fakat dort 6gretmen adayl deneme
yoluyla ispat yaptigini belirtmis ve 23 6gretmen adayl bu onermeyi
durumlarla ispat yontemi yoluyla ve bir 6gretmen adayi ¢eliski ydntemi
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yoluyla ispatlayarak dogru olarak yanitlamistir. Bunun yaninda yanlis
ispat yapan 19 o6gretmen adayindan yedisi ise deneme yoluyla ispat
yéntemi  kullandigini  belirtmistir.  Ozellikle ikinci soruya iliskin
ispatlarinda d6gretmen adaylarinin 24'Gnun dogru ispat yapmasi fakat
bunun yaninda kullandiklari yontem hakkinda bilgi sahibi olmamasi
dikkat cekicidir. Diger sorularda da ogretmen adaylarinin hicbiri
onermeleri dogru ispatlayamamis; cok azi uygun yéntem hakkinda
dogru yanit vermistir. Dolayisiyla matematik dgretmeni adaylarinin
ispat becerileri ve kullandiklari ispat yontemleri hakkindaki fikirlerinin
eksik oldugu sonucuna ulasilabilir.

Matematik Ogretmeni Adaylarinin TAOA'ya lliskin ispat Semalari

TAOA genel olarak ele alindiginda; matematik égretmeni adaylarinin
sorulara iliskin ispat semasi gostergeleri Tablo 9'da verilmistir.

Tablo 9
Matematik Ogretmeni Adaylarinin Sorulara lliskin ispat Semasi Géstergeleri

1.S.(%)  2.S(%) 3.S.(%) 4.S.(%)  5.S.(%)

Dissal Sembolik i:S. 23% 42% 27% 25% 1%
Deneysel Algisal 1.$. - 1% 48%

Deneysel Temel Ornekler 20% 47% 66% 84%
iS.

Analitik DénUsumsel 1.S. 55%

Tablo 9 ele alindiginda, birinci ispat sorusu haricindeki diger sorularda
ogretmen adaylarinin buyuk cogunlukla deneysel ispat semasina iliskin
gostergelerle ispatlarini yapilandirdiklari gérulmektedir. OJretmen
adaylari daha sonra dissal ispat semasi gostergeleriyle hareket
etmislerdir. Sadece ilk soruda 6gretmen adaylarinin %55'i ispati analitik
dénusumsel ispat semasi gdstergeleriyle dogru yanit vermis, kalan
%45'i ise deneysel ve dissal ispat semasi gostergesine sahip olarak
ispatlarini yapilandirmislardir. TAOA'ya iliskin yanitlarinda 6Jretmen
adaylarinin  en c¢ok deneysel daha sonra dissal ispat semasi
gostergeleriyle hareket ettikleri sdylenebilir. Bunun yaninda égretmen
adaylarinin kullandiklari yontemler hakkinda yanlis bilgilere sahip
olduklari yorumu yapilabilir.

Matematik Ogretmeni Adaylarinin Kullandiklarini Sdyledikleri
Yontemlere ve Ispat Semalarina iliskin Bulgularin Beraber
Degerlendirilmesi

TAOA'ya iliskin  olarak o&gretmen adaylarinin  tepkileri hem
kullandiklarini sdyledikleri ispat yontemleri acisindan hem de ispat
semalari gostergeleri acisindan beraber ele alinmaktadir.

Dogrudan ispat ydntemiyle cozulmeye elverisli olan birinci soruya iliskin
yanitlarinda en siklikla kullanildigi séylenen yontem dogdrudan ispat
yontemidir. Baska deyisle, 6gretmen adaylari diger ispat yontemlerinin
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yaninda en c¢ok dogru olan yénteme vurgu yapmislardir. Fakat,
dogrudan ispat yontemini kullandigini sdyleyen 13 &gretmen
adayindan 11 dissal sembolik ispat semasi gdstergeleriyle ispati
yapilandirmaya calismistir ve bu ispat sorusunu dogru yanitlayan, ispati
dogrudan ispat yontemiyle yapan ogretmen adayl bulunmamistir.
Ogretmen adaylari codunlukla dogrudan ispat yonteminde olmasi
gerektigi Uzere hipotezden hukme ilerleyecekleri yerde, hukimden
hipoteze ilerlemislerdir. Dolayisiyla égretmen adaylarinin dogrudan
ispat yontemi uygulamalarini dissal ikna surecleri ile yuruttukleri ve
dissal sembolik ispat semasi gostergeleri ile hareket ettikleri
soylenebilir.

Durumlarla ispat yontemi ile c¢cdzUlmeye elverisli olan ikinci soru;
dgretmen adaylarinin en cok basari gdsterdikleri sorudur. Ogretmen
adaylarinin %55'i durumlarla ispat yontemi kullanilarak yapilandirilacak
ispatta analitik donusumsel ispat semasi godstergeleriyle hareket
ederek ve durumlarla ispat yoéntemi kullanarak ispati dogru
yapilandirmiglardir. Fakat bu soruya iliskin aciklamalarinda dogru yanit
veren hicbir 6gretmen adayl durumlarla ispat yontemini kullandigini
belirtmemis, farkli ispat yontemlerini kullandiklarini ifade etmislerdir.
Buradan analitik dontsumsel ispat semasina iliskin géstergelerle ispati
yapilandiran 6gretmen adaylarinin hic¢birisinin kullandiklari yontemi
bilmedikleri sonucuna ulasilabilir. OJretmen adaylarinin %44'G bu
soruya yanlis yanit vermistir. Ogretmen adaylarinin hicbiri durumlarla
ispat yontemini kullandigini belirtmemis, en ¢cok deneme yoluyla ispat
ve dogrudan ispat kullandiklarini belirtmislerdir. Bu 6gretmen adaylari
deneysel algisal, deneysel temel ornekler ve dissal sembolik ispat
semalarina iliskin gostergelerle hareket etmislerdir. Dolayisiyla
durumlarla ispat yontemi ile yapilandiriimaya elverisli olan ispat
sorusuna 6gretmen adaylari dissal ve deneysel ikna durumlari ile tepki
vermislerdir.

Celiski yontemi ile yapilandirilmaya elverisli olan Ucuncu ispat sorusuna
iliskin aciklamalarinda 6gretmen adaylarindan dérdu celiski yontemi
kullandigint belirtmistir. Bu o0gretmen adaylari celiski yontemini
kullanmamis, énermeyi belirli degerlerle yoklama yoluna gitmis ya da
anlamsiz cebirsel manipulasyonlarda bulunmuslardir. Yani, celiski
yontemini kullandigini dusunen 6gretmen adaylari dissal sembolik ve
deneysel temel ornekler ispat semasina iliskin gostergelerle hareket
etmiglerdir.

Olmayana ergi yontemiyle onermenin ispatlanmasi elverisli olan
doérduncu soruya iliskin yanitlarinda sadece U¢ ogretmen adayi
olmayana ergi yontemini kullandigini belirtmis, fakat sdzel ya da
cizimlerle ikna yoluna gitmisler veya anlamsiz  cebirsel
manipulasyonlarla ispati  yanlis yapilandirmislardir.  Dolayisiyla
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olmayana ergi yontemini kullandigini ifade eden 6gretmen adaylarinin
ikna etme durumlari dissal ve deneysel kaynakli olmustur.

Aksine ornek verme yontemi ile ispatin yapilandirilabilecegdi besinci
ispat sorusuna iliskin aciklamalarinda dokuz &gretmen adayi aksine
ornek verme ile ispat yaptigini belirtmistir. Fakat bu 6gretmen adaylari
sayisal degerler vererek ispati yapilandirma yoluna gitmislerdir.
Dolayisiyla 6gretmen adaylarinin aksine 6rnek verme ile ispati deneysel
ispat semasli gostergeleri ile yapilandirdiklari séylenebilir.

TAOA'va iliskin bulgular ispat yontemleri ve ispat semalari acisindan
incelendiginde; 6gretmen adaylarinin ispat yontemi uygulamalarini ve
ispata iliskin aciklamalarini deneysel ve dissal ispat semalarina iliskin
gostergelerle ortaya koyduklari sonucuna ulasilabilir.

Matematik Ogretmeni Adaylarinin ispat Yéntemleri Bilgilerine
lliskin Bulgular

Matematik &égretmeni adaylarinin ispat yoéntemleri hakkindaki
bilgilerini 6lcmek amaciyla iYOA'ya verdikleri yanitlara iliskin bulgular
asagidaki gibidir. Ogretmen adaylarina iYOA'nIn ilk sorusunda bildikleri
ispat yontemlerini yazarak aciklamalari istenmistir. Buna iliskin bilgiler
Tablo 10 ve Tablo 1T'de sunulmustur.

Tablo 10
IYOA'ya lliskin Bulgular
Tumevarim  O1,03,04,0506,07,08,09.011,012,013,014,016,017 29(15 %)
,018 019,020,021,022,024,025,028,029,031,033,

034,035038,041
Tumdengeli  0O1,03,04,0507,08,09,017,019,020,021,022,024, 20(10%)
m 025,031,033,034,035038 041
Dogrudan 03,0507,08,010,013,015,017,018,019,020,021,02 29 (15%)
[spat 3024,025027,028 030,031,032,033,036,037,03
8,041,042,043,045 046
Dolayli ispat  06,08,010,021,033,042 6(2%)

Aksine Ornek 02,03,06,07,09,010,011,012,014,015,017,018, 019,  28(14%)
620,021,022,023,024,025,027,028,031,035,037,

042,043,045046
Celiski 03,04,0506,07,010,012,013,014,016,017,019,020  31(16%)
Yéntemi ,021,022,023,024,027,029,030,031,032,033,035,

036,038,041,042,043,045 046
Olmayana  01,03,04,0506,07,010,011,012,013,017,019,020,0 31(16%)

Ergi 24,025,026,027,028,030,031,032,033,035,036,0
37,038,040,041,042 043,045

Deneme/Yan 09, 021,026,035,036,041,043 7(3%)

1Ima/

Deneme 02,03,05,07,010,014,017,019,020,023,024,0250 17(9%)

Yoluyla Ispat  31,037,042,045,046

Toplam 198

(100%)
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Tablo 10 incelendiginde; 6gretmen adaylarinin en cok celiski (%16) ve
olmayana ergi (%16) yontemine iliskin yanit verdikleri; daha sonra
tumevarim (%15) ve dogrudan ispata (%15) yonelik yanit verdikleri
gérunmektedir. Bunun yaninda ogretmen adaylari “deneme yanilma”
(7) “deneme yoluyla ispat” (17) yontemlerine iliskin yanitlar vermislerdir.
Bir &gretmen adayl “mantiksal muhakeme” cevabini  digeri
“hipoteduktif dusunme” cevabl vermistir. Tepkiler sadece birer
ogrenciden geldigi icin tabloya alinmamistir. Dogrudan ispata iliskin 30
yanitin icerisinde dokuz tanesinde aciklama bulunmus; bu
aclklamalardan ise U¢ tanesi dogru olarak nitelendirilmistir. Aksine
ornek verme yontemine iliskin 12 aciklama mevcutken bu
aciklamalardan sekiz tanesi dogrudur, celiski yontemine iliskin 10
aclklama mevcut olup bunlardan U¢ tanesi dogru kabul edilmistir.
Ayrica deneme yoluyla ispat yanitlari arasindan yedi tanesine iliskin
aciklama yazilmis, bu aciklamalarin iki tanesi dogru bulunmustur.
Olmayana ergi yoéntemine iliskin 10 aciklama mevcutken bu
aciklamalardan alti tanesi dogru bulunmustur. Bu ifadelerin mantiksal
cikarim yoluyla elde edildigi dusUnulmus ve analitik donusumsel ispat
semasl godstergeleriyle iliskilendirilmistir. Tablo 11'e bakildiginda;
ogretmen adaylarinin acikladiklari ispat yontemleri icerisinde en fazla
dogruyanit yuzdesinin aksine érnek verme ile ispat (67%) yontemine ait
oldugu goérulmektedir. OJretmen adaylari aksine ornek verme
yénteminden sonra en fazla olmayana ergi ile ispat ydntemine (60%)
iliskin  dogru aciklamalarda bulunmuslardir. Baska deyisle
kullandiklarini sdyledikleri ispat yontemine iliskin aciklama yapan
ogretmen adaylari en sik aksine 6rnek verme ile ispat ve olmayana ergi
ile ispat yontemine iliskin aciklamalarinda analitik dénusumsel ispat
semasina iliskin gostergelerle ifadeler vermislerdir. Bunun yaninda
ogretmen adaylarinin aciklamalarinda analitik dénusUmsel ispat
semasina iliskin gdstergelerin yaninda en ¢ok dissal aliskanlik edinilmis
ispat semalariyla ispat ydntemlerine iliskin aciklamalar yaptiklari
goérulmustuar. Dissal aliskanlik edinismis ispat semasinin iliskili oldugu
yontemler ise olmayana ergi, celiski yontemi ve dogrudan ispat
yontemidir. Buradan 6gretmen adaylarinin ispat yontem bilgisi ile ilgili
dissal ispat semasina iliskin aciklamalarinin en siklikla bu G¢ yontemle
iliskili oldugu soylenebilir.

Tablo 11

Ogretmen Adaylarinin Kullandiklarini Séyledikleri Ispat Yéontemlerine lliskin
Aciklamalari

Kullandigini Deneysel Dissal AE. Analitik iliskisiz Topla
Soyledigi Ispat T.O.1S I.S. DondS.  ifadeler m
Yontemi/ I.S. (%) (%) (%) (%)
Tumdengelim 2 1(25%) 1 4
Dogrudan ispat 4 3(33%) 2 9
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Tablo T
Ogretmen Adaylarinin Kullandiklarini Séyledikleri Ispat Yéontemlerine iliskin
Aciklamalari (devam)

Deneme Yoluyla 3 2 2(29%) 7
Ispat

Olmayana Ergi ile 4 6(60%) 10
Ispat

Celiski Yontemi ile 6 3 (30%) 1 10
Ispat

Aksine Ornek 1 2 8(67%) 1 12
Verme ile ispat

Toplam 4 20 23(44%) 5 52

Ogretmen adaylarindan bildikleri ispat ydntemlerini yazmalari
istendiginde en cok celiski (%16) ve olmayana ergi (%16) yontemine
iliskin yanit verdikleri; daha sonra tumevarim (%15) ve dogrudan ispata
(%15) yonelik yanit verdikleri gorulmustur. Bu ydéntemlere iliskin
aciklamalarinda ise dogru yanit orani en fazla olan yontem aksine érnek
verme ile ispat (67%) ve olmayana ergi ile ispat yontemi (60%) olmustur.
Fakat &gretmen adaylari olmayana ergi yontemi ile ilgili
aciklamalarinda dissal aliskanlik edinilmis ispat semasina iliskin
gostergeler de tasimislardir. Buradan ogretmen adaylarinin aksine
ornek verme ile ispat yontemi ile ilgili olarak en siklikla hem ismini bilip
hem de ayni anda aciklama yapabildikleri ve analitik donusumsel ispat
semasina iliskin goéstergelerle aciklama yaptiklari ispat ydontemi oldugu
soylenebilir.

