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ABSTRACT. This paper deals with the behaviors of solutions for linear nonho-
mogeneous delay differential equations. In this study, a periodic solution, an
asymptotic result and a useful exponential estimate of the solutions are estab-
lished. Our results are obtained by the use of real roots of the corresponding
characteristic equation.

1. INTRODUCTION AND PRELIMINARIES

The delay differential equation is considered as:

2(t) = a(®)xt) + > bi(t)a(t —7) + f(t), t>0, (1.1)
el
z(t)=¢(t), —-7<t<0. (1.2)

where I is the initial segment of natural numbers, a and b; for ¢ € I the continuous
real-valued functions on the interval [0,00), f is a continuous real-valued function
on the interval [0,00), and 7; for ¢ € I positive real numbers with 7;, # 7;, for
i1,92 € I such that i, # i5. Suppose that the functions b; for i € I are not
identically zero on [0, 00) and also the coefficients a and b; for ¢ € I are the periodic
functions with a common period T > 0 where 7, = m;T for positive integers m,; for
i € I. 7 is positive number such that
T = 1mMaxT;.
iel

¢ is continuous real-valued given the initial function on the interval [—7,0].
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64 ALI FUAT YENIQERIO(V}LU7 AND CUNEYT YAZICI

In the case where the function f is identically zero on the interval [0, 00), the
delay differential equation (|1.1)) reduces to

2(t) = a(t)z(t) + > bit)a(t—m), t>0. (1.3)

icl

As far as the applications’ point of view is concerned, our literature review
comprehensively offers the behaviors based on the solutions of delay differential
equations [1-6]. As it concers the applications point view, first order linear delay
differential equations appear as models in various problems in science and tecnology.
For example, in [7], first order linear delay differential equations have been used for
description of different economic processes. For the basic theory of delay differential
equations with periodic coefficients, the reader is referred to the books by Farkas
[8].

Our aim in this article is to obtain periodic solutions of the given equation, and
to present some new results on asymptotic behavior for linear delay differential
equations with periodic coefficients. Our results are motivated by those in two
excellent papers by Philos [9] and Farkas [11]. The very recent results given by
Philos [9] (and also [10]) for periodic first order linear (homogeneous) delay differ-
ential equations can be obtained from the results of the present paper. Also, the
results given here contain essentially ones obtained by Farkas [11] for the particular
case of first order linear nonhomogeneous one constant delay differential equations.
Our results are derived by the use of a real root (with an appropriate property)
of the corresponding (in a sense) characteristic equation. A combination of several
methods [6, 9-11] are referred for the used techniques.

The function z(t) is described as a solution of the initial value problem (L.1])-(L.3)
on [—7,00). This paper uses the notation

17 1T
A= T/o a(t)dt, and B;= ?/0 bi(t)dt for iel.
Furthermore, we associate the following equation with the differential equation (1.3])

A=A+> Bie ", (1.4)
el

specified as the characteristic equation of . There were given sufficient condi-
tions to obtain a unique real root of characteristic equation in Philos [9].

In what follows, the T-periodic extensions are denoted by @ and b; for i € I for
the coefficients a and b; for ¢ € I respectively on the interval [—7,00). In order
to construct a suitable mapping for the asymptotic criterion of the solutions, we
should reach a finding as follows. Suppose that )\ is a real root of . We can

now write

hao(t) = a(t) + Y _bi(t)e ™ for t> —7. (1.5)
i€l

Next, we will establish some equalities needed below. For each index i € I, we
can use the assumption that the functions b; are T-periodic and that 7; = m;T to
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;/T bz(u)du‘| T — Bﬂ‘l
0
(1.6)

obtain for t > 0

/ttﬁ bi(u)du = /On bi(u)du = [; /On bi(u)du} T =

In a similar manner, one can verify that

¢
/ |bi(u)|du = |B;|m; for everyt >0 andall ¢ € I. (1.7)
t Ti

Our aim in this paper is to study the periodic solutions of equation when f
is also T-periodic. We will show that, under certain conditions, equation has
periodic solutions. In the following discussion, without specific mention, we always
assume that f is also T-periodic.

