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On the solution of a nonlinear Volterra integral equation with delay

Aynur Sahin®', Zeynep Kalkan?, Hakan Arisoy’

ABSTRACT

In this paper, we show that the iterative sequence which is a simplified form of the iteration method
introduced by Ullah and Arshad (SpringerPlus, (2016)5:1616), is convergent strongly to the solution of
a nonlinear Volterra integral equation with delay in a complete metric space. Furthermore, we prove a
data dependence result for the solution of this integral equation.

Keywords: Volterra integral equations, fixed point, data dependence, iteration methods
Gecikmeli lineer olmayan bir Volterra integral denkleminin ¢6ziimii

0z

Bu makalede, Ullah ve Arshad (SpringerPlus (2016)5:1616) tarafindan tanimlanan iterasyon metodunun
basitlestirilmis hali olan bir iteratif dizisinin gecikmeli lineer olmayan bir Volterra integral denkleminin
¢Ooziimiine kuvvetli yakinsadigr gosterilmistir. Dahasi bu integral denklemin ¢6zliimii i¢in bir veri

bagimlilig1 sonucu ispatlanmistir.
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1. INTRODUCTION AND PRELIMINARIES

Let I = [a, b] be a fixed finite interval such that
a < b. We consider the following metric on C (1),
the space of the complex-valued continuous
functions on I,
lu(x) — v(x)|

¢ (x)
where ¢@:1 - (0,00) is a non-decreasing
continuous function. It is clear that (C(I),d) is a
complete metric space (cf., e.g., [1]).

In 2013, Castro and Guerra [2] proved the
existence and uniqueness of the solution of a
nonlinear Volterra integral equation with delay as
follows.

d(u,v) = supye

Theorem 1. (see [2, Theorem 2.1]) Let us consider
continuous given functions u:I X I = [0, ) and
n:1 X1 - [0,00). Moreover, assume that g €
C(I), f:IxIxXxCxC—-C is a continuous
function, a:1 — I is a continuous delay function
fulfilling a(x) < x for all xel and y:C(I) »
C(I) is a bounded function in the sense that there
exists a constant K > 0 such that

d(@(hy), P(hy)) < K d(hy hy).
In addition, suppose that there are constants
B,y €[0,1) such that [ pu(x,)p()dt < B (x)
and f;n(x, t)e(t)dt < ye(x), and that

|f (x, t,u(t),u(a(t))) i (x, t,v(t), v(a(t)))|
< ulx, )lut) —v)| +n(x, t)|u(oc(t)) — v(oc(t))|

for all x,tel, u,veCl). If K(f+y) <1,
then there is a unique solution y, € C(I) of the
nonlinear Volterra integral equation

@) =g+ v (f] f (vt y(®,y(a®))dt) (1)
for all x € I.

Very recently, Ullah and Arshad [3] introduced the
following iteration method in a Banach space:

xv(ﬁgl = Tx1(12)'
x,(f) -T ((1 _ a7(11))x7(13) + a‘r(ll)Tx‘r(IS))’ )
x,(f) =T ((1 — a,(lz))x,(ll) + ar(lz)Tx,(ll)), neN

where {a,(ll)} and {ar(lz)} are real sequences in
[0,1].

Putting a,(ll) = 1 for all n € N in (2), Ertiirk et al.
[4] studied an iteration method as follows:
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x1(1+)1 = Tx,(1 )
x =TT,

kx,(f) =T ((1 — a,(lz))x,(ll) + ar(lz)Tx,(ll)), n € N.

€)

3)
They showed that the iteration method (3) is faster
than all Picard [5], Mann [6], Ishikawa [7], Noor
[8], S [9], Normal-S [10], CR [11], Picard-S [12],
Modified-SP [13], Thakur et al. [14], Vatan two-
step [15], Abbas and Nazir [16], S* [17] and Ullah
and Arshad [3] iteration methods.

In this paper, we prove the strong convergence and
data dependence theorems for the nonlinear
Volterra integral equation with delay (1) by using
the iteration method (3). Also we present an
example to support our results.

We end this section with the following lemma
which will be needed in the sequel.