Matematik Odgretmeni Adaylarinin Belirli ispat Yéntemleri
Hakkindaki Bilgileri

IYOA'nIN ikinci bélumuinde 6gretmen adaylarina sirasiyla dogrudan
ispat, olmayana ergi ile ispat, celiski yoluyla ispat, aksine dérnek ile ispat
ve deneme yoluyla ispat yéntemlerini aciklamalari istenmistir. Bulgular
asagidaki gibidir.

Tablo 12
Ogretmen Adaylarinin ispat Yontemlerine liskin Bilgileri
Analitik Deneysel Dissal Grupland Topl Bo
Don.i.S.  T.O.IS. Alls. Ed. irlamaya am s
I.S. N
Dogrudan ispat 4 (6%) 4 (10%) 9 (24%) 24 (41%) 41 3
Olmayana Ergi 11 (17%) 2 (4%) 15 (39%) 1 (18%) 39 6
ile ispat
Celigki ile ispat 10 (15%) 4 (10%) 10 (26%) 17 (29%) 4] 3
Aksine Ornek 32 (48%) 1(2%) 3 (8%) 6 (10%) 42 2
Vererek ispat
Deneme Yoluyla 9 (14%)  31(74%) 1(3%) 1(2%) 42 2
Ispat

66 (100%) 42(100%) 38(100%) 59 (100%) 205
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Ogretmen adaylarinin dodru olan aciklamalarinda en siklikla aksine
ornek verme ile ispat ydntemine iliskin yanit verdikleri tespit edilmistir.
Ornegin O5, aksine drnek verme yoéntemi ile iliskin su aciklamayi
yapmistir: “Genellikle savlari curutmek icin kullanilir. Verilen énermeyi
yanlislayan tek bir durum buldugumuzda onu ¢urutmus oluruz”. Bu
gibi ifadeler analitik donusumsel ispat semasi kategorisinde
siniflandiriimistir.

Ogretmen adaylarinin en cok (%74) deneme yoluyla ispat yontemine
iliskin aciklamalarinda deneysel temel o&rnekler ispat semasi
gostergeleri ile aciklama yaptiklari tespit edilmistir. Bu ifadelerde
ogretmen adaylari sinirli bir kimenin varligindan bahsetmemislerdir.
Ornegin O2: “ispat edilmeye calisilan ifadede farkli degerler denenerek
genellemeye gidilir" derken, O4: “Birkac dederi yerine koyarak
deneyerek dogrulugu gostermek” olarak aciklama yapmistir. Bu tur
ifadelerde kUmenin sinirlh olmasi yadsinmis oldugundan &égretmen
adaylarinin buyuk cogunlugunun deneme yoluyla ispat yonteminin ne
olduguna iliskin fikirlerinin dogru olmadigi, dnermeyi belirli degerlerle
dogrulama yolunu ispat olarak gérdukleri sdylenebilir.

OJretmen adaylarinin en siklikla (%39) olmayana ergi ile ispat
yontemine iliskin aciklamalarinda dissal aliskanlik edinilmis ispat
semasina iliskin gostergelerle aciklama yaptiklari belirlenmistir.
Ornegdin, O21: “Verilen ifadenin yanls oldugunu dusiUnerek baslariz. Bu
yoldan giderken sonug yanlis ¢ikiyorsa aslinda verilen ifade dogrudur”
aciklamasinda bulunmustur. O28: “Onermenin yanlis oldugunu
varsaylp bu varsayimin yanlisligi ispatlanir” demistir. Her iki 6gretmen
adayi ispata hipotezin  dedilinin  alinmasiyla baslandigini
dusunmuslerdir ve bu sekilde celiski bulunacagini ifade etmislerdir.
Bunun kaynagi, 6gretmen adaylarinin daha cok olmayana ergi ydontemi
ile celiski yontemini birbirleri ile karistirmalari ve dolayisiyla aliskanlik
edinilmis tanimlama yoluna gitmeleri olabilir. Bunun yaninda,
ogretmen adaylarinin en ¢ok (32 6gretmen adayi, analitik donusumsel
ispat semasina iliskin tepkilerin %48'i) aksine ornek verme ile ispat
yontemine iliskin aciklamalarinda analitik dénustmesel ispat semasina
iliskin gostergelerle aciklama yaptiklari belirlenmistir. Bunun yaninda
ogretmen adaylari en ¢cok (15, %39) olmayana ergi ile ispat yontemine
iliskin aciklamalarinda dissal aliskanlik edinilmis ispat semasi
gostergeleriyle aciklama yapmislardir.

Tartisma

Bu bdliumde matematik dgretmeni a OJretmen adaylarinin TAOA'ya
iliskin verdikleri yanitlarda ikinci soru haricinde dogru bir ispat
yapilandiramadiklari, dogru bicimde yapilandirdiklari dnermeye iliskin
yontem bilgilerinin ise yanhs oldugu sonucuna ulasiimistir. TAOA'NIN
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ikinci sorusuna iliskin dogru yapilandirdiklari ispatlarda ise kullandiklari
yontem hakkinda yanlis bilgilere sahip olduklari belirlenmistir. Baska
deyisle &gretmen adaylarinin  onermeleri ispatlamada basarisiz
olduklari, yontemler ve yontemleri kullanma bilgilerinde eksikleri
oldugu, dnermeyi ispatladiklari durumlarda ise kullandiklari yontemi
bilmedikleri belirlenmistir. Bu bulgu; matematik 6gretmeni adaylarinin
ispat yapmakta siniktilar yasadiklari ve ispat yontemlerinin mantigini
kavrayamadiklarini ifade eden calismalarla (Guler ve dig., 2012; Ozer ve
Arikan, 2002; Stylianides ve dig., 2007, Zaimoglu, 2012) tutarlik
gostermektedir.

Dogrudan ispat ydntemiyle ¢cozulmeye elverisli olan birinci soruya iliskin
yanitlarinda ogretmen adaylari en ¢ok dogrudan ispat yontemini
kullandiklarini belirtmislerdir. Dogru yargiyla ifade ettikleri aciklamalari
ise bu soruya iliskin dnerme ispatlarina yardimci olmamistir. Cunkau,
ogretmen adaylari  dogrudan ispat yoéntemini kullandiklarini
soyledikleri durumlarda dissal sembolik ispat semasi gostergeleri ile
hareket etmislerdir. Buradan, ogretmen adaylarinin dogru olarak
yapilandirdiklari ispatlarda dissal kaynaklh ikna yollarini kullandiklari
séylenebilir. imamoglu ve Yontar Togrol (2015) 63retmen adaylarinin
dogrudan ispat ve durumlarla ispat yontemlerini diger ydntemlere gore
daha sik kullanmay: tercih ettiklerini ortaya koymuslardir. Ogretmen
adalarinin  tutumlari bu acidan benzerlik godstermektedir. Bunun
yaninda; 6gretmen adaylarinin dogru olarak yapilandirdiklari ispatlarda
bile dissal ispat semasi gostergeleri tasimalarinin sebebi, ispati anlamli
bulmamalarindan kaynaklaniyor olabilir. Nitekim; ispat ve uygulamalari
ogrencilerin okul matematiginde nadiren karsilarina ¢cikmaktadir. Bu
yuUzden; matematigi kendi normlarinin ve uygulamalarinin bir Granu
olmaktan ziyade, 6gretmenleri, ders kitaplari ve diger olusumlar
tarafindan saglanan gerceklerin bir derlemesi olarak algilamis (Sears,
2019) olabilirler.

Durumlarla ispat yontemi ile cézulmeye elverisli olan ikinci soruya iliskin
tepkilerinde 6gretmen adaylarinin yaridan fazlasi (%55'i) ispati dogru
yapilandirarak yanit vermislerdir. Bu yuzden durumlarla ispat
gerektiren soruya oOgretmen adaylarinin  buyuk kismi analitik
doénusumsel ispat semasl godstergeleriyle yanit vermislerdir. Fakat,
ogretmen adaylarinin hicbiri durumlarla ispat yontemini kullandiklarini
belirtmemistir. Buradan, calismaya katilan &gretmen adaylarinin,
analitik donusumsel ispat semasina sahip oldugu durumlarda bile
kullandiklari ispat yonteminden habersiz oldugu sonucuna ulasilabilir.
Durumlarla ispat yontemiyle yapilandiriimaya elverisli olan ikinci soruya
dgretmen adaylarinin %44'G yanlis yanit vermistir. Ogretmen adaylari
en cok deneme yoluyla ispat ve dogrudan ispat kullandiklarini belirtmis
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bunun yaninda ispatlarini dissal ve deneysel ispat semasina iliskin
gostergelerle yapilandirmislardir.

Celiski yontemi ile yapilandirilmaya elverisli olan G¢uncu ispat sorusuna
iliskin aciklamalarinda égretmen adaylarindan sadece dérdu celiski
yontemini kullandigini belirtmis, fakat énermeyi belirli degerlerle
yoklama yoluna gitmis ya da anlamsiz cebirsel manipulasyonlarda
bulunmuslardir. Dolayisiyla c¢eliski yontemini kullandigini séyleyen
ogretmen adaylari ispatlarini dissal ve deneysel ispat semasina iliskin
gostergelerle yapilandirmislardir. Bu bulgu Sears'in (2019) égretmen
adaylarinin en cok dissal ve deneysel ispat semasina iliskin tepkiler
verdikleri ve genelde onermeleri belirli degerlerle yoklama egdiliminde
olduklari bulgusuyla tutarhdir.

Olmayana ergi yontemiyle onermenin ispatlanmasi elverisli olan
dorduncu soruya iliskin yanitlarinda sadece u¢ 6gretmen adayi dissal ve
deneysel ispat semasi godstergeleriyle olmayana ergi ydéntemini
kullandigint belirtmislerdir. Aksine érnek verme yontemi ile ispatin
yapilandirilabilecegi besinci ispat sorusuna iliskin aciklamalarinda
dokuz 6gretmen adayi aksine 6rnek verme ile ispat yaptigini belirtmis
fakat ispati aksine ornek verme ile ispati deneysel ispat semasi
gostergeleri ile yapilandirmiglardir.

Bu c¢alismada ogretmen adaylarinin  sadece durumlarla ispat
yoéntemiyle ispat yapabildigi, diger durumlarda dissal ve deneysel ispat
semasina iliskin géstergelerle hareket ederek ispat yapilandirmalarinda
basarisiz olduklari sdylenebilir. Bunun yaninda dogrudan ispat yaptigini
soyleyen &gretmen adaylari dissal sembolik ispat semasina iliskin
gostergelerle hareket etmislerdir. Durumlarla ispat yaptigini sdyleyen
ogretmen adaylari dogru yanitlarinda analitik donusumsel ispat
semasina iliskin  tepkiler vermis fakat kullandiklari yéntemi
bilmemislerdir. Bu &gretmen adaylari yanlis yanitlarinda deneysel
algisal, deneysel temel ornekler ve dissal sembolik ispat semasina iliskin
gostergelerle hareket etmislerdir. Celiski ve olmayana ergi yontemini
kullandigini sdyleyen 6gretmen adaylari yanitlarinda dissal sembolik ve
deneysel temel ornekler ispat semasina iliskin gostergeler tasirken,
aksine ornek verme yontemini kullandigini belirten 6gretmen adaylari
ise deneysel temel ornekler ispat semasina iliskin gdstergelerle
ispatlarini yapilandirmaya calismislardir.

Ispat yontem bilgileri hakkindaki sorularda 6gretmen adaylari en cok
(%74) deneme yoluyla ispat yontemine iliskin aciklamalarinda deneysel
temel érnekler ispat semasi gdstergeleri ile aciklama yapmislardir. Bu
bulgu 6gretmen adaylarinin (Doruk ve Kaplan, 2017; Gholamazad ve
dig., 2004; iskenderoglu ve dig., 2010; Stylinou ve dig., 2016; Uygan ve
dig., 2014) ve ortaokul 6grencilerinin (Heinze ve Reiss, 2003) deneysel ve
dissal ispat semalarint agirlikli olarak kullandiklari ya da deneysel olarak
olusturulan argumanlari ispat olarak gérdukleri bulgulariyla tutarhk
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gostermektedir. TAOA'ya iliskin yanitlarinda ézellikle birinci, G¢cUncd ve
besinci sorularda ogretmen adaylari cogunlukla o6nermede
bilinmeyene sayisal dederler vererek ispati yapilandirma yoluna
gitmistir. Bu sebeple &gretmen adaylari bu sorulara iliskin ispat
yapilandirmalarinda c¢ogunlukla deneysel temel ornekler ispat
semasina iliskin gostergelerle hareket etmislerdir. Benzer sekilde Kogce
(2013) calismasinda matematik ogretmeni adaylarinin  6nermeleri
sayisal degerler vererek dogrulamanin ispat icin yeterli oldugu inancina
sahip olduklarini raporlamistir.

