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Abstract

In the study conducted here, we have given some new concepts in summability. In this sense, firstly, we have
given the concept of lacunary .7;-convergence and we have investigated the relations between lacunary .#,-
convergence and lacunary . -convergence. Also, we have given the concept of lacunary .#-Cauchy sequence
and investigated the relations between lacunary .#,-Cauchy sequence and lacunary .#;-Cauchy sequence.
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1. Introduction and Definitions

During this study, we take N as the set of all positive integers and R as the set of all real numbers. The convergence in
sequences of real numbers is generalized to the concept of statistical convergence by Fast [1] and Schoenberg [2], independently.
The concept of ideal convergence, which is a generalization of statistical convergence that would later inspire many researchers,
was first defined by Kostyrko et al. [3]. Nabiev [4] studied on .#-Cauchy sequence and .#*-Cauchy sequence with some
characteristics. Using the ideal notion, ideal-statistical convergence and ideal lacunary statistical convergence were introduced by
Das et al.[5] as new notions. In the topology induced by random r-normed spaces, the lacunary ideal convergence and lacunary
ideal Cauchy with some important characteristics investigated by Yamanci and Giirdal [6]. The lacunary ideal convergence
was studied by Debnath [7] in intuitionistic fuzzy normed linear spaces. The ideal lacunary convergence was introduced by
Tripathy et al.[8]. In recent times, the concepts of the lacunary .# *-convergence, strongly lacunary .#*-convergence, lacunary
#*-Cauchy sequence and strongly lacunary .#*-Cauchy sequence were introduced by Akin and Diindar [9, 10]. Das et al. [11]
studied .# and .¥*-convergence for double sequences. Diindar and Altay [12, 13] introduced .%,-ideal convergence and ideal
Cauchy double sequences in the linear metric space and they investigated some characteristics and between relations. Diindar et
al. [14] studied strongly .#-lacunary convergence and .%lacunary Cauchy double sequences of sets. Hazarika [15] studied the
lacunary ideal convergence for double sequences.

In recently, the notions of convergence, statistical convergence and ideal convergence in some metric spaces and normed
spaces were studied in summability theory by a lot of mathematicians. In the study conducted here, we defined the lacunary
4, -convergence. We investigate the connections between lacunary #>-convergence and lacunary ., -convergence. Also, we
defined the concept of lacunary .#;-Cauchy sequence and investigate the relations between lacunary .%-Cauchy sequence and
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lacunary %5 -Cauchy sequence.

Some basic definitions, concepts and characteristics that will be used throughout the study and are available in the literature
will now be noted (see [3, 4], [6]-[10], [12, 13], [16]-[20])

For .# C 2N, if the following propositions

H0e 7, (i) IfG,H e #,then GUH € .7, (iti) IfG € .# and H C G, then H € .¥
hold, then .# C 2N is named an ideal.

If N ¢ .7, then .# is named a non-trivial ideal. Also, if {k} € .# for each k € N, then a non-trivial ideal is named an
admissible ideal.

For .% C 2N, if the following propositions

(iYo¢ 7, (ii)IfG,H € F,then GNH € %, (iii)f G€ .% and H D G, then H € ¥
hold, then .% C 2% is named a filter.

For a non-trivial ideal .# C 2N

F(F)={GCN:(3H e #)(G=N\H)}

is named the filter associated with .#.
By a lacunary sequence 6 = {k, }, we mean an increasing integer sequence such that

ko=0and h, =k, —k,_| — oo, as r — oo,

ky
ky—1
Then after this, we take 8 = {k,} be a lacunary sequence and .# C 2N be an admissible ideal.
A sequence (x;) C R is lacunary convergent to £ € R, if

During this study, the intervals determined by 6 will be denoted by I, = (k,—1,k,] and ratio will be abbreviated by g,

1
lim — Z xp=4.
rmvee hr kel,

A sequence (x;) C R is lacunary Cauchy sequence if
.1
lim — Z (xx —x,) =0.

e iy k.p€l,

If for each € > 0

1
{rGN: h—Zxk—E

T kel,
holds, then the sequence (x;) C R is lacunary .#-convergent to £ € R and we write x; — ¢[.%].
A sequence (x;) C R is lacunary .#-Cauchy if for every € > 0 there exists Ny = Ny(€) such that

1
N:
{re A

7 Z (xk _xNo)
T kel,

>£}eﬂ

zs}eﬂ.