Lemma 1. (see [18]) Let {a,}p—; be a non-
negative real sequence and there exists ny, € N
such that for all n > n, satisfying the following
condition:

nt1 = (1 - Mn)an + Unn
where u, € (0,1) such that ), u, = co and
Nn = 0. Then the following inequality holds:

0 < limsup,_ea, < limsup,_eMn-
2. MAIN RESULTS

We first give the strong convergence theorem of
the iterative sequence {x,(ll)} defined by (3) for the

nonlinear Volterra integral equation (1) in the
complete metric space (C(I),d).

Theorem 2. Let {a,(lz)} be a real sequence in [0,1]

satisfying X, oc,(lz) = oo. Under the assumptions

of Theorem 1, the equation (1) has a unique
solution, say y,, in C(I) and the iteration method
(3) is convergent strongly to y.

Proof. Let {x,(ll)} be an iterative sequence

generated by the iteration method (3) for the
operator T: C(I) — C(I) defined by
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@) ()
( ,(13),}/0) = SUDygs |x” (:;)(x;/()(x)|
|T((1 agz))xﬁf)+a$lz)Tx§f))(x)—Tyo(x)|

o(x)

QU

Tw)(x) = g(x) + P <f f (%t u(®),u(a®)) dt)

We will show that x( ) S Yo as n — oo, From (1), = SUPxes
(3) and the assumptions of Theorem 1, we obtain

‘¢<f;f<x,t,((1—a%2))xr(ll)+a%2)Tx$ll))(t),((l—aglz))x%l)+a%2)Tx$ll))(a(t)))dt)—xp(f;f(x,t,yo(t),yo(a(t)))dt)|
@(x)

: ,((1—a1(12))x1(11)+a1(12)Tx1(11))(t),((1—a1(12))x1(11)+a1(12)Tx§ll))(a(t)))at-f;‘f(x,t,yo(t),yo(a(t)))dt‘

@(x)
fj‘f(x,t,((1—a1(12))x1(11)+a1(12)Tx1(11))(t),((1—a1(12))x1(11)+a1(12)Tx1(11))(a(t)))—f(x,t,yo(t),yo(a(t)))‘dt

@(x)
f;(u(x,t)|((l—aglz))x,(ll)+a£lz)Tx£ll))(t)—yo(t)|+1](x,t)|((1—a$lz))x$ll)+a$lz)Tx$ll))(a(t))—yo(a(t))Ddt
o(x)

= SUDPxer

< Ksupye;

< Ksup,g;

< Ksup,¢;

< 1_a[(Z)> (1)+a( )Tx(1)>(t) J’O(t)‘
@(t)

<1—a$12))x$11) ( Tx%l))(a(t)) yo(a(t))|
@)

dt+ [ n(xe,t)e(alt))
(x)

((1 ang))xill)+a£12)Tx£11))(t)_y0(t)| f;,u(x,t)(p(t)dt ]
SUP¢ter 0 SUPxer 2

NeHIG!

= Ksupye,

|((1 a?)x (1)+a§f)Tx(1))(a(t))—J/o(a(t))| [EnGete(a®)dt |
o(a(®) SUPxer o)

<K :d ((1 — a,(lz)) xr(ll) + a,(lz)Txr(ll),yo) p+d ((1 — a,(lz)) xr(ll) + ar(lz)Tx,(ll),yo) ]

=K(B +y)d ((1 - a,(lz))x(l) + a(Z)Tx,(ll),y )

| TSUPter

<K@+ ((1- @) d (2P, 50) + aPd (150, 3,)) )
and
R |Tx$ 0 -Tyo ()| [ (17 £ (e 28 (@) )a) (7 £ (xt.v0Oy0(a(®)) )a)|
d (Tx,y0) = supyer e = SWxel e
fa f x,t,x%l)(t),xﬁll)(a(t)) dt—f;f x,t,Y0(t),yo(a(®)))dt
< At st

f:|f(x,t,x$ll) (t),xr(ll)(a(t)))dt—f(x,t,yo ®).y0 (a(t)))|dt

< Ksupye,

@)
(G| ©-yo@ [ +106e0) |5 (@) -y (a®))])at

S Ksupxel (p(x)

|« (1)() yo( )| i a®)-vole)]

o(a(®)

Ji u(x o) dt+ [ n(x,0)e(alt))

o(x)
|2 (O-y(8)] Ja kDo®ar | (a(0)) -0 (0)| [En@e(a®)dt
o Pk T SUPeer o) PTG

<K|d(x)-B+d (2", 0) 7]

= KB +1)d (x, ) 5)
Combining (4) and (5), we have

a (2, y0) < K@ +7) (1= (1= K@ +7)) d (P, 3).