Bu calismanin onemli bulgularindan biri, 6gretmen adaylarinin
24'0nun  ikinci  soruya iliskin  yanitlarinda ispatlarini dogru
yapilandirmalari fakat kullandiklari yontem hakkinda bilgi sahibi
olmamalaridir. Bunun yaninda; diger sorularda da &gretmen
adaylarinin hicbiri énermeleri dogru ispatlayamamis; bunun yaninda
cok azi uygun yontem hakkinda dogru yanit vermislerdir. Dolayisiyla
matematik 6gretmeni adaylarinin ispat becerileri ve kullandiklari ispat
yontemleri hakkindaki fikirlerinin eksik oldugu sonucuna ulasilabilir. Bu
bulgu, Demircioglu'nun (2022) dégretmen adaylarinin alternatif ispat
yontemleri konusunda bilgi sahibi olmadiklari, Doruk ve Kaplan'in
(2013) matematik ogretmeni adaylarinin ispat degerlendirme
sureclerinde basarisiz olduklari, Doruk ve Kaplan'in (2017) matematik
ogretmeni adaylarinin ispat yapma becerilerinin zayif oldugu ve temel
kavramlari ispatlama sureclerinin istenen duzeyde olmadigi (Barak,
2018) bulgulariyla uyumludur.

IYOA'ya iliskin bulgulara bakildiginda, &Jretmen adaylarindan
kullandiklari ispat yéntemlerini yazip aciklamalari istendiginde, en fazla
dogru yanit yuzdesinin aksine ornek verme ile ispat (67%) oldugu
goéralmustir. OJretmen adaylari aksine &érnek verme ile ispat
yénteminden sonra en ¢cok olmayana ergi ile ispat yontemine (60%)
iliskin  dogru aciklamalarda bulunmuslardir. Baska  deyisle
kullandiklarini sdyledikleri ispat yontemine iliskin aciklama yapan
ogretmen adaylari en sik aksine 6rnek verme ile ispat ve olmayana ergi
ile ispat yontemine iliskin aciklamalarinda analitik dénusumsel ispat
semasina iliskin gdstergelerle ifadeler vermislerdir. Bunun yaninda
ogretmen adaylarinin aciklamalarinda analitik dénustmsel ispat
semasina iliskin goéstergelerin yaninda en cok dissal aliskanlik edinilmis
ispat semalariyla ispat ydontemlerine iliskin aciklamalar yaptiklari
goérulmustar. Dissal aliskanlik edinilmis ispat semasinin iliskili oldugu
yontemler ise olmayana ergi, celiski yéntemi ve dogrudan ispat
yontemi olarak belirlenmistir. Dolayisiyla 6gretmen adaylarinin ispat
yontem bilgisi ile ilgili dissal ispat semasiyla iliskilendirilen aciklamalari
en siklikla bu uU¢ yontemle iliskilendirdikleri soylenebilir. Fakat
ogretmen adaylari olmayana ergi yontemi ile ilgili aciklamalarinda
dissal aliskanlik edinilmis ispat semasina iliskin goéstergeler de
tasimislardir. Buradan 6gretmen adaylarinin hem ismini bilip hem de
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ayni anda aciklama yapabildikleri, analitik ddnusumsel ispat semasina
iliskin gostergelerle aciklama yaptiklari en yuksek oranin aksine drnek
verme ile ispat yéntemi oldugu séylenebilir. Bu bulgu Doruk'un (2019)
matematik égretmeni adaylarinin timevarim, dogrudan ispat, karsi
ornek yoéntemiyle ispatli belirlemede basarili olduklari bulgusuyla
tutarhidir.

Ogretmen adaylari en énemli gérdukleri ya da en sik kullandiklari ispat
yontemine iliskili aciklamalarinda gerekli oldugu yerde ispat
yoénteminin kullanimina vurgu yapmak yerine en ¢cok bildikleri (deneme
yoluyla ispat) yonteme vurgu yaparak aciklamalarda bulunmuslardir.
Buradan, ogretmen adaylarinin alternatif ispat yontemlerine ve bu
yoéntemleri kullanma durumlarina iliskin bilgi sahibi olmadiklari, tium
ispat sorularini uygun yontem aramak yerine kendi bildikleri ya da
onemli gordukleri ydontemlerle ispati yapilandirma egiliminde olduklari
soylenebilir. Bu bulgu, Demircioglu'nun (2022) 6gretmen adaylarinin
alternatif ispat yontemleri konusunda bilgi sahibi olmadiklarini ve
bildikleri ispat yontemlerini kullanmakta israrci olduklari bulgusuyla
tutarhdir. OJretmen adaylari ispat yapma sUreclerinde codunlukla
hipotezden hukme ilerlemek yerine hukUimden hipoteze ilerleme
davranisinda bulunmus, akil ydrutemedikleri durumlarda uygun
yontem belirleme cabasi icine girmeden anlamsiz cebirsel
manipulasyonlarla ispati yapilandirmaya calismislardir. Bu bulgu,
ogretmen adaylarinin daha c¢ok ezbere yollarla ispatlari 6grenip
yapilandirdiklari (Doruk ve Kaplan, 2013), verilen édnermelere iliskin
olarak o6nermenin anlamini anlamada, ispata baslayacaklarl yeri
bilmede, ispat icin uygun yontemi bulmada ve kullanmada ispat
olusturmada 6nermenin mantiksal yapilarini tanimlamada sikintilar
yasadiklari (Ugurel ve digerleri, 2016) ve zayif argUmanlar Urettikleri
(Guler ve Ekmekgi, 2016) bulgulariyla uyumludur.

Sonucg¢

Bulgular bir butlun olarak ele alindiginda; 6gretmen adaylarinin buyuk
cogunlugunun, degiskene degerler vererek ispat yapma egiliminde
olduklari ve bunun ispat olmadiginin farkinda olmadiklari séylenebilir.
Buradan &6gretmen adaylarinin cogunlukla deneysel ispat semasina
iliskin gostergelerle hareket ettikleri soylenebilir. Bunun yaninda
ogretmen adaylari yine buyuk cogunlukla ispat yontemlerini dogru
bilmemektedirler. Buradan ispat yontemlerine iliskin bilgi eksiklikleri
oldugu sonucuna ulasilabilir. Ogretmen adaylari lisans egitimleri
boyunca ispat bilgisi ve ydntemlerine iliskin dersler almaktadir. ilgili
alanyazinda da goruldugu Uzere matematik 6gretmeni adaylarinin bu
konuda eksiklikleri mevcuttur. Degisen paradigmalar ve &gretim
programlari ogretmen adaylarinin ispati ogrenmelerini
gerektirmektedir ve &gretmen adaylarinin cok azinin arzu edilen
duzeydeki ispat semalarina sahip olduklari dusunuldugunde, ikna edici
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ispat olusturma konusunda zorlandiklari icin sinirli anlayisla ispat
ogretiminde de zorlanacaklari dngorulmektedir (Sears, 2019). Bu
yUzden ogretmen adaylarinin lisans égrenimlerinde daha fazla ve
cesitte ispatlarla ugrasmalari énerilmektedir. Ogretmen adaylarinin
farkli tUrdeki ispatlarla ugrasma deneyimleri kazandiklarinda, ispat ve
muhakeme becerilerini gelistirdigi ortaya konulmustur (Karunarakan
ve digerleri, 2014). Bunun yaninda, lisans derslerinde ispat uygulamasi
olan derslerde sadece ispat ve cozumlerine odaklanilmasi yerine
ortaokul ve lise dlUzeyindeki ispat 6gretimine iliskin ispat uygulamalarin
ogretmen adaylarina kazandirilmasi onerilmektedir. Sears ve digerleri
(2013), cogu oOgretmen adayinin geometri disinda ispat yapma
konusunda pek fazla firsata sahip olmadigini ve ispati etkili bir sekilde
ogretme konusunda zorlanacaklarini algiladiklarini  belirtmislerdir.
Dolayisiyla, 6gretmen adaylari Universite deneyimleri boyunca ispat ve
ispat ogretimi pratigi firsatina sahip olmalidirlar. Bunun yaninda ispatin
rolu ve dogasi hakkinda da sinirl anlayisa sahiptirler. Bu yuzden,
ogretmen egitimi mufredatinda ispatin rolU ve dogasli Uzerine
tartismalarin dahil edilmesi gerekmektedir (Sears ve dig., 2013). Bu yolla,
ogretmen adaylari pedagojik egitimle beraber ispat égretimi hakkinda
daha derin bir kavrayis elde edebilir ve ilerideki 6gretimlerinde ispat
ogretimini ortaokul ve lise mufredatina entegre edebilirler. Ortadogretim
matematik ogretmen adaylarinin, hem ispat hakkinda iyi gelismis
anlama ve dusunme yollariyla hem de bu egitim duzeyine uygun
ispatlamaya iliskin derin bilgiyle 6gretmen yetistirme programlarindan
mezun olmalari gerekmektedir (Brown ve Stillman, 2009).

Bu calismada matematik 6gretmeni adaylarinin ispat becerileri, ispat
yéntem bilgileri ve ispat semalari incelenmistir. Arastirmacilara ispat
uygulamalari entegreli ortaokul ve lise 6grencilerine yénelik derslerde
deneysel calismalar yapmalari onerilmektedir. Boylelikle ispat
uygulamali ogretimin egitime entegresi sonucundaki ciktilar ele
alinabilir ve ¢cozum yollari gelistirilebilir.
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Abstract

The aim of the study is to investigate preservice mathematics
teachers' skills in proving through deductive reasoning, their
knowledge of proof methods, and their ability to use proof
methods in the context of their "understanding of proof" by
associating them with proof schemes. The study was
conducted with 44 preservice teachers studying in their final
year at a state university. Two different assessment instruments
were developed and applied. The findings of the study revealed
that the majority of preservice teachers had weak proof skills
that they structured the proof by giving values to the and that
they frequently acted with experimental proof scheme
indicators. When preservice teachers were evaluated in terms
of their knowledge of proof methods, they had the knowledge
about the method of counterexample. The only proof question
in which preservice teachers acted with indicators related to
the analytical transformational proof scheme was that could
be solved by using the method of “proof cases.” It was identified
that none of the preservice teachers who structured their proofs
with analytical proof scheme indicators knew the proof method
they used. Consequently, the proof understanding of the
preservice mathematics teachers who participated in this
study was found insufficient.
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Introduction

The concept of proof, introduced by the Ancient Greeks, has been
handled in various ways in different cultures over time and has survived
to the present day. In ancient times, while it was discussed within the
axiomatic system as making inferences from clearly determined
postulates, it was expressed in a completely different way with symbolic
representations in the 17th century and progressed together with
important concepts of analysis such as limit and continuity (Almeida,
2003; Grabiner, 2012; Kleiner, 1991; Reid & Knipping, 2010). Towards the
19th century, the axiomatic system was transitioned by adding intuitive
geometric elements, and thus, the proof progressed together with
mathematical logic. Later, the foundations of Euclidean geometry were
discussed, and non-Euclidean geometries emerged. With the
involvement of computers in mathematics in the 20th century, the
axiomatic system began to take its place in the basic areas of
mathematics again; the role and meaning of proof in mathematics
have begun to be reconsidered. Mathematical proof has begun to be
discussed with new concepts such as "social proof," "semi-empirical
proof' and "proof as a social process." With these concepts, the
assumptions of absolute truth, formalism and formal structure of proof
were rejected. For example, Lakatos argued that mathematics was
fallible and that propositions were subject to examples and possible
rejections. Such developments gave rise to the concept of "social proof"
in schools; the concept of proof has begun to be accepted as an
appropriate standard of proof, not only in its formal form but also in its
informal form (Almeida, 2003; Grabiner, 2012; Hanna, 1990; Kleiner, 1991;
Reid & Knipping, 2010). Thus, the concept of acceptable proof has
developed (Hanna, 1990); mathematical proof as a problem-solving
activity has been seen as the last step in which ideas are finalized (Tall,
2002). Mason et al. (2010) famous saying in this context is: “Convince
yourself, convince your friend, convince your enemy!” (p. 87). Hence,
this new form of proof has taken its place in the context of informal
proof as "a convincing argument judged by competent judgements"
(Hersh, 1993; p. 389). In the following processes, it has been accepted
that reasoning and proof are the basic parts of mathematics, and the
idea that it should be taught to students from pre-school to the highest
level began to be adopted in education (NCTM, 2000; Common Core,
2010). Thus, the concepts of proof and proving have become an
important goal of mathematics education; It has been intended to be
included in the curriculum (Mariotti, 2006). NCTM (2000) has
emphasized that proof should become a natural part of classroom
discussions on all topics. Despite innovative perspectives advocating
the need for proof to be included in education; most teachers have
limited knowledge and understanding about mathematical proof, and
with these new perspectives, they have become teachers without
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sufficient training to teach mathematical proofs (Knuth, 2002; Yoo,
2008). However, university teacher training programs have a suitable
place in implementing mathematical innovations (Varghese, 2007).
Therefore, it was deemed important to reveal preservice mathematics
teachers' understanding of mathematical proof.

To reveal preservice mathematics teachers' proof processes with
deductive reasoning; It seems useful to mention certain methods of
proof.

Proof Methods

Assuming that the proposition to be proven is tautological in nature.
The proposition “If p is true, g is true” is either true or false. The proof
methods used in this study are presented in terms of whether the
proposition is either false or true (Uygur Kabael, 2020):

False State of the Proposition

Proof By Counterexample. If the proposition p is true, g is true is
false (p=>q)', there is at least one situation in which the proposition g is
not true while the proposition p is true. This situation can be
exemplified and proven that the proposition p =>q is false.

The True State of the Proposition

Direct Proof. If the proposition "If p is true, q is true" is true, the
truth of proposition p is sufficient to show the truth of proposition g,
then a direct proof is made.

Proof by Consuming. Let a set E with a finite number of elements
be accepted. The property in proposition p is assumed to be true. The
truth of the property in proposition g when E consists of as many
elements as can be shown for each element in the set, the proposition
is shown separately for each element.

Proof by Cases. In some cases, the proposition is examined in
terms of the different properties of the elements in certain subsets (a
limited number) of a set. In this case, the direct proof of the proposition
is made for each subset. This proof method cannot be used in infinite
sets.

Indirect Proof. In cases where previous results are not sufficient
for direct proof of the proposition "If pistrue, gistrue", the indirect proof
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method is used. It is shown that the other proposition to which the
proposition is logically equivalent or not is false.

Reductio Ad Absurdum (Contrapositive). Instead of "If p is true,
g is true", the logically equivalent proposition of this proposition, "If 9" is
true, then p'is true (g'=>p'), is directly proven.