A sequence (x) C R is lacunary .#*-convergent to ¢ € R iff there exists any set G = {g1 < g» < --- < g < ---} C Nsuch
that for the set G' = {re N: g, € I,} € #(.#), we have

. 1
lim ) xg =1
(reG') " kely

and we write x; — (7).
A sequence (x;) C R is lacunary .#*-Cauchy sequence iff there exists any set G = {g; < g» < --- < gx <---} C Nsuch
that for the set G’ = {re N: g, € I,} € # (), we have

. 1
rh_r};, - Z (xg, —xg,) =0.
(rec) "' kopel,
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For a double sequence 6 = {(k,, j,)}, if there exist two increasing sequence of integers such that

ko=0, hy =k, —k,—1 = ocand jo =0, hy = ju — ju—1 — = as r,u — o,
then 6 = {(k;, j,)} is named a double lacunary sequence. We take the following screenings for double lacunary sequence:

_ k,
kyy = krjuy Brw = hehy, Ly = {(k,j) 1 ko1 <k <kyand j,—1 < j<j.}, ¢ = o and ¢, = P
r— u—

Then after this, we think .%, C ZNZ as a non-trivial admissible ideal.

For each k € N and a non-trivial ideal . C 2| if {k} xN € % and N x {k} € ., then we say that .%, is named strongly
admissible ideal.

If 4 C 2N isa strongly admissible ideal, then clearly . C 2V i an admissible ideal.

Let .#79 = {A C N?: (3m(A) € N) (i, j > m(A) = (i, j) ¢ A)}. Then, . is a non-trivial strongly admissible ideal and
clearly .#, is a strongly admissible if and only if .7 C .%,.

There is a filter % (.#,) corresponding with .#, such that

F(S5)={GCN*:(3IH € 5)(G=N"\H)}.

An admissible ideal .# C 2NN satisfies the property (AP2) if for every countable family of mutually disjoint sets
{G1,G,,...} € %, there exists a countable family of sets {H;,H,,...} such that G;AH; € .#), i.e., GxAH is included in the
finite union of rows and columns in N x N for each k € N and H = ;| Hy € % (hence H; € .9, for each k € N).

If for each & > 0 there exists ne € N such that |x;; — £| < € whenever k, j > ng, then the double sequence x = (x;) C R is
convergent to £ € R and denoted with

lim x;; =¢ or lim x;; =¢.
kyjsoo kyjsoo

Then after this, we take 8 = {(k,, j,)} as a double lacunary sequence and .%, C 2V asa strongly admissible ideal.
For a double sequence (x;;) C R, if

lim — Z xXj =4
’ (k.j)Elu

hold, then (xz;) is lacunary convergent to £ € R.
For a double sequence (x;;) C R, if

lim -— Y  (wj—xa)=0

hold, then (x;;) is lacunary Cauchy double sequence.
For a double sequence (x;;) C R, if for every £ > 0

>8}€f2

1
hf Z xkj—ﬂ

" (k,j)€Elu

{(r,u)éNz:

hold, then (x;;) is lacunary .#-convergent to £ € R and denoted with x;; — £(%, ).
If for every € > 0 there exist N = N(&) and S = S(¢)

L Z (ij — XNs)

U (k,j)Elry

{(r,u)ENz:

>8}6f2

hold, then (x;;) is lacunary .#>-Cauchy double sequence.

Lemma 1.1. [12] Let {P.}_, be a countable collection of subsets of N? such that P, € F(.%3) for each k, where F (%) is a
filter associate with a strongly admissible ideal %, by (AP2). Therefore, there exists a set P C N such that P € .7 (.%;) and
the set P\P, is finite for all k.
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2. Main Results
For double sequences, we first defined lacunary .#; -convergence and gave theorems examining its relationship with lacunary

J,-convergence.

Definition 2.1. A double sequence (x;;) C R is lacunary .75 -convergent to { € R iff there exists a set G = {(k, j) € N*} such
that for the set G' = {(r,u) € N*: (k, j) € I, } € F(H), we have

1
r7ul£>noo ]’lim Z Xpj = VA
((ruyec’) " (kj)Elu

and so we can write xgj — £(Fg, ).