2. PERIODIC SOLUTIONS

In this section, we establish conditions under which equation has a periodic
solution. Consider, first, the homogeneous equation and the equation without
delay

2/ (t) = a(t)x(t). (2.1)
The general solution of is

(t) = c exp {/Ot a(s)ds}

where ¢ is a constant. To find a solution of (1.3]), we apply the variation of constants
formula. Assume that

2(t) = C(#) exp { /0 t d(s)ds} (2.2)

o a®), t>0,
a(t) = { o

t+71), —7<t<0,
is a solution of (1.3]). Substituting this into (1.3]) yields the condition

=Y bi(t)C(t - 6mp{ /O d(s)ds} (2.3)

i€l T

for all t > 0 on C(t). We define

where

where

i(t+7), —T7<t<0.
Assume that (2.3]) has a solution of the form

t
C(t) = exp {u/ g(s)ds} . (2.4)
0
Then, by using in . ) for ¢ > 0 we obtain

qui Zb ewp{ /ting(s)ds}ea:p{—/_ond(s)ds}.

el el

Bi(t){ . bi(t) , t>0,
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Since the functions b;(t) are T-periodic, from the last equation

qui => bt exp{ /_Ong(s)ds}eacp{—/_ond(s)ds}

el el

W00 = St {= [ (a(s) + ngto)) as (25)
i€l iel 0

Next, for each index ¢ € I, we can use the assumption that the functions a and b;
are T-periodic and that 7; = m;T to obtain for t > 0

or

/O” (a(s) + pg(s)) ds = [1 /On (a(s) + pg(s)) ds] o

Ti
1
{ ?/0 s)ds +MZEZI
= <A+MZB1> Ti-

iel
Thus, from ([2.5) we get

py bi(t) = bi(t)exp {— <A + MZBZ) n} : (2.6)

el iel el

;A@@+M@W%n

If we assume that >, b;(t) #0 fort>—7 and A+p) ;. ; B; =0 hold with

w=1, (2.6) establishes
= exp { / Z bi( }
i€l
is a solution of (2.3]). Hence, from (2.2))

m(t)zkexp{/( )+ > bils ) } (2.7)

el
where k is a constant, is a solution of equation (1.3 . ). Also, since A+ > ., B; =0,

it is easy to see that
/( )+ bils )ds=o,

i€l
where 0 = min;e; 7;. Then, (2.7) is a o-periodic solution of equation (1.3)).
Now, consider the original nonhomogeneous equation (1.1)). The variation of
constants formula is applied again. Assume that (1.1)) has a solution of the form

:rp(t):K(t)emp{/< (s)+ > bi(s) ) } (2.8)

el

i€l

Using A + > ,c; Bi = 0, substituting this into (L.1)) yields the condition

) + Z bi( K({t—m)) = f(t)exp {/0 - (a(s) + Z bi(s)> ds} :

el el
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The equation (2.8)) is a periodic solution of (1.1) if and only if K(¢) is periodic.
But, this means that K (t) — K(t — ;) = 0, and so the differential equation for K is

K'(t) = f(t)exp {/0 — <a(s) + sz(s)> ds} .

i€l
It follows that
t u
K(t) = / f(u)exp / — | a(s)+ Zbi(s) ds 3 du.
0 0 il
By noting that this function is the integral of a o-periodic function, we see that it
is a o-periodic function if and only if

/OU f(u)e:vp{/ou_ (a(s) +Zbi(s)> dS}du _o.

il
Substituting this into (2.8]), we have the following result.
Theorem 2.1. Assume that

Zbi(t)%O for t> —t,

i€l
A+ Z B, =0
i€l
1 T
a(t)dt, B;= 7 [, bi(t)dt, and suppose that
|
0

where A = % fT ,
u)exp {/ - (a(s) + Z bi(s)> ds} du =0,
0
where 0 = min;c; 7;. Then, for each c € R,

T JO

i€l

z(t) = cexp {/ a(s+7)+ > bi(s+7) ds} +a,(t) for t> -7,
0 il
where
xp(t) —ezp{/o a(S+T)+;bi(S+7’) ds}

X {/Otf(u)exp l/ou_ <a(8+7’)+Zbi(s—|—7)> ds] du}

i€l
is a o-periodic solution of equation (L.1).
Example 2.2. Consider
2/ (t) = —2x(t)+ (1 —sint)z(t —27) + (1 +cost)x(t — 4w ) + sint —cost, ¢ > 0. (2.9)
Since A = L [T(=2)dt = —2, By = L [F7(1 —sint)dt =1 and B, =
o 0%(1 + cost)dt = 1, we have A+ By + By = 0. Also

27
27 u
/ (sinu — cosu)exp {/ (sins — coss) ds} du = 0.
0 0
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Therefore, the conditions of Theorem [2.1] are satisfied. Then, for each ¢ € R,

¢
z(t) =cexp {/ [coss — sins] ds} +z,(t) for ¢> —4m,
0

where

2,(t) = exp { /O lcoss  sins] ds} { /0 (simu — cosu)ep { /0 " (coss — sins) ds} du}

or
xz(t) = (¢c—1) exp{sint + cost — 1} +1 for t> —4rx
is 2m-periodic solution of equation (2.9)).