Proof by Contradiction. The falsehood of the proposition (prq'),
which is the opposite of the proposition "If p is true, g is true", is shown.
The contradiction is reached by assuming that the proposition (pAqQ') is
true; the incorrectness of the assumption, that is, the truth of the
proposition p=>q, is shown.

Proof Schemes

The concept of proof and proving, the importance of which is
emphasized in mathematics education and which has been discussed
with various methods above, was also discussed by Harel & Sowder
(1998) in the context of social proofs. When considered in terms of social,
that is, informal proofs used in schools, proof can be defined as "the
process put forward by the individual to create or eliminate doubts
about the accuracy of an observation" (Harel & Sowder, 1998, p. 241).

Harel & Sowder (1998) divided the proving process into two processes:
"ascertaining" and "persuading". They define ascertaining as "a process
that an individual puts forward to eliminate his own doubts about the
accuracy of an observation" and persuading as "a process that he puts
forward to eliminate the doubts of others about the accuracy of an
observation" (Harel & Sowder, 1998, p.241)., the concept of proof scheme
has been defined as: "An individual's proof scheme includes the things
that constitute truth learning and persuasion for that individual" (Harel
& Sowder, 1998, p.244). Therefore, it can be pointed out that revealing
the proof schemes of individuals is necessary to determine how they
convince themselves and others in their proof processes. Sowder &
Harel (1998) grouped proof schemes into three types: external,
experimental and analytical:

External Proof Scheme

Individuals' ability to ascertain and persuade the truth is external. These
external sources include an authority based on a teacher or a book
(authoritative proof scheme); the appearance, form, and conventional
format of an argument (ritual proof scheme); or it can occur as a
meaningless manipulation of symbols (symbolic proof scheme) that is
far from meaning and without associating them with the quantities in
the situation (Sowder & Harel, 1998).

Experimental Proof Scheme

Individuals acting with external proof scheme indicators exhibit
behaviors of validating or rejecting their assumptions by basing them



PUJE, 62, 362-404 [2024] E. GC. Contay https://doi.org/10.9779/pauefd. 1359924

on sensory experiences or physical evidence. When individuals sense
the truth or falsehood of a situation with their feelings and cannot find
strong evidence, and try to persuade with drawings, they turn to the
experimental perceptual proof scheme; when individuals evaluate
hypotheses by testing their persuasive efforts with one or more
examples, they have an empirical examples-based proof scheme.

Analytical Proof Scheme

When individuals validate their assumptions through logical deduction,
they act with indications of the analytical proof scheme. Individuals
with an analytical transformational proof scheme relate their
justifications to general aspects of situations and place them within a
general analytical framework. Individuals who act with analytical
axiomatic proof scheme indicators can work comfortably within the
axiomatic system, knowing that the starting point of justifications is
undefined terms and axioms.

According to Sowder & Harel (1998), the classification of proof schemes
has a partial hierarchical structure. For example, Transformational proof
schemes can be considered a prerequisite for axiomatic proof schemes
or external proof schemes are considered important in the
development of analytic proof schemes. In addition, individuals can act
with indicators related to more than one proof scheme at the same
time.

Literature Review and Importance of The Study

In this study, individuals' understanding of proof was discussed with
their proof skills, their methodological knowledge of proof and their
proof schemes together and presented as a whole.

When the related literature was examined, many studies revealed the
proof skills and proof schemes of preservice mathematics teachers.
These studies were conducted to examine the proof schemes of
preservice mathematics teachers (Contay & Paksu, 2018; Guner, 2012;
Iskenderoglu, 2010; iskenderoglu et al., 2010; Pala & Narli, 2018; Sari et al.,
2007; Sears, 2019; Sengul & Guner, 2013; Uygan et al,, 2014) and these
studies examined preservice teachers' proof knowledge or proof
processes (Barak 2018; Doruk & Kaplan 2013; Ersen & Ocak, 2017; Guler,
2013; Guler & Ekmekci, 2016; Guler et al., 2012; imamoglu & Yontar Togrol,
2015; Karakus et al.,, 2017; Karunakaran et al,, 2014; Noto et al.,, 2019;
Ozturk & Kaplan, 2022; Peksen Sagir, 2013, Stylianides et al., 2007; Sahin,
2016; Sen & Guler, 2022; Zaimoglu, 2012;).

Research shows that preservice teachers (Gholamazad et al.,, 2004,
iskenderoglu et al. 2010; Uygan et al, 2014) predominantly use the
experimental proof scheme or see experimentally created arguments
as proof. Some studies have found that preservice primary teachers
(Oflaz et al, 2016) use experimental and external proof schemes.
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Stylinou et al. (2006) similarly revealed in their study that most
undergraduate students used the experimental proof scheme. In his
study, Sears (2019) determined that preservice mathematics teachers
most frequently put forward the external, experimental and inductive
(empirical) proof scheme.

Some of the studies examining the proof knowledge or proof processes
of preservice mathematics teachers (Guler, 2013) aimed to examine the
mathematical proof processes of preservice secondary school
mathematics teachers; some of them (Guler et al., 2012; Stylianides et
al.,2007) tried to reveal the proof knowledge of preservice mathematics
teachers through mathematical induction; One of them (Karakus et al.,
2017) compared the proof-making levels between undergraduate
mathematics students attending pedagogical formation training and
preservice mathematics teachers studying at the faculty of education;
another group (Doruk & Kaplan, 2013; Guler & Ekmekgi, 2016) examined
the proof evaluation skills of preservice mathematics teachers. Some
studies (Barak 2018; Doruk & Kaplan, 2017; Ozturk & Kalan, 2022; Sahin,
2016; Peksen Sagir, 2013) examined the proof skills of preservice
mathematics teachers on certain subjects. Among these, Doruk and
Kaplan (2017) tried to reveal the characteristics of the proofs made by
preservice teachers in the field of analysis; Ozturk and Kalan (2022)
examined the geometric proof-making processes of preservice
mathematics teachers, and Sen and Guler (2022) examined the
development of preservice teachers' proof- writing skills in education
based on the Van Hiele model.

Doruk (2019), in his study, examining the skills of preservice
mathematics teachers in determining proof methods related to
integers, determined that the preservice teachers were successful in
determining the proof by induction, direct proof, and counterexample
methods, but were unsuccessful in determining the proof by
contradiction method. It was reported that preservice teachers used
direct proof instead of proof by contrapositive, proof by contrapositive
instead of proof by contradiction, and direct proof instead of proof by
contradiction. In addition, when evaluating any proof method,
preservice teachers tended to evaluate that method as direct proof.
Demircioglu (2022) aimed to evaluate the skills of preservice
mathematics teachers to prove false statements in his study, and
determined that they did not question the statements "prove or show
that it is true", that they were not knowledgeable about alternative
proof methods, and that they insisted on using the proof methods they
had already known. Doruk and Kaplan (2013) revealed that preservice
mathematics teachers were unsuccessful in proof evaluation processes,
and that they learned and structured proofs mostly by rote. Similarly,
Doruk and Kaplan (2017) revealed that preservice mathematics
teachers did not have difficulty in determining the truth of propositions,
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but their proof skills were weak. In addition, they determined that
preservice teachers with high academic achievement had analytical
proof schemes, while preservice teachers with average success levels
had deductive, experimental and external proof schemes. Ugurel et al.
(2016) pointed out that preservice mathematics teachers had
difficulties in understanding the meaning of the given proposition,
knowing where to start the proof, finding and using the appropriate
method for proof, creating a proof and defining the logical structures of
the proposition. Kégce (2013) concluded in his study that preservice
mathematics teachers believed that verifying propositions by giving
numerical values was sufficient for proof. Guler and Ekmekg¢i (2016)
determined that preservice teachers had weak proof evaluation skills
and produced weak arguments. Barak (2018) concluded that preservice
mathematics teachers’ processes of proving basic concepts were not at
the desired level. Pala and Narli (2018) revealed that preservice
mathematics teachers were unsuccessful in creating formal proofs.
Imamoglu and Yontar Togrol (2015), in the study where they examined
how preservice mathematics teachers used proof methods, stated that
students preferred direct proof and proof with situations for a
proposition that could be proven by many methods, and that most of
them had difficulty in structuring their proofs. In the study, it was
determined that preservice teachers and mathematics undergraduate
students tended to try to be convinced with empirical arguments. Noto
et al. (2019) stated that preservice teachers had problems visualizing
geometric objects and creating rules for them, understanding the
language and symbols used when proving, using definitions to create
proofs, and that they did not know how to start the proof.

In this study, each proposition posed to preservice teachers can be
solved by different methods. When the summarized studies were
examined, among the studies on the proof processes of preservice
middle school mathematics teachers, no study was found that
addressed deductive reasoning skills in the context of the subject areas
discussed in this study and with the diversity of methods. Besides, the
preservice teachers in this study consisted of fourth-grade students
who had taken all courses related to proof. This study, in this respect,
differs from other studies on proof skills. There are studies in the
relevant literature aimed at determining the proof schemes of
preservice teachers. In this study, proof schemes of preservice teachers
were discussed in the context of their "understanding of proof" by
revealing their skills in proving and their knowledge and ideas about
proof methods. In this respect, it is thought that this research will
contribute to the literature in terms of presenting the deductive proof
skills of preservice mathematics teachers by associating them with
proof schemes.
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The aim of this study is to investigate preservice mathematics teachers'
understanding of proof by considering their proof sKills,
methodological knowledge of proof and proof schemes.

Method

In cases where the boundaries of events, phenomena and contexts are
not clear, studies examining the phenomenon in real-life situations are
considered as case studies (Yin, 2003). This study is a case study, one of
the qualitative research methods. The unit of analysis of the study is
preservice mathematics teachers’ understanding of proof. Proof
understanding of preservice mathematics teachers was discussed with
their proof skills and proof knowledge and supported with proof
schemes. According to Yin (2003), when a case study contains more
than one unit of analysis, it is defined as a nested case study. Therefore,
the design of this study was determined as a nested case study. Proof
understanding of preservice mathematics teachers was discussed with
their proof skills and proof knowledge and supported with proof
schemes.

This study was carried out within the scope of the BAP project,
numbered 2019BSPO17, and the permission of Pamukkale University
Social and Human Sciences Research and Publication Ethics Board
dated 09.09.2020 and numbered 68282350/2018/G07.

Participants

This study was conducted with 46 preservice mathematics teachers (8
males, 38 females) studying in their final year at the Department of
Mathematics Education at Pamukkale University in the Aegean Region,
Turkiye. In order to increase transferability in qualitative research, a
study group was appointed with purposeful sampling to reveal both
the typically encountered events and phenomena and their varying
characteristics (Yildirrm & Simsek, 2021). In the study, preservice
mathematics teachers were required to have taken all courses related
to proof. For this reason, preservice mathematics teachers were
selected on a voluntary basis among fourth grades who had taken
Elementary Number Theory, which includes proof applications, as well
as Analysis | and I, Abstract Mathematics, Algebra, and Analytic
Geometry courses, which cover the information and theorems related
to proof. Preservice mathematics teachers who participated in the
study were labeled as PTI, PT2, PT3, etc. to keep their identities
anonymous.

Instruments

In the study, while developing instruments to reveal preservice
mathematics teachers' understanding of deductive proof, expert
opinions were obtained from three mathematics education professors,
a mathematics education instructor with a Ph.D., and a mathematics
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instructor with a Ph.D. degree in mathematics education. Instruments
took their final form after the pilot application. Experts, in addition to
their comments, were also asked to evaluate instruments according to
their suitability for the purpose of the research, difficulty, clarity and
understandability. For this purpose, experts were asked to give a rating
between 1 and 5. As a result of expert opinions and pilot application,
instruments took their final form.

Deductive Reasoning Instrument

Deductive Reasoning Instrument (DRI), which is in the field of numbers
was developed by the researcher. Five proof questions of moderate
ease were asked to the participants which they had to prove using
deductive reasoning. The first question can be solved through direct
proof, the second through proof by situations, the third through proof
by contradiction, the fourth through proof by contrapositive, and the
fifth through proof by counterexample. The questions are as follows:
n

1)Letn>m>0then;T+11>%; 2)For n€e Z,n%+3n+ 7 is odd

3)There is no integer that satisfies x? — y? = 1.
4) Let €\ D c ANB fort he sets AB,C. x € C .If x¢ A then xe D.
5)Let n>1be a prime number. Then 2™ — 1 is prime.

At the end of each question, preservice teachers were asked, “Which
method did you use?” Can you explain?" and space was given for them
to write.

Knowledge of Proof Methods Instrument

Knowledge of Proof Methods Instrument (KPM) was developed to
assess the knowledge of preservice teachers about proof methods. First
of all, preservice teachers were asked to explain the proof methods they
knew, and then, to define the methods of direct proof, proof by
contradiction, proof by contrapositive, proof by counterexample and
proof by trial. Thus, it was aimed to assess the deductive proof skills of
preservice teachers and to determine their knowledge of these
methods. The proof schemes of the preservice teachers were examined
by observing their explanations and proof behaviors.

Data Collection Procedures
Pilot Study

The pilot application was carried out in the fall semester of the 2020-
2021 academic year with two female and two male preservice teachers
studying in the final year of the same university. DRI and KPM were
applied online due to the Covid-19 pandemic. DRI consisted of two parts
in the pilot application. The first part included 5 proof questions, and the
second part included the given proofs of the same questions, and
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preservice teachers were asked to evaluate these proofs. After the pilot
application, in the first part, it was seen that extensive and in-depth
information was obtained from the preservice teachers and the second
part was abandoned to be directed to the preservice teachers. KPM was
found to be applicable after the pilot application. DRI and KPM were
directed and recorded by screen sharing with a PowerPoint
presentation with the help of the Zoom application. In addition to video
recordings, proof solutions were photographed. DRI and KPM pilot
applications took place between 1 hour and 1 hour and 16 minutes. The
expressions that emerged as a result of the audio and video recordings
of the responses of preservice teachers were collected under certain
themes and decided with indicators to determine the proof schemes.
After the pilot application, all proof scheme-type indicators were found.
The proofs and statements made by the prospective teachers were also
collected under the classifications of true, false and half-true, and their
common reactions were determined by examining them under these
classes. Common expressions were grouped, and then, these
expressions were collected under themes. Therefore, it was determined
that the instruments were ready for real application and that the pilot
application was sufficient to reveal the diversity of data.