Also, we get

= Ksupye,

< K |sup¢e;

(@ ) (1) 0-Tyo 00| (17 £ (2 @12 (@) )de)-p( 17 £ (xtv0@.v0(a@))ae)|
( Xn ;)’0) = SUPxes e = SUPxes )

|f;f(x,t,Tx§l3)(t),Txf)(a(t)))dt—f;f(x,t,yo(t),yo(a(t)))dt|
o(x)

< Ksup,¢;
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f:|f(x,t,Tx,(13) (t),Tx,(f)(a(t)))—f(x,t,yo ®).y0 (a(t)))|dt
@(x)
L (uGeb|rx ©-yo )| +nGe)| x5 (a(0)-yo(a(®)] )t
@)

®)
Txy  (£)—-yo(t)|dt
I u(x.t)<p(t)|n¢T|+ff n(x.t)<p(a(t)‘|
14€9)

|72 (O-y,(0)] Ja Do |72 (a(0)) -0 (0)| [En@e(a®)dt
SUP¢ter G SUPxes T o™ SUPter o(a(®) SUPxer T e

<K@ +p)d (T, y,)

and

< Ksupye;

< Ksupye;

D (a(t)- yo(a(t))|
o(a®)

= Ksupye,

<K

- 722 () -Tyo ()| [ (17 £ (2P 2 (@) )ae) ([ £ (.30 Oy0(a(®)) )a)|
d (Txn ;}’0) = SUPxe; T e = SUPxer )
|fa f(x,t,ng)(t),xf)(a(t)))dt—f;f(x,t,yo(t),yo(a(t)))dt|
o(x)
f:|f(x,t,x$l3)(t),x,(f)(a(t)))dt—f(x,t,yo(t),yo(a(t)))|dt

@)
Je (red|x? O -yo® | +n6et) x5 (a ) -yo(@(®)|)dt
14€9)

< Ksup,¢;

< Ksupye;

< Ksupye,

|« (3)() yo( )| [ a®)-vole@)]

J7 uCee(t) o(a®)

dt+ [ 10, (alt))

o(x)
[ (®-y0(0)] [Futetet)at |5 (@(®)-v0(0)| [Fnte(a®)dt
SUP¢ter 0 SUPxer 2 SUP¢ter T e@®) SUPxer T e

< K(B +y)d(x3, o).
Then, we have

d( 7(12),310) < KB + )T (1 —aP(1-K@B+ ]/))) ( ,(ll),yo) (6)

Similarly, we obtain

= Ksupye,

<K

PPN 122 ()-Tyo(0)| [0 7 (2 32 (@) Jat) (17 7 (v (@vo (@) Ja )|
(xn+1r }’0) = SUDxes T SUPxer @(x)

|f:f(x,t,x%2)(t),x$lz)(a(t)))dt—fa f(x,t,yo ®).y0 (a(t)))dt|

< Ksup,e; pes
- f;|f(x,t,x$lz)(t),xglz)(a(t)))dt—f(x,t,yo(t),yo(a(t)))|dt
< Ksupy¢; o)

L (1|2 Oy O+ |2 () -yo (a(®))])at

@ @
®-yo® a(®)-yo(a®)

fi ut, t)(p(t)%dt+f reopae ™ o Jae
<K ERIGENG] Ja xDe®ar |2 (a(6)-yo(8)| [Fnxpe(a®)dt
= A |SUPteg 20 SUPxes ) SUPter ™oy WPxel T ooy

2

< KB +)d,”, yo). (7

From (6) and (7), we get

d (xv0) < K@+ 1 (1= 21 - KB + 1)) d (x50,
Since K(f +y) < 1, then we have

4 (o) < (1- P (1 - K8 + 1)) d (x.30).