3. AN ASYMPTOTIC RESULT AND ESTIMATION OF SOLUTIONS

We give a fundamental asymptotic criterion as a theorem to solve the problem
(L.1)-(L.2).

Theorem 3.1. Assume that Ao be a real root of the characteristic equation (1.4))
and that the root Ay satisfies

o) = S 1B1me > 4+ [Tl | - [Tmgos|an<t ma)

i€l
where hy, is defined as in (1.5). Then, for any ¢ € C([—7,0],R), the solution x of
[L3)-(1.2) satisfies

tlggo {x(t) exp [— /Ot h)\o(u)du} } = m (3.2)
where
L(i¢) =0(0) ‘ S [ 6:<8>¢<s> v - [ yta] i .
+ /0 Flu) exp { /0 hAO(s)ds] du
and
B(Xo) =Y Bime M. (3.4)

iel
Note: Tt is guaranteed by the property (2.1) that 0 < 1 + 8(Ag) < 2 and
Jo© f(u) exp { Iy hAo(s)ds] is finite.

Proof. By (3.1)), we have |B(Ag)| < p(No) < 1. So, this yields that 0 < 1+ 8(\g) < 2
and

1< [ fw) exp [— e (s)ds} du< 1.
Let us define

y(t)x(t)exp{ /0 th,\o(u)du] for t> —r. (3.5)
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Then, we obtain for every ¢t > 0

y'(t) = (alt) = hay (1) +Zb e MTiy(t — 1) + f(t)exp [— /Ot hxo(u)du}

iel
Thus, using (1.5)), the fact that x satisfies (1.1 for all ¢ > 0 is equivalent to

==Y bi(t)e T [y(t) - y(t—n)]+f(t)eXp{—/othA0(u)du} (3.6)

el
Furthermore, the initial condition (1.2)) is equivalent to
t
y(t) = 6(t) exp {— / I, (u)du], te -0, (3.7)
0

When equation (3.6) is integrated from 0 to ¢, by taking into account the fact that
the functions b; for each index ¢ € I are T-periodic and that the delays 7, i €
are multiples of T', we can verify that (3.6]) is equivalent to

y(t) = L(Xo; ¢ Ze AoTi / bi(s)y(s)ds —/ f(u)exp [—/ h)\o(s)ds} du.
icl t—T; t 0
(3.8)
Now, for t > —7 we define

A0 = 9l0) - 1

Hence, from the equation (3.8) it is reduced to the equation as below

Z e~ AoTi / bi(s)z(s)ds — /too f(u)exp [ /Ou hko(s)ds} du fort>0.

i€l
(3.9)
Moreover, the initial condition (3.7]) can be equivalently
' L(Xo; )
t) = o(t — [ h du| — ———=. 3.10
(0 = oexw | - [ty waa] - L (3.10)

Using y and z, we should prove the equality (3.2)), i.e.
Jim z(t) = 0. (3.11)

Put
! L(Xo; ¢)
W(Ao;¢) =max<1, max t) ex —/houdu}—’}.
(i) =max {1 max Jo0)exp | = [ (] - £
Thus, by we obtain

|2(t)]| < W(Ao;¢) for —7 <t <0. (3.12)
Now, the following inequality will be proved
[z(t)]| < W(Ao; ¢) fort > —. (3.13)
To this end, let us consider an arbitrary number € > 0. We claim that

()] < W(hoi ) +¢ fort > —r. (3.14)
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Otherwise, because of (3.13)), there exists a point t* > 0 such that
|2(t)] < W()\O;QS) +e forte [—’T t*) and |z2(t")] = W(hos ) +
Then, by using and (|1.7] . from ({3.9) we obtain

W(Ao;¢)+e—|2( )l *
— ‘—Ze)“m /t s)ds—/too f(u)exp [—/Ou hAO(s)ds]du

el =i
<Y / i(s)|2(s) ds + / T fwlexp [— / ' hAO(s)ds] du
{Z o [ s [T irles [ [ “hM(s)ds}du}
x W(Ao; ¢) +

< 1(Ao) (W (Aos ¢) + 6) <W(Xo;d) +e
This is a contradiction and so ) holds true. Since (|3.14)) is satisﬁed for all

€e>0, is always fulfilled. Next in view of (1.7 ., 3.1]) and (3.13)), from (3.9

we get for every t > 0

Z@_M”/_ﬁ ds—/ flu exp{ /hAO ds]du

el

o Am/ﬂ ‘d5+/ | f(u )IeXp{ /O B (s )ds]du
{Ze AoTi

2. Bi|i + / If(u)|exP[_/Ouh%(s)ds}du} W (Ao; 6)

< 1(A0)W (Aos 9).