Application

DRI and KPM were administered to preservice teachers in the fall
semester of the 2021-2022 academic year in Pamukkale University, in
two classes subsequently, in a quiet environment on the same day.
Each of the written exercises lasted between one and two class hours.
As a result of the application, 44 preservice teachers responded to all
written forms. (Since this study is a part of the relevant project, two
preservice teachers T39 and T44) did not participate in DRI and KPM
but took part in other instruments within the scope of the project.
Therefore, the last preservice teacher who responded to this instrument
was T46).

Data Analysis

Both instruments were administered in written form; It was subjected
to content analysis by the researcher and an instructor with a Ph.D.
degree in mathematics education. Each instrument was first
deciphered into Excel format on a question-by-question basis, and then
common expressions were identified. Codes were created by
combining the same expressions in each instrument. The coders came
together from time to time to identify common codes and themes, and
as a result of the analysis, they reached a complete consensus. In the
study, the proof schemes of preservice mathematics teachers were
revealed using the proof scheme framework of Sowder & Harel (1998).
The deductive reasoning processes of preservice teachers (their
knowledge about proof methods, and the way they use these methods)
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were revealed with instruments developed by the researcher.
Therefore, preservice teachers' understanding of proof through
deductive reasoning was attempted to be revealed as a whole as a
result of the analysis of their proof method knowledge, proof skills and
proof schemes.

Findings

In this section, findings regarding preservice mathematics teachers'
understanding of proof and comments related to these findings were
presented. For this purpose, findings regarding the proof skills of
preservice mathematics teachers and their knowledge of proof
methods were presented. These findings were associated with the
proof schemes of the preservice teachers. All findings were taken
together, and an attempt was made to reveal the understanding proof
of preservice mathematics teachers.

Findings on the Proof Skills of Preservice Mathematics Teachers

The responses of 44 mathematics preservice teachers to five questions
in DRI were examined. The first question could be solved by direct proof,
the second through proof by situations, the third through proof by
contradiction, the fourth through contrapositive, and the fifth could be
solved through proof by counterexample. Below are the answers given
by preservice teachers to all questions (Table 1). All findings were taken
together, and an attempt was made to reveal the proof of
understanding of the preservice mathematics teachers.

Table 1
Findings Regarding DRI

Ql Q2 Q3 Q4 Q5 Total

© s True 0 18 0 0 0 18
5 - % False 43 20 39 39 42 183
g > %} & Blank 1 o 2 5 2 9
- Deduction 7 2 2 3 1 15
o Direct proof 13 13 6 7 1 40
! Proof by Trial 6 10 9 8 13 46
ﬂ Proof by Induction 5 6 6 1 7 25
< Proof by Contrapositive 2 2 2 3 2 1
2 § Counterexample 3 0 4 5 9 21
n 5 Proof by Contradiction 1 1 5 1 3 1
_8 % | don't think it's proof 1 0 0 1 0 2
el | don't know /blank 5 7 9 8 6 35
% 5 Deductive reas./reasoning 1 0 0] 1 0] 2
5 Trying all possible 0 1 1 0 0 2
o situations
% Hypothetical reasoning o 1 0 0 0 1
< met.

Assigning method 0 1 0 0 0 1
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Diagrammatize 0 0 0 1 0 1

When Table 1is examined, it is seen that the preservice teachers did not
answer any question correctly except for the second proof question,
which could be easily answered with the proof by situation method. In
their answers to the questions regarding DRI, preservice teachers
mentioned the methods they used most, first proof by trial, and then,
direct proof. Preservice teachers responded that the proof methods
they thought they used most were direct proof and proof by trial.
However, in their answers to the second question, none of the
preservice teachers gave a correct answer about the method they used.
The method that preservice teachers called the proof by
experimentation trial method was the "proof by consuming method."
Hence, it can be concluded that preservice mathematics teachers
mostly cannot structure the proofs in their answers regarding DRI, and
that they have incorrect information about the method they use in the
proofs that they structure correctly.

Answers of Preservice Mathematics Teachers to the First Question
of DRI

The first question could be solved by direct proof method by adding the
expression "mn" to both sides of the equation and with easy algebraic
manipulation. There were no preservice teachers who proved the
proposition correctly. As seen in Table 2, the answers given by the
participants to the proof questions were classified in terms of the proof
methods they stated that they used and the way they answered these
proof questions. For example, a preservice teacher reported that he
made a direct proof, but while stating this, he may have reacted by
examining the proposition with certain values. What the preservice
teachers reported and what their proof behaviors were presented by
associating them with proof schemes. The answers given by preservice
teachers while proving the proposition were classified under the
themes of "verification with certain values", "progress from hypothesis
to judgement", and "incorrect/meaningless algebraic manipulation."
These themes were also associated with proof schemes.

Table 2

Findings Regarding the First Question of DRI
The Proof Method Verifying With  Progress Incorrect/ To
She/He Stated Certain Values From Meaningless tal
She/He Used /Proof (Empirical Judgementto Algebraic
Behaviour Examples Hypothesis Manipulator
(associated proof Based P.S.) (External (External
scheme) (%) Symbolic P.S) Symbolic P.S
Deduction 3 1 7
Direct Proof 1 11 1 13
Proof by Trial 5 1 6
Proof by Induction 3 2 5
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Table 2

Findings Regarding the First Question of DRI (continued)
Proof by 2 2
Contrapositive
Proof by 1 1
Contradiction
Deductive 1 1
Reasoning
Counterexample 3 3
| don't know/I don't 1 2 2 4
remember
Total 18(42%) 17 (40%) 6(14%) 42

(97%)

As seen in Table 2, preservice teachers who proved the proposition with
indicators for verifying it with certain values were referred to the
empirical examples-based proof scheme. Progression from judgement
to hypothesis and false/meaningless algebraic manipulation indicators
were grouped into the external symbolic proof scheme. 18 preservice
teachers tested the proposition with certain numerical values, and their
responses were associated with empirical examples-based proof
scheme indicators. Six pre-service teachers made
incorrect/meaningless algebraic manipulations, and 17 preservice
teachers responded with the indicators of external and experimental
proof schemes by structuring the proof by proceeding from the
judgement to the hypothesis, "without associating the symbols with
their quantities in the situation, away from the meaning" instead of
proceeding from hypothesis to judgement. Although the preservice
teachers (13 preservice teachers) made correct judgments about the
proof method by stating that they used the direct proof method, none
of them could prove the proposition correctly. In their answers to the
first question, which could be easily solved by the direct proof method,
they had indicators of the experimental basic examples proof scheme
and the proof methods that the preservice teachers stated they used
were as follows: Deduction, direct proof, proof by trial, proof by
induction, logical reasoning, counterexample. A preservice teacher did
not answer the question, stating that he/she did not remember.
Therefore, the reactions of these preservice teachers (3%) were not
included in the table.

Three of the seven preservice teachers used the deductive method; one
of the preservice teachers used the direct proof method; six of the
preservice teachers used the proof by trial method; three preservice
teachers used inductive proof; one preservice teacher the logical
reasoning method; three of preservice teachers used counterexample.
All these strategies showed the behavior of validating the proposition
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with certain values. These indicators were associated with the empirical
examples-based proof scheme. Two preservice teachers tried to prove
this with algebraic manipulations, but when they were unsuccessful,
they tried to validate with certain numerical values. On the other hand,
a preservice teacher reasoned logically and tried to explain the proof of
the proposition verbally, and then, tried to verify it with numerical
experiments. While two preservice teachers used the induction
method and acted with similar indicators, one of the preservice
teachers took variables such as m = kand n = k + 1and replaced them
in the assumption (q) expression but did not do this by proceeding from
hypothesis to judgement. The statements of the preservice teacher
show that he/she perceives examining the proof as induction by valuing
two different variables, k and k+1. PTI2's answer to the first proof
guestion can be exemplified as in Figure 1.

Figure 1
Answer of PTI12 to The First Question of DRI
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PT12 stated that he/she used the deductive method and tried to
structure the proof by checking it with numerical values such as m=1,2,3.
The proof scheme of the preservice teacher was associated with the
empirical examples-based proof scheme. Some of the preservice
teachers who responded with external symbolic proof scheme
indicators (17 PTs, 40%) progressed from the judgement (g) to the
hypothesis (p) instead of progressing from the hypothesis to the
judgement using direct proof behaviour. Thus, they "acted without
understanding the meaning and relating the quantities within the
situation." Some preservice teachers (six of them, 14%) tried to structure
the proof with meaningless algebraic manipulations. In other words,

375
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more than half of the preservice teachers, which was 54%, answered the
first proof question with indicators related to external symbolic proof
schemes. The preservice teachers stated that they used the methods of
deduction, direct proof, induction, and contrapositive. Seven of the
preservice teachers used the method of deduction; four of them used
the method of direct proof, and one of the preservice teachers used the
method of contradiction with the method of proof. This has shown the
behavior of progressing from judgment to hypothesis. In Figure 2, the
response PTI5 to the first question is seen.

Figure 2
Answer of PTI15 to The First Question of DRI
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PT15 constructed the proof by advancing from the given judgment to
the hypothesis n>m instead of progressing from hypothesis n>m to
judgment. In the explanation section, he/she stated that he/she used
the method of direct proof. Therefore, their statements were associated
with the external symbolic proof scheme. One of the preservice
teachers used the method of direct proof; two of the preservice
teachers used the method of induction, and two of the preservice
teachers used the method of contrapositive. Thus, they have tried to
construct the proof with meaningless algebraic manipulations.

The responses of these preservice teachers have also been grouped into
the external symbolic proof scheme. These preservice teachers
indicated that they used the methods of deduction, direct proof,
induction, and contrapositive. For example, four preservice teachers
who claimed to prove by deduction have progressed from judgement
to hypothesis instead of using the logic of direct proof by progressing
from hypothesis (p) to judgement (g). PT7 attempted to make
inferences by progressing from g to p using positive and negative cases;
PT13 stated that they reached the conclusion by progressing from g to
p and stating that both the numerator and denominator would
increase (Figure 3), PT25 used meaningless algebraic operations to
progress from q to p.



PUJE, 62, 362-404 [2024] E. GC. Contay https://doi.org/10.9779/pauefd. 1359924

Figure 3
Answer of PT13 to The First Question of DRI
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Based on all these findings, an analytical proof scheme can be said to
be absent in the proof attempts of the preservice teachers for the first
guestion, Furthermore, it can be concluded that none of the preservice
teachers were able to prove this proposition, which requires direct
proof, and they lacked accurate knowledge about the methods they
used. In addition, the majority of preservice teachers (54%)
demonstrated indicators of the external symbolic proof scheme by
progressing from judgement to hypothesis and by engaging in
meaningless algebraic operations. Furthermore, 42% of the preservice
teachers structured the proof by assigning numerical values to
variables, even though they claimed they were using different methods,
they resorted to verification with numerical values in their explanations.
As a result, it can be pointed out that almost all preservice teachers used
external and empirically derived convincing situations in their
responses regarding this proposition, which can be easily proven using
the method of proof by cases.

Answers of Preservice Mathematics Teachers to the Second
Question of DRI

The second question contained a proof that would be structured using
the method of proof by cases. This question was the only question that
the preservice teachers answered correctly. While 24 preservice
teachers were able to prove this proposition, 19 preservice teachers
were unable to do so. One preservice teacher did not respond. Hence, it
can be stated that 55% of preservice mathematics teachers answered
the proof question that could be solved using the method of proof by
cases correctly, while 43% answered incorrectly. Table 3 presents the
data of preservice teachers who correctly structured the proof.

Table 3

Findings Regarding The Second Question of DRI
The Proof Method She/He Stated She/He Using The Method of Proof
Used /Proof Behaviour by Cases
Proof By Trial

Proof By Contrapositive
Hypothetical Reasoning
Proof By Induction

N— = A
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Table 3

Findings Regarding The Second Question of DRI (continued)
Direct Proof
Proof By Deduction

Method Of Giving Values

Not Specifying The Method He/She
Used/Stating He/She Did not Remember
Total 23

g = =0

Among the preservice teachers, 24 of them proved this proposition correctly.
All but one of the preservice teachers (PT5), who structured their proofs
correctly, completed their proofs using the method of proof by case. However,
none of the preservice teachers correctly stated the proof method they used.
PT5 stated that he used the method of contradiction, but he/she used the
method of contrapositive (not included in Table 3). The preservice teacher PT5

constructed the notations incorrectly but structured the proof with correct
logic (Figure 4).

Figure 4
Answer of PT5 to The Second Question of DRI
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Other preservice teachers, whose proofs were accepted as structured
correctly, structured their proofs using the method of proof by cases.
While four preservice teachers used the method of proof by trial, one
preservice teacher used the method of contrapositive. Another one
stated that he/she used the "hypothetical reasoning method." Four
preservice teachers used the method of proof by induction ix preservice
teachers used the direct proof method, and one preservice teacher
used the deductive method. The other one stated that he/she used the

378
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method of giving values. For example, PT19 stated that: "since n is an
integer, we can say that it will either be odd or even. | showed that it is
odd when | consider it as even or odd. It was an inductive proof" (Figure
5).

Figure 5
Answer of PTI9 to The Second Question of DRI
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Five preservice teachers stated that they did not know which method
they used. Based on these findings, It can be concluded that no
preservice teacher who structured the proof correctly knew the
method he/she used. Since all of the preservice teachers performed
transformation operations through logical inference within the
axiomatic system, it was concluded that 55% of them had an analytical
transformational proof scheme in this question. The answers of the
remaining 19 preservice teachers were evaluated as incorrect (Table 4).