Thus, by induction, we get
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d (widny0) = d (55", 30) Tliwo [ 1 = @ (1= K (6 + 1) (®)

Since 0(,((2) €[0,1] forallk e Nand K (B +y) <
1, then we obtain

0<a®(1-K@+y) <L

Having regard to the fact that 1 —x < e~ for all
x € [0,1], we can write (8) as

e n )
d(xyih, ¥o) < dxg”, yo)e KO o

which yields lim d(x{”,y,) = 0. This completes
n—-oo

the proof.

A direct application of Theorem 2 for the

particular case Y (g) = Ag, for some parameter A,

yields the following corollary for corresponding
linear Volterra integral equations.

Corollary 1. Let {a,(lz)} be the same as in Theorem

2, and let u: I X I — [0,0) and n: [ X [ = [0, )
be continuous functions. Moreover, assume that
geC(), f:IXIXxCxC—- C is a continuous
function and a:1 - [ is a continuous delay
function fulfilling a(x) <x for all xel. In
addition, suppose that there are

constants f3,y€[0,1) such that f; ulx, et)dt <
Be(x) and f;n(x, t)e(t)dt < yp(x), and that

|f (x, t,u(t),u(a(t))) i (x, t,v(t), v(a(t)))|
< ulx, )ut) —v)| +n(x, t)|u(oc(t)) — v(oc(t))|
for all x,t €l, u,veCU). If |A|(F+y) <1,
then there is a unique solution y, € C(I) of the
linear Volterra integral equation

X

y() = gG) +2 [ (0630, 7(e®)) de
a
. . €)) .

and the iterative sequence {xn } defined by (3) is
convergent strongly to y,.
Example 1. Let us consider the function
ot y(©,y(a®)) = £ (y(0) + y(a(®)) with
the delay function a(t) =t for t € [1,10]. Let be
glx) = % +§ and A = % Moreover, let us take
a,(lz) =% for all n € N and ¢:[1,10] - (0, 0)

such that @(x) = x2. We can see that all the
considered functions are under the conditions of
Corollary 1. Namely:

e g:[1,10] — Cis continuous;
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a:[1,10] = [1,10] is continuous and such
that a(x) < x for all x € [1,10];

e f:[1,10] X [1,10] X CX C - Cis
continuous and such that

|f (x, t,u(t),u(a(t))) —f (x, t,v(t),v(a(t)))|
= |5 (u® +u(e®)) - 2 (v() + v(a(®)) |

< —u(®) — v(@® + = [u(a(®) - v(a®)];

e From previous item, we can see that the
functions u:[1,10] x [1,10] — [0,) and
n: [1,10] X [1,10] - [0,0) are such that
ulx,t) =n(x,t) = i The functions u and
7 are continuous;

e Now, we compute 8 and y. Since u(x, t) =

1
n(x,t) = pot then we have
X

f u(x, Op(O)dt = j nCx, De(t)dt
1 1

—fxltzdt—l x3 1
) x “x\3 3
1 2<1 1)<1 )
—3” x3) =39
for all x,t € [1,10 ]. Thus, we may take
B=vy=3el01);
1

. |/1|(ﬁ+y)=§(§+—)=§< 1.

3
In addition, the exact solution of the equation
1 x 1(*1
Y0 =545 +3 ] (O +y@)
for all x €[1,10], is the function y,(x) = x.
Indeed,

1 X 1 ,rx1 1
;+E+Ef1 ;(t+t)dt—a+
1

2x

1 rx
+- [ tdt

1/x? 1
+1(5-3)=x
We now prove the data dependence theorem of the
solution for the nonlinear Volterra integral
equation (1) with the help of the iteration method

(3). In this theorem we shall use the following
notations:

T = g() +v ([ f (xtu®,u(@®))dt)  ©

and
T = §6) +v ([ F (=t u®,u(@®))dt) (10)

where g, € C(I) and f,f: IXIXCxC—C
are continuous functions.