In other words, we have

|2(8)] < u(Ao)W (Ao; @) for ¢ = 0. (3.15)
By (3.1), (3.13) and (3.15)), using an easy induction, that z satisfies
lz()] < [u(No)]" W(Ao;¢) for t >nT—71 (n=0,1,---). (3.16)

Due to (2.1)) , we get lim,, o0 [£(A0)]" = 0. Thus, from (3.16]) we get

Jim =(t) = lim {x(t) exp {_ /Ot h,\o(u)du] - M} =

i.e. (3.2)) satisfies. Theorem has been already proven. O
Corollary 3.2. Assume that
)+ Y bi(t) =0 for tel0,00) (3.17)
iel

and

S Biln + / f(w)ldu < 1. (3.18)

i€l
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Thus, the solution x of (L.1)-(1.2) satisfies for any ¢ € ([—7,0],R),

Jm z(t) = Y B .

Note: It is guaranteed by (3.18) that 2 > 143, Bi; > 0.

Proof. Tt immediately follows from (3.17)) that A+ 3", ; B; = 0 and hence A\g = 0 is
a real root of . By using again (3.18]), we see that, for A\g = 0, we have h), =0
on the interval [—7,00). Moreover, (3.18]) facilitates the verification of which the
root A\g = 0 of has the property (2.1]). Therefore this can be applied Theorem
B.1

O

Theorem 3.3. Let A\g be a real root of the characteristic equation (1.4) with the

property , and let hy, (t) and B(Xo) are specified by (1.5)) and (3.4), respectively.
Set

(L + p(X))”

N =750,

+ 1(Xo)- (3.19)
Then, for any ¢ € C([—,0],R), the solution = of (L.1)-(1.2) satisfies
¢
(1)) < N(2o)R(o; 6) exp [ / h,\o(u)du], forall >0, (3.20)
0

where

R 0) = max {1, _max (0], max flo0exp [ - /Otm(,w)du]}.

—7<t<0 —7<t<0
(3.21)

Note: It is guaranteed by the property (2.1)) that 0 < 1+ B(Ag) < 2.

Proof. Suppose that z is the solution of ([1.1)-(1.2)) and y, z are defined as above,
ie. fort> —71

y(t) = x(t) exp {—/0 hxo (U)du] and - 2(t) = y(t) - m’

where L(\g; ¢) is defined as in (3.3]). Therefore, we specify W (Ao; ¢) as in the proof
of Theorem [3.1} Hence, as in Theorem |3.1] it can be also proved that z satisfies
inequality (3.15)), and thus for ¢ > 0 we get

|L(Ao; 0)]

ly(t)| < p(Xo)W(Aos @) + T+ 50w

(3.22)
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Using (3.1)) and (3.21)), from (3.3) we obtain
L0 &) < J6(0 |+Z o / lolesp| - [ wa]as
—T; 0

iel

w [Cirles |- [0 hM(s)ds] du
< <1+Z o / |ds+/oo|f(u)|exp {/Ouh,\o(s)ds}du>

i€l

x R(Ao; ¢)

<1+Z|B Jime >‘°“+/Oo|f(u)|exp{/OuhAO(s)ds]du>

i€l

X R()\O7 ¢)
= (14 p(X0))R(Xo; @)
Furthermore, using the definition of W (\g; ¢) we have

Woai6) < max {1 ROio) + 050 = ROwio) + o5
o (B0 ROw: ) (1100 oy
< Rowe) + EHCERTEE = (14 SR ) mowe

So, using (3.19)) and (3.21)), by (3.22)) we reach for ¢t > 0

(14 () . (14 p(Ao))R(Xo; @)
|y(t)| < ,u()\o) <1 + Hﬁ()\i)) R(A07 (ZS) + . +OB(/\O) 0

_ (L4 p(2))\ | 1+ p(M)) ,
- {“ Po) (1 T A > T A0 }R(AO’@
= N(Xo)R(Ao; 9).

Last of all, using the definition of y we get

|z(t)] < N(Xo)R(Mo; @) exp [/0 h,\o(u)du}, for all ¢>0.