Table 4

Findings Regarding Wrong Answers to the Second Question of DRI
Proof Method Verifying With  Expression Incorrect/
She/He Stated That Certain Values Verbally or Meaningless
She/He Used /Proof  (Empirical Ex. Through Algebraic
Behaviour Based P.S.) Drawings Manipulation
(Associated Proof (%) (Empirical (External Symbolic
Scheme) Perc. P.S.)(%) P.S.) (%)
Deduction 1
Direct Proof 1 5
Proof By Trial 4 2 1
Proof By Induction 3
Proof By 1
Contrapositive
Not Specifying 1
Method
Total 9 (47%) 2 (11%) 8 (42%)

Regarding the reactions of the preservice teachers who stated that they
used the direct proof method, four preservice teachers used proof by
trial, three preservice teachers used proof by induction, and one



PUJE, 62, 362-404 [2024] E. GC. Contay https://doi.org/10.9779/pauefd. 1359924

preservice teacher did not specify a method. Their reactions were all
associated with the empirical examples-based proof scheme indicators.
The reactions of two preservice teachers who used the method of proof
by trial were associated with the empirical perceptual proof scheme. On
the other hand, one preservice teacher used the deductive method;
four preservice teachers used direct proof; one preservice teacher used
the proof by trial, and one preservice teacher used the proof by
contrapositive. All their reactions were associated with external
symbolic proof scheme indicators. As seen in Table 4; 19 preservice
teachers constituted 44% of the total. Therefore, preservice teachers
who acted with empirical examples-based proof scheme indicators
constituted 47% of those who answered incorrectly and 20% of the total
number. Similarly, preservice teachers who had an external symbolic
proof scheme indicator constituted 53% of those who answered this
question incorrectly and 23% of the total preservice teachers.

Nine of the preservice teachers checked the proposition with numerical
values, acting with the indicators related to the empirical examples-
based proof scheme. For example, PT4, PT15, PT31, and PT45 stated that
they proved the question through experimentation and that the
proposition ensured accuracy for certain values.

Figure 6
Answer of PT31 to The Second Question of DR/
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As seen in Figure 6, PT3]1 tested the proposition by giving n values of 1
and 2; he/she stated that the proposition was true because the result of
both values was odd; he/she did not feel the need to examine the
proposition for other numbers. Therefore, the proof process and its
explanations were associated with empirical examples-based proof
scheme indicators.

Similarly, a preservice teacher used the direct proof method, but she
chose to structure the proof with numerical values. Two of the
preservice teachers who used proof with inductive reasoning stated
that they structured the proof by giving different numerical values to
the variable. For example, PT22 stated that she reached a generalization
through the inductive method. PT25 stated that she used inductive
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reasoning and wrote P(k+1) after first checking the proposition for
values such as n=12, but then checked the variables by valuing them
over k+1. she did not make any inference. PT42, on the other hand, did
not state that she used any method, but preferred to give numerical
values to the variables.

When some preservice teachers could not find strong evidence of the
truth or falsehood of the situation, they tried to convince with drawings
or writing (empirical perceptual proof scheme). These preservice
teachers could not make logical inferences in their explanations and
expressed their thoughts.

PT17 and PT29 stated that they used the trial method and tried to
complete the proof by expressing it verbally but could not structure it.
Hence, it was determined that PTI7 and PT29 had an empirical
perceptual proof scheme. PT29 made statements such as “If n is odd,
Nn+3is even” (Figure 7).

Figure 7
Answer of PT29 to The Second Question of DRI
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Some preservice teachers, on the other hand, acted with meaningless
manipulations (symbolic proof scheme) without associating the
symbols with their meaning and quantities in the situation. A preservice
teacher stated that he/she used the proof-by-trial method and made
meaningless algebraic manipulations. 5 preservice teachers stated that
they used the direct proof but used meaningless algebraic expressions.
PT27 was not successful in advancing to the conclusion by structuring
the reasoning process in harmony with the symbols (Figure 8).

Figure 8
Answer of PT27 to The Second Question of DRI

S J—
= Al = et

2) n €z igin n?+3n+7 tektir 5
A 4| Towli'e

ne F wn 0248043 wee = a%tdnt9- De-L i &9’" -

nNeF ‘e A= QL Léi <

W bl Am  ne =

gL Lot D=pm

= -0
2+ Q _(Qz_,kg_

a2 edn+d = 2 -4
024 3n= a¢ -F

A dn - QLV,;\“)

n2%3a= 2m ne (méo\‘.k
‘ n

P
n. (rtQ) - 2m 7 A4d= 2m

)
peﬁtomwno.ac'w,\u' o L e oeee
S ALAN o SN B 1A B AL ot i

%.&*3=&.ﬂ

381



PUJE, 62, 362-404 [2024] E. GC. Contay https://doi.org/10.9779/pauefd. 1359924

T12 stated that he used the deductive proof method and verified only
for 2k+1. Another preservice teacher stated that he/she used the
method but made a logical error by using only the definition of even
numbers. The reactions of these preservice teachers were also
categorized in the external symbolic proof scheme. In summary, the
majority of preservice teachers who answered incorrectly (47%) gave
indications of empirical examples-based and empirical perceptual
(42%) proof schemes.

Answers of Preservice Mathematics Teachers to the Third Question
of DRI

The third proof question was a kind of question where proof could be
structured through contradiction. There was no preservice teacher who
structured this proof correctly.

Table 5

Findings Regarding Answers to the Third Question of DRI
Proof Method Participants  Verifying The Incorrect/
Used /Proof Behaviour Proposition With Meaningless
(Associated Proof Scheme)  Certain Values Algebraic Man.

(Empirical Examples (External Symb.
Based P.S.) (%) P.S)(%)

The Method of Deduction 2
Direct Proof 4 2
Proof By Trial/Trial and 8 2
Error
Proof By Induction 5 1
Proof By Contrapositive 1 1
Contradiction 1 3
| Don't Have Any 5 2
Ideas/Haven't Written Any
Methods.
Counterexample 2 2
Trying All Cases 1
Total 29 (66%) 12 (27%)

Among the preservice teachers, 29 of them tested the proposition with
certain numerical values, and therefore, it was thought that they had
indicators of empirical examples-based proof schemes.

As seen in Table 5, four of the preservice teachers used the deductive
method and tried to check the accuracy by giving certain numerical
values to the variables. PT26 used the trial and error method, PT28 and
PT35 proved it by trial, and both preservice teachers constructed the
proof by reaching the result x=1, y=0 for the values x-y=1, x-y=-1. PT35
used the contrapositive method. Two preservice teachers who used the
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same solution stated that they had no idea about the method they
used. Different preservice teachers who used the same solution stated
that they used different methods. For example, two preservice teachers
used the counterexample method. The other two used the deductive
method, and one of them used the contradiction method. In addition,
two preservice teachers used the direct proof method, and a preservice
teacher created a table of values and stated that he checked all the
situations. Stating that he/she used the method of trial and error, PT11
chose the smallest numbers that would give the result 1 and explained
that "1-1=0, but there was no integer in this case. PT18 used the direct
proof method and tried to structure the proof by checking numerical
values. Stating that he used this method, PT33 stated that when one of
the expressions (x-y).(x+y) was given O, he examined both situations and
that the situations did not satisfy the proposition. Six preservice
teachers used the inductive method and tried to structure the proof
with different solutions. Five preservice teachers tried to structure the
proof by giving certain numerical values to the variables. For example,
PT13 explained that since x and y would be positive integers, they could
be 1, 2, 3, 4. As the numbers increase, the difference in the squares will
be greater. Three preservice teachers similarly tried to structure the
proof by giving certain numbers to the variable, without specifying
which method they used. For example, PT21 chose consecutive and
identical numbers. PT46 used the expression "It does not provide for y
=7

Next, two preservice teachers constructed direct proofs; two preservice
teachers proved through experiments; one preservice teacher proved
by induction; one preservice teacher used the contrapositive method;
three preservice teachers used the contradiction method; two
preservice teachers used the counterexample method and two
preservice teachers who didn't specify any method. All these methods
were associated with external symbolic proof scheme indicators. In
addition, two of the preservice teachers made a proof by trial, and after
writing the algebraic expression as (X-y).(x+y), they considered that it
could take the values -1and +1, but they did not continue the proof. Two
preservice teachers used the direct proof method and tried to structure
the proof with meaningless algebraic manipulations, and one
preservice teacher used the inductive method and tried to structure
the proof with meaningless algebraic operations. Three preservice
teachers who used the contradiction method made logical errors. For
example, PT8 tried to show that the statement was not true by
accepting the statement as true. Stating that he/she has used the
contrapositive method, PT40 stated that he/she has completed the
proof by reaching the result x = 1/2 with algebraic operations. PT9 who
used the counterexample method carried out certain operations but
stated that she/he could not find any counterexamples. PT16 stated:
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"The expression is wrong because it does not provide for x = 1." Two
preservice teachers, who did not specify which method they used,
performed meaningless algebraic operations. Three preservice
teachers did not answer this proof question.

In summary, it was observed that no preservice teachers were
knowledgeable about the method they used. Preservice teachers
mostly tried to structure the proof by giving numerical values to the
variables. Although four preservice teachers stated that they had
proved through contradiction, they tried to verify the proposition with
certain values or meaningless algebraic manipulations. To the question
that proof could be structured through contradiction, 66% of the
teacher candidates responded with indicators related to the empirical
proof scheme, and 27% responded with indicators related to the
external symbolic proof scheme.

Answers of Preservice Mathematics Teachers to the Fourth
Question of DRI

The fourth proof question contained a proposition that could be proven
by the method of contrapositive. Five preservice teachers left this
question blank. All remaining preservice teachers structured the proof
incorrectly. Most of the preservice teachers tried to structure the proof
with Venn diagram representation. Preservice teachers based their
persuasion efforts only on drawings or some explanations. These
responses were associated with indicators of the empirical perceptual
proof scheme. In addition, these preservice teachers stated that they
have used different methods.

Table 6
Findings Regarding Wrong Answers to the Fourth Question of DRI
The Proof Method She/He Said Expression Incorrect/
She/He Used /Proof Behaviour Verb. or Meaningless
Through Algebraic
Drawings Manipulation
(Emp.Percep. (External Symbolic
Ps) P.S)
The Method of Deduction 3
Proof By Trial/
The Method of Trial 6
Proof By Induction 1
Proof By Contrapositive 2 1
Proof By Counterexample 3 1
Direct Proof 1 5
Contradiction 1 1
Not Writing Any Methods 1
No Explanation, Meaningless 6

Explanations

21 (48%) 1 (25%)
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As seen in Table 6, six preservice teachers proved the question by trial;
one preservice teacher proved it by induction; two preservice teachers
proved it by contrapositive; three preservice teachers proved it by
counterexample; one of them proved it by direct proof and the other
proved it by contradiction. One of them did not write any methods; six
preservice teachers made no explanations about the method they used
making meaningless explanations or wrote their proofs verbally
without using symbols but explained them with drawings. A preservice
teacher used a Venn diagram without referring to any methods. In
cases Where preservice teachers could not use mathematical language
correctly, their indicators were associated with an empirical perceptual
proof scheme.

Stating that he/she proved the question through trials, PT2 explained,
"I gave values that would meet the conditions." Two preservice
teachers used the trial method and added that what they did was
wrong. One preservice teacher proved it through trials and showed that
it was not true by using the representation of sets. PT36 tried to explain
with verbal expressions in addition to his/her drawing. PT41, who drew
the Venn Diagram, explained, "It is a trial method because it provides
proof”.

Making an explanation using the Venn Diagram, PT1 stated that he/she
used the inductive method; he explained: "Based on what was given
step by step, | reached the truth and falsehood of the proposition"
(Figure 9).

Figure 9
Answer of PT1 to The Third Question of DRI
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A preservice teacher used the contrapositive method drawing it with a
Venn diagram trying to support his/her drawing with verbal
expressions. A preservice teacher who stated that he/she structured the
proof with the direct proof method misunderstood the hypothesis and
judgement expressions. A preservice teacher who stated that he/she
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used the trial method also made meaningless expressions with long
words.

Three preservice teachers used the deductive method; one preservice
teacher proved the question by contrapositive; one preservice teacher
proved it by giving examples; five preservice teachers made direct
proofs. In addition, one preservice teacher proved it by contradiction
method, structured their proofs by supporting meaningless algebraic
manipulations and carried indicators of the external symbolic proof
scheme. A preservice teacher used the contrapositive method, and
structured his/her proof incorrectly, based on the statement of the
reverse of the hypothesis. On the contrary, a preservice teacher (PT35)
used the method of giving examples and performed algebraic
operations but made a logical error because he/she tried to structure
the proof by reverse of the hypothesis (Figure 10).

Figure 10
Answer of PT35 to The Fourth Question of DRI
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There were some preservice teachers who thought that they structured
the proof with the direct proof method. Five preservice teachers tried
to perform algebraic operations by drawing a Venn diagram. A
preservice teacher used the contradiction method but made
incomprehensible explanations. Finally, the statements of seven
preservice teachers were found to be irrelevant to the topic.

Some of the preservice teachers thought that drawing a Venn diagram
was sufficient for proof and they could not structure convincing
arguments, but they stated that they used the deductive method. For
example, PTI12 stated: "I explained the whole information with
drawings, from whole to the part.." next to his drawing, while PTI3
stated: "l reduced general set definitions to specific ones." Another one
tried to support his drawing with meaningless algebraic manipulations.
There were six preservice teachers who did not make any explanations
about the method and only drew a Venn diagram. Four preservice
teachers, who stated that they used the method of giving examples
rather than drawing a Venn diagram, tried to support their drawings
with verbal expressions.
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In summary, there was no preservice teacher who could correctly prove
this proposition, which can be proven by the method of contrapositive.
48% of the preservice teachers acted with indicators related to the
experimental perceptual proof scheme, and 25% acted with indicators
related to the external symbolic proof scheme. Only three preservice
teachers gave correct information about the method of proof. One
preservice teacher drew a Venn diagram and tried to support his/her
drawing with verbal expressions. Another took the expressions of
hypothesis and judgment incorrectly, and the other one misstructured
his proof based on the statement reverse of the hypothesis.

Answers of Preservice Mathematics Teachers to the Fifth Question
of DRI

The fifth question is a proposition, which is a proof form of Mersenne
numbers that preservice teachers have encountered before. The
falsehood of the proposition can be proven with a counterexample
(giving an example to the contrary) (with n=11).

Table 7

Findings Regarding Wrong Answers to the Fifth Question of DRI
The Proof Method She/He  Verifying with Incorrect/ Meaningless
Stated She/He Used /Proof Certain Values Algebraic Manipulation

Behaviour (Associated (Empirical (External Symbolic P.S
Proof Scheme) Ex.Bas.P.S.)