X
2
_ X
- 2
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Theorem 3. Let f, g, @ and 1 be the same as in
Theorem 1. Let { a )} and { (1)} be two iterative
sequences defined by (3) and

Py, v(Z)
Xny1 = Tx
) (a1

¥ =T((1-

respectively, where {a

DD 4 PTED),  nen,

)

n
[0,1] satisfying (i) > < i for all n € N. Also,
we suppose that there exist non-negative constants

} is a real sequence in

g, and & such that (ii) |g(x) — §(x) | < & and
|f Cetu(®), ua(®) — (o, t,u(®), u(@@®)] < 5%
for all x,t€l, ueCc(). If y, and y, are
solutions of corresponding equations (9) and (10),
respectively, then we obtain

IM(g1+Ke3)

d(YO‘ yO) S 1—K(ﬁ+)/)

where M = supy,e; —— o

Proof. From (3), (9), (10), (11) and hypothesis in
Theorem 1 and (ii), we obtain

5 @ -5 ® () ((1-a@ @+ a@72D) 0 -F((1-a@)# P+ @752 ) )
4D, 5D) = supe 2O — I _ gypy O )W)(( i ll

¢<f;f<x,t,((1—a$lz))x$ll)+a$lz)Tx$ll))(t),((l—a%z))x,(ll)+a$lz)Tx,(ll))(a(t))>dt>
—w(f;f(ac.t ((1 @)D+ (z)Tv(l))(t)‘((l_a;z))fs) D v(l))(a(t))>dt>

o(x)
I f<x,t,((1—a$lz))x,(11) +a$lz)Tx$ll))(t),((l—a%z))x,(ll) +a$lz)Tx$ll))(a(t))>dt

[ f(x,t ((1 a;z)) O (z)TV(n)(t) ((1 a;z))x;n +a(2)TV(1))(a(t))>dt
o(x)

lg()—g()1+

< SUPyer

< SUPyes 5o + Ksupxey

f<x,t,((1—a,(12))x,g1) +a,(12)Tx,(11))(t),((l—a,(lz))x,(ll)+a,(f)Tx,(11))(a(t)))

—f(x,t((1 )P+ (Z)Tv(l))(t)<(1 a;z))x;nm(z)Tv(l))(a(t))>

o(x)

la

< &.M + Ksupye;

f< ((1 a;z))x;nm(z)Tv(l))(t)‘((l_a;z))x;n+a;z)Tf;1))(a(t))>
N
—f<x,t((1 D) (Z)T“(1))(t),((1—a;2))f§3) (Z)TV(I))(a(t))>

o((x)

y ,u(x,t)|((1—0(,(12))x,(11)+a,(12)Tx,(11))(t)—((1—0(%2))%(1) (Z)Tv(l))(t)|
a <+n(x,t)|((1—a,(12))x,(11)+a,(12)Tx,(11))(a(t))—((l—aﬁf))f;l) (Z)T“(l))(a(t))|> t
o(x)

dt

+Ksupye;

< &.M + Ksupye;

1

+Ksupye; fa —~ mdt

) <(1_a(2)) <1)+a§3>rx(1>)(f) <( 1(12))%1(11)+a%z)ﬁ%1>)m|
Jg nGDe(®) PG dt

<(<1—a$lz))x£ll)+a$lz)Tx$ll))(a(t)))—((l—aglz))%gll)+a$lz)7"%$ll))(a(t))
dt

o(a®) + Key,. M

+ [ nte(alt))

< €.M + Ksupyg, @(x)

< M(& + Key)

(1-a@) 4P )0~ ((1-aP P +aP 7P

[Futcde®at |

SUP¢er (t) SUPyxe;r o(x)
+K
|((1-a2)x+ P )@@~ ((1-a? ) 2P +a P TP @) [En@Oea®)dt
SUPeer P(@(®) ST R