Theorem 2.2. If the double sequence (xij) C R is lacunary 75 -convergent to { € R, then it is lacunary .%>-convergent to
LeR.

Proof. Let xj — L(.7,). Then, there exists a set G = {(k, j) € N*} such that for the set G’ = {(r,u) € N*: (k, ) € I} €
F(5) (i.e., H=N>\G' € %) and for every € > 0 there exists ry = ro(€) € N such that for all r,u > ry we have

1
— xii— 1l <e, ((nu)ed).
hru (k.j)€lu
Then,
1
Ae) = {(r,u) eN?: e Z Xij—L| > 8} CHU [G/ﬂ (({1,2,--- o X N)U(Nx {1,2,--- ,ro}))].
T (kyj)Elru

Since .# is a strongly admissible ideal, we have
HU[G'N(({1,2,-,ro} xN)U(N X {1,2,---,r0}))] € 5
and so A(g) € %,. Hence, xi; — £(F, ). O

Theorem 2.3. Let %, be a strongly admissible ideal by (AP2). If the double sequence (xij) C R is lacunary 5-convergent to
L € R, then it is lacunary 5 -convergent to £ € R.

Proof. Assume that x;; — £(.%,). Then for each & > 0,

1
T(g)Z{(W)GNQ: — Y x—t >£}€f2.
ru (k’j)elrll
Put
5 1
Ti=¢(ru)eN*:|— Y x;—¢>1
hru (kaj)EIru
and
T, {( )eNZl<1 Y g<1}
p= ru eS| Xkj— ,
p hru (k‘,j)EII‘U p - 1

for p>2and p € N. Itis clear that ;N 7; = 0 for i # j and T; € .%; for each i € N. By property (AP2), there is a sequence
{Vp} pen such that T;AV; is included in finite union of rows and columns in N? for each j € N and

V= UVf € .
j=1



On Lacunary .#-Convergence and Lacunary .#;-Cauchy Sequence — 192/195

We prove that,

lim 1 Z xij =4,

ru—o0 hru c
((ru)ed’) (k. j)Elru

1
for G' = N?\V € . (.%,). Take § > 0. Select ¢ € N such that — < §. Therefore,
q

1
hf Z ij—g

u (k)j) Elpy

{(r,u) eN?:

q
> 6} cyr.
j=1
Since T;AV; is a finite set for j € {1,2,--- 4}, there exists rg € N such that

<LqJT/>m{(’v”)€N2ir>l’o/\u>r0}:(

Jj=1

~.
NG

Vj> ﬂ{(r,u)eszrzro/\uzro}.

If r,u > rg and (r,u) ¢ V, then

q q
(rou)y¢ | JV; andso (ru) ¢ (JT;.
Jj=1 j=1
We have
1 1
— Y x—l<-<é.
hru <k1j>€1”l q
This implies that
I 1 _y
dim, o ) =t
((ruyec’) ™ (kj) €l
Hence, we have x;; — £(.7;, ). This completes the proof. O

Now, for double sequences, we have defined lacunary .#;"-Cauchy sequence and given theorems examining its relationship
with lacunary .#,-Cauchy sequence.

Definition 2.4. The double sequence (x;) C R is lacunary %5 -Cauchy sequence iff there exists a set G = {(k, j) € N*} such
that for the set G' = {(r,u) € N> : (k, j) € L,} € F (%), we have

1
dim o=} (= xa) =0,
((rw)eG’) ™ (k) ()l

Theorem 2.5. If the double sequence (x;) C R is lacunary 75 -Cauchy sequence, then (xy;) is lacunary %>-Cauchy sequence.

Proof. Let (x;;) C Ris alacunary .5 -Cauchy double sequence. Then, there exists a set G = {(k, j) € N?} such that for the
set G' = {(r,u) € N?: (k, j) € I,} € Z (%) and for every € > 0 there exists 7o = ro(€) such that

L

<e, (nu)ed)
hru

Z (xk j xsz)

(ko) (5:) Elr

for all r,u > ro. Now, let H = N\ G'. It is clear that H € .%,. Then, for (r,u) € G’

L Z (xkj _xst)

U (kyj)s(s5t) €l

Ae) = {(r,u) eN?:

zs} CHU[G'N(({1,2,---,70} x N)U(Nx {1,2,---,r0}))].