Deductive Method 1

Proof By Trial 13

Proof By Induction 7

Proof By Contrapositive 2
Proof By Counterexample 9

Direct Proof 1

Contradiction 2 1
Method Of Trial

Contradiction Or 1
Contrapositive

No Explanation, 4 1

Meaningless Explanations

37(84%) 5 (11%)

Two preservice teachers left this question blank. As seen in Table 7, five
preservice teachers tried to structure the proof with meaningless
algebraic manipulations (external symbolic proof scheme). Other
preservice teachers (37 PTs) structured their proofs by giving numerical
values to the variable (n) but stated that they used different methods.
The reactions of these preservice teachers were associated with the
empirical examples-based proof scheme. 13 preservice teachers who
gave numerical values to the variables stated that they used the proof
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by trial method and seven preservice teachers stated that they proved
it by the inductive method. Four preservice teachers who chose to
prove with numerical values did not explain the method. PT10 stated: "/
remember it as Fermat's theorem." PT21 stated: "l couldn't figure it out."”
In addition, nine preservice teachers who verified with numerical values
stated that they used counterexample; however, like other preservice
teachers, they tried to check the accuracy by substituting values such
as 2, 3,5, and 7 instead of the variable in the proposition. For example,
PT9 stated, "It is true because | could not find a counterexample." PT18
for n=6, PTI9, PT29, PT37 for n=4; S25 for n=7 and n=8; PT27 for n=2 stated
that they proved the proposition, and PT29 stated that he/she proved
the proposition for n=2, 3 and 4. A preservice teacher who thought
he/she proved with numerical values stated that he/she made a direct
proof; he/she tried numbers 2, 3, 5 and 7. With the same thought, a
teacher candidate tried 2, 3, 5 and 7; He/she stated that he/she proved
by deductive method. Two preservice teachers stated that they used
the contradiction method by trying the proposition for n = 4, with
similar thoughts. Five preservice teachers in the other group made
meaningless algebraic manipulations. It was thought that these
preservice teachers tried to structure their proofs with indicators
related to the external symbolic proof scheme. A preservice teacher
explained with verbal expressions about what he/she did; the other one
answered that it was contradiction or contraposition, one preservice
teacher stated that he/she used the contradiction method, and two
preservice teachers stated that he/she used the contrapositive method.
Two preservice teachers did not answer the question. A preservice
teacher left the explanation section blank.

When the answers to the fifth proof question were examined; most of
the preservice teachers (37 PTs) chose to prove the proposition with
numerical values. In addition, they stated that they used different proof
methods. All of the other preservice teachers acted with indicators
related to the external symbolic proof scheme. Thus, it can be stated
that in their explanations regarding the fifth question, the majority of
preservice teachers (84%) have indicators related to the empirical
examples-based proof scheme, and 11% of them have proved with
indicators related to the external symbolic proof scheme.

Answers of Preservice Mathematics Teachers Regarding the
Methods They Stated That They Had Used

When DRI is considered in general; the answers given by
preservice mathematics teachers to proof questions about the
methods they have used are presented in Table 8.
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Table 8
Methods Preservice Teachers Stated They Used in DRI

Ql Q2 Q3 Q4 Q5

Direct Proof 12 12 6 6 1
Proof by Cases - - 1 - -
Proof by Contradiction 1 - 4 2 3
Proof by Contrapositive 2 2 2 3 2
Proof by Counterexample 3 - 4 4 9

According to Table 8, 12 preservice teachers gave appropriate answers
to the first question, which is suitable for proving by direct proof
method; four preservice teachers gave appropriate answers to the third
question, which is suitable for proving by contradiction; three
preservice teachers gave appropriate answers to the fourth question,
which is suitable for proving by contradiction method; nine preservice
teachers gave appropriate answers to the fifth question, which is
suitable for proving with the proof method by giving
counterexamples/contrary examples.

None of the preservice teachers answered the second question
correctly, which is suitable for proving by cases. However, four
preservice teachers stated that they proved through trials, and 23
preservice teachers answered this proposition correctly by proving it
through cases, and one preservice teacher proved it through the
contradiction method. In addition, seven of the 19 preservice teachers
who constructed proofs false stated that they used the proof method
through trial. It is noteworthy that 24 of the preservice teachers made
correct proofs, especially regarding the second question, but they did
not have any knowledge about the method they used. In other
guestions, none of the preservice teachers could prove the propositions
correctly; very few answered correctly about the appropriate method.
Therefore, it can be concluded that preservice mathematics teachers
have insufficient ideas about their proof skills and the proof methods
they use.

Proof Schemes of Preservice Mathematics Teachers Regarding DRI

When DRI is considered in general; proof scheme indicators of
preservice mathematics teachers regarding the questions are given in
Table 9.

Table 9
Proof Scheme Indicators for Preservice Mathematics Teachers Regarding the
Questions

Ql Q2 (%) Q3(%) Q4 (%) Q5 (%)
(%)
External symbolic P.S. 23%  42% 27% 25% 1%




PUJE, 62, 362-404 [2024] E. GC. Contay https://doi.org/10.9779/pauefd. 1359924

Table 9
Proof Scheme Indicators for Preservice Mathematics Teachers Regarding the
Questions (continued)

Empirical Perceptual P.S. - 1% 48%

Empirical Examples-Based 20% 47% 66% 84%
P.S.

Analytical Transformational 55%

P.S.

Considering Table 9, it can be seen that except for the first proof
question, preservice teachers mostly structured their proofs with
indicators related to the empirical proof scheme. The preservice
teachers then acted with external proof scheme indicators. Only in the
first question, 55% of the preservice teachers answered the proof
correctly with analytical transformational proof scheme indicators, and
the remaining 45% structured their proofs with empirical and external
proof scheme indicators. It can be said that in their answers regarding
DRI, preservice teachers mostly acted with empirical and then external
proof scheme indicators. In addition, it can be interpreted that
preservice teachers have incorrect information about the methods they
use.

Evaluation of the Findings Related to the Methods and Proof
Schemes that Preservice Mathematics Teachers Stated They Used

The reactions of preservice teachers regarding DRI are discussed
together in terms of both the proof methods they have used and the
proof scheme indicators.

The method that is said to be most frequently used in the answers to
the first question, which is suitable to be solved by the direct proof
method, is the direct proof method. In other words, preservice teachers
emphasized the most correct method among other proof methods.
However, 11 of the 13 preservice teachers who used the direct proof
method tried to structure the proof with external symbolic proof
scheme indicators, and there was no preservice teacher who answered
this proof question correctly and did the proof with the direct proof
method. Preservice teachers mostly progressed from hypothesis to
judgement as should be the case in the direct proof method. Therefore,
it can be pointed out that preservice teachers carry out their direct
proof method applications with external persuasion processes and act
with external symbolic proof scheme indicators.

The second question, which is suitable to be solved by the method of
proof with cases was the one in which preservice teachers were the
most successful. 55% of the preservice teachers structured the proof
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correctly by acting with the indicators of the analytical transformational
proof scheme and using the proof by cases method in the proof, which
is to be structured using the proof by cases method. However, in their
explanations regarding this question, none of the preservice teachers
who answered correctly stated that they used the method of proof by
case, and they also stated that they used different proof methods.
Hence, it can be concluded that none of the preservice teachers, who
structured the proof with indicators related to the analytical
transformational proof scheme, knew the method they used. 44% of
preservice teachers answered this question incorrectly. None of the
preservice teachers stated that they used the method of proof by case.
They stated that they used proof by trial and direct proof most. These
preservice teachers acted with indicators related to empirical
perceptual, empirical examples-based and external symbolic proof
schemes. Therefore, preservice teachers responded to the question of
proof, which is suitable for structuring with the method of proof by
cases, with external and experimental persuasion situations.

In their explanations regarding the third proof question, which is
suitable for structuring with the method of contradiction, four of the
preservice teachers stated that they used the contradiction method. In
fact, they did not use the contradiction method, but they tried to test
the proposition with certain values or they made meaningless algebraic
manipulations. In other words, preservice teachers who thought they
had used the contradiction method acted with indicators of the
external symbolic and empirical examples-based proof scheme.

In their answers to the fourth question, which is suitable for proving the
proposition by using the contrapositive method, only three preservice
teachers stated that they used the contrapositive method, but they
tried to persuade verbally or with drawings or misstructured the proof
with meaningless algebraic manipulations. Therefore, the persuasion of
the preservice teachers who stated that they used the contrapositive
method was external and experimental.

In their explanations regarding the fifth proof question, where proof
could be structured by counterexample, nine preservice teachers
stated that they proved it by counterexample. However, they tried to
structure the proof by giving numerical values. Therefore, it can be
stated that the preservice teachers structured the proof by
counterexample with the indicators of the empirical proof scheme.

When the findings regarding DRI are examined in terms of proof
methods and proof schemes; It can be concluded that preservice
teachers revealed their proof method applications and explanations
with indicators of empirical and external proof schemes.
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Findings on Preservice Mathematics Teachers’ Knowledge of Proof
Methods

Findings regarding the answers given by preservice mathematics
teachers to the Proof Methods Instrument (PMI) in order to measure
their knowledge of proof methods are as follows. Preservice teachers
were asked to write and explain the proof methods they knew in the
first question of the PMI. Information regarding their proof methods is
presented in Table 10 and Table 1.

Table 10
Findings Related to Proof Methods
Induction PT1,PT3,PT4,PT5,PT6,PT7,PT8,PTO.PTII,PTI2P 29(15 %)
T13,PT14,PT16,PT17,PT18,PT19,PT20,PT21,PT22,
PT24,PT25,PT28,PT29,PT31,PT33,PT34,PT35,P
T38,PT41
Deduction PT1,PT3,PT4,PT5,PT7,PT8,PT9,PT17,PTI9,PT20, 20(10%)
PT21,PT22,PT24,PT25,PT31,PT33,PT34,PT35,PT
38,PT41
Direct proof PT3,PT5,PT7,PT8,PTIOPTI3,PTI5PTI7,PTI8PT 29 (15%)

19,PT20,PT21,PT23,PT24,PT25,PT27,PT28,PT3
0,PT31,PT32,PT33,PT36,PT37,PT38,PT41,PT42,
PT43,PT45,PT46

Indirect Proof PT6,PT8,PTIO,PT21,PT33,PT42 6(2%)

Counterexample  PT2,PT3,PT6,PT7,PT9,PTIO,PTII,PTI2,PTI4,PTI  28(14%)
5,PT17,PTI8,PTI9,PT20,PT21,PT22,PT23,PT24,P
T25,PT27,PT28,PT31,PT35,PT37,PT42,PT43,PT

45PT46
Method of Contra  PT3,PT4,PT5,PT6,PT7,PTIO,PTI2,PTI3,PTI4,PTI  31(16%)
diction 6,PT17,PT19,PT20,PT21,PT22,PT23,PT24,PT27,

PT29,PT30,PT31,PT32,PT33,PT35,PT36,PT38,P
T41,PT42,PT43,PT45 PT46

Contrapositive PT1,PT3,PT4,PT5,PT6,PT7,PTIO,PTI,PTI2,PTI3, 31(16%)
PT17,PT19,PT20,PT24,PT25,PT26,PT27,PT28,P
T30,PT31,PT32,PT33,PT35,PT36,PT37,PT38,PT
40,PT41,PT42,PT43,PT45

Trial/Error PT9O, PT21,PT26,PT35,PT36,PT41,PT43 7(3%)
Proof by Trial PT2,PT3,PT5PT7,PTIOPTI4,PTI7,PTIO,PT20,P  17(9%)
T23,PT24,PT25,PT31,PT37,PT42,PT45,PT46
Total 198
(100%)

When Table 10 is examined, it was found that preservice teachers
mostly responded to the method of contradiction (16%) and
contrapositive (16%). then, induction (15%) and direct proof (15%). In
addition, they gave answers regarding the methods of "trial and error"
(7) and "proof by trial" (17). One preservice teacher answered "logical
reasoning" and the other answered "hypotheductive thinking." Since
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the reactions came from only one student for each answer, they were
not included in the table. Among the 30 answers regarding direct proof,
explanations were found in nine of them, and three of these
explanations were described as correct. On the contrary, while there
were 12 explanations regarding counterexample, eight of these
explanations were correct, while there were 10 explanations regarding
the contradiction method and three of them were accepted as correct.
In addition, explanations were written for seven of the empirical proof
answers, and two of these explanations were found to be correct. While
there were 10 explanations regarding the method of contrapositive, six
of these explanations were found correct. These statements were
thought to be obtained through logical deduction and were associated
with analytical transformational proof scheme indicators. As seen in
Table 11; among the proof methods explained by preservice teachers,
the highest percentage of correct answers belonged to the proof by
counterexample method (67%). Preservice teachers made correct
statements about the proof by contrapositive (60%) after the method of
counterexample. In other words, preservice teachers who made
explanations about the proof method stated that they most frequently
gave statements with indicators related to the analytical
transformational proof scheme in their explanations about the proof by
counterexample and proof by contrapositive method. In addition, it was
observed that preservice teachers mostly made explanations about
proof methods with external ritual proof schemes, in addition to the
indicators related to the analytical transformational proof scheme. The
methods that the external ritual proof scheme was associated with
were the method of contrapositive, the method of contradiction, and
the method of direct proof. In conclusion, it can be pointed out that the
explanations of the preservice teachers regarding the external proof
scheme regarding their knowledge of proof methods are most
frequently related to these three methods.

Table 1
Explanations of Preservice Teachers Regarding the Proof Methods They State
They Have Used

The Proof Method Emp. External Analyt. Unrelate Total
She/He Said Example Ritual Transfor d Expr.

She/He Used s Based P.S. mational

/Proof Scheme) P.S. PS.