< M(ey + Kep) + K(B +7)d ((1
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<K@B+7) (( a?)dx®P, 2 + P a(rxy, T%(l))> +M(e; + Key)

and

|Tx$ll) (x)—T"JZ,(ll)(x)|

d(Tx), TEY) = supye

@(x)
|g(x)—g(x)|+|1,b(f;f(x,t,x$ll)(t),xgll)(a(t)))dt)—¢(f;f(x,t,f;1)(t),f;1)(a(t)))dt)|
< Supye; —
|fxf(x,t,x§ll)(t),x,(f)(a(t)))dt—f‘ff(x D (b), (1)(a(t)))dt|

< SUPye; o>+ Ksupaes s
r(eex @020 () ) (220 020 (@) ) ae
o)
f(ﬂf(x 00, J?(l)(a(t))) (x tx Do), a?(l)(a(t)))|dt

@(x)

< &M + Ksupye;

+Ksupye;

[ (nGen|x ©-% 0| +neen|x @) -2 @) )a
( | | e | |) + KSpreIf

@ (p_x® N 2D

®-%, © (a(®))-% " (a(®)
f ulx, t)(p(t)%dt+f n(x, t)(p(a(t);' o(a(®) |
o(x)
<P @-xP o) X n(xet)adt
SUP¢er —(p(t) SUPxer o(x)

X & 1
a b—a’ @(x)

< &.M + Ksupye;

< &. M+ Ksupye; + Key M

<M(g +Key) +K
(&1 2) e (©) (@) -2 (@) [EnOe@®)dt

o@®) SUPxel o) |
< M(ey + Key) + KB + y)d( () “(1))

| +supeer

Combining (12) and (13), we get
d(x,(f), J?,(f)) <K@B+y) (1 - a,(lz)(l K(B + y)) d(x(l) V(l)) +K(B + }/)or(Z)M(s1 + Ke,) + M(g; + Key).
Also, we have
®) ~(3)
@ @)y |7 @ -T D) ()|
Ay, 2D) = supee =
l9-gC+[w([7 (2P @12 (@) )ae) ([ F(x TP O 15 (a(®)) Ja)|
@)

|f"f(x,t,Txf)(t),Txf)(a(t)))dt—f;f(x 7% (1), T;Z(3)(a(t)))dt|
< SUPer s + Ksupxey s

I |f(x,t,Tx,(13)(t),TxS),(a(t)))— (x t Tx(g)(t) Ta?(g)(a(t)))|dt
o(x)
f(ﬂf(x 73 (o), Ta?(3)(a(t))) (x 73 ), Tf(3)(a(t)))|dt

@(x)
f;‘(u(x,t>|rx$3)(t)—ﬁif)(t)|+n<x,t>ITxff‘)(a(t))—fff)(a(tm)
@)

< SUDyer

< M + Ksupye;

+Ksupye;

X & 1

< &.M + Ksupye; Q@ bma’ P

+ Ksu prIf

3) 75(3)
Txy, ’ (a(®)-T%;, ’ (a(®))
dt+f;n(x,t)(p(a(t))| - w(a(t))n |

@(x)
|Tx,&3)(t)—’lv“f1g3)(t)| f:u(x,t)qo(t)dt
SUP¢eg T SUPyer T

ITxif)(a(t))—ffff)(a(tm [EnOea®)dt

< M(e, + Kep) + K(B +y)d (Tx?, TV<3))

[rxD -1 0|
(1)

Ja nxt)e()

< &. M+ Ksupye; + Key M

<M(e; +Key) +K

and
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(13)

(14)
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" ()( V-T¥ (3)( )

d (Tx,(f),Tx,(f)) = supxe,| x(p(x) i |
Ig(x)—g(x)|+|1p(f;f(x,t,x$l3)(t),x,(l3)(a(t)))dt) (f f(xta?(3)(t) (3)(a(t)))dt)|
@)

|f"f(x,t,xf)(t),xﬁf)(a(t)))dt—f;f(x t £ (0), (3)(a(t)))dt|
< SUPxer 5 ( ) + KSupye; )
N |f(x,t,x$lg)(t),x,(f),(a(t)))— (xtx(3)(t) (3)(a(t)))|dt
@(x)
f(ﬂf(x 53 (1), J?(3)(a(t))) (x tx3 (1), a?(3)(a(t)))|dt
o(x)
F(uen ;3)(0—&3)@ #1060 @) -8 ()
([1. X |x X. | 'Z)();) |x a X a |) +KS prIf