Therefore, this completes the proof of the theorem.
O

Example 3.4. In the following example, we will apply Theorem and Theo-
rem For simplicity of example we consider the problem as follows:

eft

2 (t) = (; + sin th) z(t) — (; + sin th) z(t—1)— = t>0, (3.23)

z(t)=1, —-1<t<0 (3.24)
where 4 3 +sin27t  and —% — sin 27wt with period T = 1 The characteristic
equation of the homogeneous equation of - is from

1 1
A= ——e M 3.25

We have A\; & —1.9 and A2 = 0 are real roots of characteristic equation (3.25). Let
Ao = —1.9. Then, the first term in ([3.1) 639 ~ 2.23. Therefore, Theorem 3.1 and
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Theorem [3.3] cannot be applied to equation (3.23]). But, let Ay = 0. We check the
condition for Theorem as follows: Since hy, () = 0, from (3.1) we obtained
easily
1 e 1 1 2
o) = p(0) = = C du=:+:=2<1.
pO0) = (0) = 3+ [ Grau= g+ 5= 3
Therefore, (3.1)) is satisfied. Then, from (3.2)) and (3.20), the solution = of (3.23)
and (3.24) satisfies
1-— f31 (3 +sin2ms)ds — [;° %tdu 3

tliglox(t): 1_% 9

and

1+2/3%2 2 29
lz(t)] < <(;—_/1)+3> =% for all ¢>0.
3

4. THE SPECIAL CASE OF LINEAR NONHOMOGENEOUS DELAY DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

In this section, we will consider the special case of first order linear nonhomo-
geneous delay differential equations with constant coefficients and constant delays.
The linear autonomous delay differential equation is a special version of the delay
differential equation

2/ (t) =ax(t) + Zbix(t -7)+ f(t), t>0, (4.1)
iel
where a, b; for i € I are the real constants, and 7; for i € I the positive real numbers
with 7, # 7, for i1,i9 with i1 # iz and f is a continuous real-valued function on
the interval [0,00). Let 7 be defined by 7 = max;cy 7;. and the initial function be
given as in . The characteristic equation of the homogeneous equation of
is

A=a+ Z bie AT (4.2)
il

There were given sufficient conditions to obtain a unique real root of characteristic
equation in Philos [2, Chapter 5]. The constant coefficients a and b; of
can be considered as T -periodic functions, for each real number T' > 0. Moreover,
as it concerns the autonomous delay differential equation , the hypothesis that
there exists positive integers m; for ¢ € I such that 7, = m;T holds by itself. After
these observations, it is not difficult to apply the main results of this paper, i.e.,
Theorem [3.1} Corollary and Theorem to the special case of the autonomous
linear nonhomogeneous delay differential equation . Because of equation
is a constant coefficient equation, we needn’t to prove below Theorem [£.1] and
Theorem (.3

Theorem 4.1. Suppose that Ay be a real root of (4.2) with

o0

u(Xo) = Z |bi\7‘ie_’\°” +/ |f(u)] e~y < 1. (4.3)
0

iel
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Thus the solution x of the system (4.1) and (L.2)) satisfies

lim [e"'z(t)] = L(X0; 9) N
t—o0 14>, cp bime Yo7
where
0 (o)
L) = 9(0) + 3 bie ™ [ (e o%ds s+ [ flwe v
i€l —Ti 0

Note: It is guaranteed by the property (£.3)) that 0 < 1+ Y., byrie 07 < 2.

iel
Application of the Theorem [4.1| with Ag = 0 leads to the following corollary.
Corollary 4.2. Assume that
a+ Zbi =0 and Z |bi| 7 +/ flu)du < 1. (4.4)
i€l il 0
The solution x of the system (4.1)) and (1.3)) satisfies
0 0o
, $(0) + Xier bi -, d(s)ds + [ f(u)du
lim x(¢t) = : .
t—oo 1 +Zi€[ biTZ'
Theorem 4.3. Assume that Theorem is satisfied and Let \g be a real root of
(4.2) satisfying (4.3)) and set

R(Ao;as)—max{l, max o), max [e!o(0)]]

—7<t<0 —7<t<0 } '

Thus the solution x of the system (4.1) and (L.3)) satisfies
|z(t)] < N(Ao)R(Ao; @)e™"  for >0,
where

()’
N()\O) - 1 + Zie[ biTie—)\oﬁ,

+ 1(Xo)-

5. CONCLUSIONS

In this study, firstly, we have obtained sufficient conditions for to have peri-
odic solutions. Later, we have proved that there is a basic asymptotic criterion for
the solutions of the initial value problem —. Finally, using this asymptotic
criterion, we obtained a useful exponential boundary for solutions of —.
These results were obtained using a suitable real root for the characteristic equa-
tion. Namely that, this real root played an important role in establishing the results
of the article. We have also presented the application in the special case of constant
coefficients of the results obtained. We also gave two examples.

Acknowledgments. The author thanks the authors which listed in References for
many useful support.
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