Deduction 2 1(25%) 1 4
Direct Proof 4 3(33%) 2 9
Proof By Trial 3 2 2(29%) 7
Proof By 4 6(60%) 10
Contrapositive

Proof By 6 3 (30%) 1 10

Contradiction
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Table 1
Explanations of Preservice Teachers Regarding the Proof Methods They State
They Have Used (continued)

Proof By 1 2 8(67%) 1 12
Counterexample
Total 4 20 23(44%) 5 52

When preservice teachers were asked to write down the proof methods
they knew, they frequently responded to the method of contradiction
(16%) and proof by contrapositive (16%). Then, it was observed that they
responded with induction (15%) and direct proof (15%). In their
explanations regarding these methods, the method with the highest
correct response rate was the proof by counterexample (67%) and the
method of proof by contrapositive (60%). However, preservice teachers
also included indicators of the external ritual proof scheme in their
explanations about the method of contrapositive. Hence, it can be
stated that preservice teachers are most likely to know the name of the
proof method by contrapositive and make explanations at the same
time and that it is the proof method in which they make explanations
with indicators related to the analytical transformational proof scheme.

Knowledge of Preservice Teachers About Proof Methods

In the second part of the PMI, preservice teachers were asked to explain
the methods of direct proof, proof by contrapositive, proof by
contradiction, proof by counterexample, and proof by trial, respectively.
The findings are as follows.

Table 12
Knowledge of Preservice Teachers About Proof Methods

Analy.Tra Emp. Ex. External Not Tota Bla
nsf. P.S. Based Ritual grouped | Nk
P.S. P.S. /Meaning
less

Direct Proof 4 (6%) 4 (10%) 9 (24%) 24 (41%) 41 3
Proof by 1 (17%) 2 (4%) 15 (39%) 11 (18%) 39 6
Contrapositive
Proof by 10 (15%) 4 (10%) 10 (26%) 17 (29%) 41 3
Contradiction
Proof by 32 (48%) 1(2%) 3 (8%) 6 (10%) 42 2
Counterexample
Proof by Trial 9 (14%) 31 (74%) 1(3%) 1(2%) 42 2

66 (100%) 42(100%) 38(100%) 59 (100%) 205

It has been identified that preservice teachers most frequently gave
answers regarding the method of proof by counterexample in their
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correct statements. For example, PT5 made the following statement
regarding the method of counterexample: “It is generally used to refute
arguments. When we find a single case that falsifies the given
proposition, we refute it.” Such statements are classified in the category
of analytical transformational proof schemes.

It was determined that most of the preservice teachers (74%) used
empirical examples-based proof scheme indicators in their
explanations regarding the proof by trial method. In these statements,
preservice teachers did not mention the existence of a limited set. For
example, PT2 stated: "Generalization is achieved by trying different
values in the expression that is tried to be proven," while PT4 explained:
"To show the correctness by trying through substituting a few values."
Since the limitation of the set is denied in such statements, it can be
stated that the majority of ideas of preservice teachers about what the
method of proof through trial is are not correct, and they see “the way
of verifying the proposition with certain values” as proof.

It was determined that preservice teachers most frequently (39%) made
explanations with indicators related to the external ritual proof scheme
in their explanations regarding the method of proof by contrapositive.
For example, PT2] stated: “We start by thinking that the given
statement is wrong. If the result is wrong when going this way, the
statement given is actually true." PT28 stated: "Assuming that the
proposition is false, this assumption is proven wrong." Both preservice
teachers thought that the proof started by assuming the opposite of
the hypothesis and stated that a contradiction would be found in this
way. The source of this thought may be that preservice teachers often
confuse the approach to the contrapositive method with the
contradiction method, and therefore, resort to ritual definition. In
addition, it was determined that most of the preservice teachers (32 PTs,
48% of the responses regarding the analytical transformational proof
scheme) made explanations with indicators related to the analytical
transformational proof scheme in their explanations regarding the
proof method by contrapositive. In addition, preservice teachers
frequently (15 PTs, 39%) made explanations with external ritual proof
scheme indicators in their explanations regarding the method of proof
by contrapositive.

Discussion

Our data revealed that the preservice could not construct a correct
proof in their answers regarding the DRI, except for the second
question, and that their methodological knowledge regarding the
proposition they constructed correctly was incorrect. In the proofs they
structured correctly regarding the second question of DRI, it was
determined that they had incorrect information about the method they
used. In other words, it was identified that preservice teachers were
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unsuccessful in proving propositions and that they lacked knowledge
of methods, and how to use them, and that they did not know the
method they used in cases where they proved the proposition. This
finding is consistent with studies (Guler et al., 2012; Ozer & Arikan, 2002;
Stylianides et al, 2007, Zaimoglu, 2012) stating that preservice
mathematics teachers have difficulties in constructing proofs and
cannot understand the logic of proof methods.

In their answers to the first question, which is suitable for solving with
the direct proof method, preservice teachers stated that they mostly
used the direct proof method. Their explanations, which were
expressed with correct judgement, did not help prove the proposition
regarding this question because in cases where they stated, they used
the direct proof method and acted with external symbolic proof
scheme indicators. Thus, it can be pointed out that preservice teachers
used external persuasion methods in the proofs they constructed
correctly. imamoglu & Yontar Togrol (2015) revealed that preservice
teachers preferred to use direct proof and proof with case methods
more frequently than other methods. The attitudes of preservice
teachers are similar in this respect. Besides, the reason why preservice
teachers have external proof scheme indicators even in the proofs they
have constructed correctly may be due to the fact that they do not find
the proof meaningful. Thus, proofs and their applications are rarely
encountered by students in school mathematics. For this reason; they
may have perceived mathematics as a compilation of facts provided by
their teachers, textbooks, and other entities (Sears, 2019), rather than a
product of their own norms and practices.

In their reactions to the second question, which is suitable to be solved
by the method of proof by cases, more than half of the preservice
teachers (55%) responded by structuring the proof correctly. Therefore,
most of the preservice teachers answered the question requiring proof
with situations with analytical transformational proof scheme
indicators. However, none of the preservice teachers stated that they
have used the method of proof by cases. Hence, it can be concluded
that the preservice teachers who participated in the study were
unaware of the proof method they used, even in cases where it had an
analytical transformational proof scheme. 44% of the preservice
teachers gave the wrong answer to the second question, which is
suitable for structuring with the proof method.

In their explanations regarding the third proof question, which is
suitable for structuring with the method of contradiction, only four of
the preservice teachers stated that they used the method of
contradiction, but they tried to check the proposition with certain
values or made meaningless algebraic manipulations. Therefore,
preservice teachers who stated that they used the contradiction



PUJE, 62, 362-404 [2024] E. GC. Contay https://doi.org/10.9779/pauefd. 1359924

method, structured their proofs with indicators related to the external
and empirical proof scheme. This finding is consistent with Sears' (2019)
finding that preservice teachers mostly respond to external and
empirical proof schemes and generally tend to examine propositions
with certain values.

In their answers to the fourth question, which is suitable for proving the
proposition using the method of contrapositive, only three preservice
teachers stated that they used the method of contrapositive with
external and empirical proof scheme indicators. In their explanations
regarding the fifth proof question, where proof can be structured by the
method of counterexample, nine preservice teachers stated that they
constructed proof by counterexample, but they structured the proof by
giving examples using empirical proof scheme indicators.

In this study, it can be pointed out that preservice teachers could only
prove with the method of proof by cases, and in other cases, they failed
in proof construction by acting with indicators related to the external
and empirical proof scheme. In addition, preservice teachers who made
direct proofs acted with indicators related to the external symbolic
proof scheme. Preservice teachers who constructed proofs with cases
gave responses regarding the analytical transformational proof scheme
in their correct answers, but they did not know the method they used.
In their incorrect answers, they acted with indicators related to
empirical perceptual, experimental examples-based and external
symbolic proof schemes. While the preservice teachers who used the
method of contrapositive and contradiction carried indicators related
to the external symbolic and empirical examples-based proof scheme
indicators in their answers, the preservice teachers who used the
method of counterexample tried to structure their proofs with
indicators related to the empirical examples-based proof scheme.

In the questions about knowledge of proof methods, preservice
teachers mostly (74%) made explanations with empirical examples-
based proof scheme indicators in their explanations. This finding is
consistent with the findings of preservice teachers (Doruk & Kaplan,
2017; Gholamazad et al., 2004; iskenderoglu et al. 2010; Stylinou et al.,
2016) and secondary school students (Heinze & Reiss, 2003) mostly use
empirical and external proof schemes or see the arguments as proof
which are constructed empirically. In their answers regarding DRI,
especially in the first, third and fifth questions, preservice teachers
mostly tried to structure the proof by giving numerical values to the
variable in the proposition. For this reason, preservice teachers mostly
acted with indicators related to the experimental examples-based
proof scheme when constructing proofs regarding these questions.
Similarly, Kdgce (2013) reported in his study that preservice



PUJE, 62, 362-404 [2024] E. GC. Contay https://doi.org/10.9779/pauefd. 1359924

mathematics teachers believed that verifying propositions by giving
numerical values was sufficient for proof.

One of the important findings of this study is that 24 of the preservice
teachers structured their proofs correctly in their answers to the second
qguestion, but they did not have information about the method they
used. Besides; In other questions, none of the preservice teachers could
prove the propositions correctly. In addition, very few of them gave
correct answers about the appropriate method. Therefore, it can be
concluded that preservice mathematics teachers have insufficient
ideas about their proof skills and the proof methods they use. This
finding is consistent with Demircioglu's (2022) finding that preservice
teachers are not knowledgeable about alternative proof methods.
Doruk and Kaplan's (2013) reported that preservice mathematics
teachers failed in proof evaluation processes. In addition, Doruk and
Kaplan (2017) also reported that the proof skills of preservice
mathematics teachers were poor and compatible with the findings that
the proof construction skills of preservice teachers were weak and the
processes of proving basic concepts were not at the desired level
(Barak, 2018).

The findings regarding the PMI revealed that when preservice teachers
were asked to write and explain the proof methods they used, it was
seen that the highest percentage of correct answers were proof by
counterexample (67%). Next, preservice teachers made correct
statements about the method of proof by contrapositive (60%). In other
words, the preservice teachers who made explanations about the proof
method they used most frequently gave statements with indicators
related to the analytical transformational proof scheme in their
explanations about the proof by counterexample and proof by
contrapositive. In addition, it was observed that most of the preservice
teachers made explanations about the proof methods with external
ritual proof schemes, in addition to indicators related to the analytical
transformational proof scheme.

The methods associated with the external ritual proof scheme are
determined as the method of contrapositive, method of contradiction
and the direct proof method. Therefore, it can be stated that preservice
teachers most frequently associated the explanations with the external
proof scheme regarding their knowledge of proof methods with these
three methods. However, preservice teachers also included indicators
of the externally ritual proof scheme in their explanations about the
method of contrapositive. Thus, the highest rate at which preservice
teachers both knew the name and made explanations at the same time
was the method of counterexample. These explanations were
associated with analytical transformational proof scheme indicators.
This finding is consistent with Doruk's (2019) finding that preservice
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mathematics teachers were successful in determining the proof using
induction, direct proof, and counterexample methods.

In their explanations regarding the proof method, the preservice
teachers considered most important or used most frequently, and they
made explanations by emphasizing the method they knew the most
(proof by trial) instead of emphasizing the use of the proof method
where necessary. Hence, it can be concluded that preservice teachers
do not have the knowledge of alternative proof methods and the
situations in which they use these methods and that they tend to
structure the proof with the methods they know or consider important,
instead of searching for the appropriate method for all proof questions.
This finding is consistent with the finding in the study of Demircioglu
(2022) that preservice teachers are not knowledgeable about
alternative proof methods and insist on using the proof methods they
have already known. During the proving process, preservice teachers
frequently proceeded from judgement to hypothesis instead of
proceeding from hypothesis to judgment, and in cases where they
could not reason, they tried to structure the proof with meaningless
algebraic manipulations without making an effort to determine the
appropriate method. This finding indicates that preservice teachers
learn and structure proofs mostly by rote (Doruk and Kaplan, 2013), and
have difficulties in understanding the meaning of the proposition
regarding given propositions, in knowing where to start the proof, in
finding and using the appropriate method for proof, in creating a proof
and defining the logical structures of the proposition (Ugurel et al., 2016)
and that they produce weak arguments (Guler & Ekmekci, 2016).

Conclusion and Suggestions

When findings are considered as a whole, it can be stated that the
majority of preservice teachers tend to prove the questions by giving
values tovariables and are not aware that this does not constitute proof.
Thus, it can be concluded that preservice teachers mostly act with
indicators related to the empirical proof scheme. In addition, preservice
teachers mostly do not know the proof methods correctly. Hence, it can
be concluded that there is a lack of knowledge regarding proof
methods. Preservice teachers take courses on proof knowledge and
methods throughout their undergraduate education. As seen in the
relevant literature, they have deficiencies in this regard. Changing
paradigms and curricula require preservice teachers to learn proof.
Considering that very few of the preservice teachers have proof
schemes at the desired level, it is predicted that they will have difficulty
in teaching proof with limited understanding as they have difficulty in
creating convincing proof (Sears, 2019). Therefore, it is recommended
that preservice teachers should deal with more and more types of proof
during their undergraduate education. It has been pointed out in the
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literature that preservice teachers should improve their proof and
reasoning skills when they gain experience in dealing with different
types of proofs (Karunarakan et al., 2014). In addition, it is recommended
that they should be taught proof practices related to proof teaching at
secondary and high school levels, instead of focusing only on proofs and
solutions in courses that include proof applications in undergraduate
courses.

Sears et al. (2013) have pointed out that most preservice teachers do not
have many opportunities to do proof outside of geometry and that they
perceive that they will have difficulty in teaching proof effectively.
Therefore, preservice teachers should have the opportunity to practice
proof and proof teaching throughout their university experience. In
addition, they have a limited understanding of the role and nature of
proof. Therefore, discussions on the role and nature of proof need to be
included in the teacher education curriculum (Sears et al., 2013). In this
way, preservice teachers can gain a deeper understanding of proof
teaching along with pedagogical training and can integrate proof
teaching into the secondary and high school curriculum in their future
teaching. Preservice mathematics teachers are required to graduate
from teacher training programs with both well-developed ways of
understanding and thinking about proof and in-depth knowledge of
proof appropriate to this level of education (Brown & Stillman, 2009).

In this study, proof skills, proof method knowledge and proof schemes
of preservice mathematics teachers were investigated. It is
recommended that researchers should conduct experimental studies
in courses for middle and high school students that integrate proof
applications. In this way, the outcomes resulting from the integration of
proof-practice teaching into education can be discussed and solutions
can be developed.
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