@) (3 NO) +®
R FPo-P0| @)= (a(r))|
fa ﬂ(x,t)(P(t)Tdt'{'fa n(x,t)(p(a(t) (a(t))

< SUDyer

< M + Ksupye;

+Ksupye;

X & 1
a b—a’ @(x)

< &.M + Ksupye;

< &.M+ Ksupye;

200 + Key M
|x$13)(t)—3?513)(t)| f(fu(x,t)(p(t)dt
<M(etke)Lk| T em PTG
o £ ()52 @) [FnxDeae)dt
| +supte; @) SUPxel = oy

< M(e, + Ke,) + K(B + y)d( (3) v(3>)

Then, we have
dx® ¥y < [K(B +)]2d ( ®3) V<3)) + KB +y)M(g, + Key) + M(gy + Ke). (15)

Substituting (14) in (15), we get

a(x222) < KB+ NP (1= A= KB +1))d (3P 50) + (KB + NP Mer + Ke)
+[K(B +y)]?M(g; + K&,) + K(B + )M (g, + Ke,) + M(g; + K&y). (16)
Similarly, we obtain

|Tx(2)(x) -Tx (2)(x)|
@(x)
|g(x)—g(x)|+|1/)(fa f(x,t,xﬁlz)(t),xﬁlz)(a(t)))dt) (f f(xt,z(z)(t) (2)(a(t)))dt)|
o(x)
|fxf(x,t,x§f)(t),x,(f)(a(t)))dt—f‘ff(x tx2 (1), (2)((x(t)))dt|
< SUPye; o>+ Ksupses e
(a2 () )1 (227 027 (@) ) ae
o(x)
(2652 .82 () )7 (2657 © 2 (@) ) at

@(x)
1 (uen|e2 (-2 (0| +n@)|x (@) -2 (@(®)|)dt

(€9)

1 1
d(xr(l-l—)l' X )1) = SUDyxe;

< SUDyer

< &.M + Ksupye;

+Ksup,e;

X & 1
a b—a’ @(x)

<&M + Ksupye + Ksupye |,

ROPNNG) <@ (a(0)-5D(a
I #(x,t)w(t)7| T (2(0" (t)|dt+ I 77(x,t)<p(a(t)\| ( (;)()a(;) ( (”)|

) +Key M
[ |« -2 @) [uebe®dr |
| SUPter o) SUPrxel ™o |

|2 (@) -%3 (o) [ nxeat)dt
+Supe; @) SUPyxer T e

< M(e, + Ke) + K(B +p)d (2, 7). (17)

< &.M+ Ksupye;

<M(g +Key) + K

Combining (16) and (17), we get
d(x,(qlfl, v1(11+)1 <[K(@B+p]* (1 - a(z)(l —K(@B+ y)) d(x(l) V(l)) +[K(B +9Y)]*a (Z)M(sl + Ks,)

+[K(B + V)]3M(31 + Kep) + [K(B + V)]ZM(31 + Key) + K(B +y)M (&1 + Kep) + M(eq + Kep).
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Since K (f + y) < 1, then we have

d (xr(llJr)rfr(zi)l) (1 -

= (1-aPa-K@+y))d (=057

Using assumption (i), we obtain

ar(lz)(l —K(B+ y))) d ( (1) "(1)) + a(z)M(sl + Ke,) + 4M(e; + Key)
)+ 4Me, + ai? Me, + 4MKe, + a MKe,.  (18)

(LSZ forall n € N.

Hence, from (18), we get

d (xr(llJr)rfr(zi)l) (1 -

a,(lZ)(l—K(ﬁ-i-V))) ( (€9) V(l))+a(2)(1 K(ﬁ+ )) 9M(51+K£2). (19)

1-K(B+Y)

It is clear that the inequality (19) satisfies all conditions in Lemma 1, and hence it follows that

d(yo,Yo) <

IM(e; + Key)
1-K@B+y)

Remark 1. The results of Theorems 2 and 3 can be proved similarly for the iteration method (2).
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