Since .%, is an admissible ideal, we have
HU [G’ﬂ (({1,2,~~ o X N)U(N x {1,2,-- ,ro}))] P2

and so A(g) € .%,. Hence, (x;;) is lacunary .%>-Cauchy double sequence. O
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Theorem 2.6. Let %) be a strongly admissible ideal by (AP2). If the double sequence (xi;) C R is lacunary #-Cauchy
double sequence, then (xy;) is lacunary % -Cauchy double sequence.

Proof. Assume that (x; ;) is lacunary .#>-Cauchy sequence. Then, for each &€ > 0 there exist N = N(€) and S = S(¢) such that

1
E Z (xkj — XNs)

(kvj)elm
1
Z .}7 i= 172a"'7
1

1 1
where s; = N <> andz; =S (> It is clear that P, € & (%) fori = 1,2,---. Using the Lemma 1.1, since .#, has the (AP2)
i i

Ae) = {(r,u) eN?:

28} € 9.

Let

1
o Z (xkj_xsifi)

T (k,j)Ely

P = {(r,u) eN?:

so there exists a set P C N? such that P € .7 (.%,) and P\ P, is finite for all i. At the moment, we demonstrate that

rluigloo hf ) Z (xkj 7)65-[) =0.
((ruyep) "™ (k.j),(s,t) €l

2
For prove this let € > 0, m € N such that m > s If (r,u) € P then P\ P, is a finite set, so there exists ro = ro(m) such that
(r,u) € By, for all r,u > ro(m). Therefore, for all r,u > ro(m)

1 1
hi Z ()ij - 'xsmtm) <—
" (k,j)Elru m
and
1 1
e Z (‘xSl ™ Xsimtm ) <—.
hru (s,0) €l m

Hence, for all r,u > ro(m) it follows that

1
hfru Z (xk j xst)

(k). (s.1) €lru

< +

1
hf Z (xst _xsmtm)

1
hi Z ()ij - 'xsmtm )
u U (s,1) €l

(k-,j>€Iru

1 1
< —+—<Ee.
m m

Therefore, for any € > 0 there exists o = ro(€) such that for r,u > ro(€) and (r,u) € P € F (%)

1
hi Z (xkj_xst) <E.
ru (k-,j>7(sa[)elru
This demonstrates that (x;;) is lacunary .#;-Cauchy double sequence. O

Theorem 2.7. If the double sequence (xij) C R is lacunary 75 -convergent to £ € R, so (xx;) is lacunary %>-Cauchy double
sequence.

Proof. Letxij — £(.75,). So, there exists a set G = {(k, j) € N*} such that for the set G’ = {(r,u) € N*: (k, j) € L.} € F (S2),
we have

. 1
rLlLHw hi Z xkj - E = 0
((rwyec) | ™ (k.j)Elu

It shows that there exist ro = ro(€) such that

1
hf Z .ij — E
(k. j)Elru

< %, ((r,u) €G)
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for every € > 0 and all r,u > rg. Since

1 1
hf Z (xkjfxsl) < T Z xkjfg + | X — 4L
T (k,j),(s,t)Elry T (k,j)ElLy T (s.t)ely
) €
< 5t37% ((ru) € G
for all r,u > r¢. Hence, we have
. 1
r}}glm o Z (xkj _x“) =0.

((ru)eG") Pru ) (o e

That is, (xx;) is a lacunary .#,*-Cauchy double sequence. Therefore, by Theorem 2.5, (x;) is a lacunary .#>-Cauchy double
sequence. O

3. Conclusion

In summability theory, the notions of classical convergence, statistical and ideal convergence in some metric spaces and
normed spaces were studied by a lot of mathematicians in recently. For double sequences, we investigated the lacunary
S *-convergence and lacunary .# *-Cauchy sequence in R. In the future, for double sequences, the notions of strongly lacunary
J*-convergence and strongly lacunary .#*-Cauchy sequence in R are defined.
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