Fundamental Journal of Mathematics and Applications, 6(4) (2023), 211-217

FUNDEMENT]
OF MATHE

Research Paper / Open Access MATHEN
% ruma Fundamental Journal of Mathematics and Applications C2

ISSN Online: 2645-8845
www.dergipark.org.tr/en/pub/fujma
https://doi.org/10.33401/fujma. 1364368

Wijsman Deferred Invariant Statistical and Strong p-Deferred
Invariant Equivalence of Order o

Esra Giille /" and Ugur Ulusu >*

LDepartment of Mathematics, Afyon Kocatepe University, 03200, Afyonkarahisar, Tiirkiye
2Sivas Cumhuriyet University, 58140, Sivas, Tiirkiye
Tegulle@aku.edu.tr, *ugurulusu@ cumhuriyet.edu.tr

*Corresponding Author
Article Information Abstract
Keywords: Asymptotical equiva- With this work, we present the asymptotical strongly p-deferred invariant and asymptotical deferred
lence; Deferred statistical conver- invariant statistical equivalence of order & (0 < ¢ < 1) for sequences of sets in the Wijsman sense.
gence; Invariant summability; Or- Furthermore, we investigate the connections between these concepts and conduct their properties.
der or; Sequences of sets; Wijsman
convergence

AMS 2020 Classification: 40A05;
40D25; 40G05; 40G15

1. Introduction and backgrounds

One of the convergence concepts for sequences of sets (Ss) is convergence in the Wijsman sense (Ws) (see, [1, 2]). The
statistical convergence in Ws was first introduced by Nuray and Rhoades [3]. Then, Ulusu and Nuray [4] studied the
lacunary statistical convergence in Ws. Also, Pancaroglu and Nuray [5] presented the invariant statistical convergence in Ws.
Furthermore, Ulusu and Nuray [6] and Pancaroglu et al. [7] introduced the asymptotical-asymptotical statistical equivalence
and asymptotical invariant-asymptotical invariant statistical equivalence in Ws, respectively.

Agnew [8] first introduced the deferred Cesaro mean for real (complex) sequences. Subsequently, the deferred statistical
convergence was studied by Kiigiikaslan and Yilmaztiirk [9]. Then, Nuray [10] presented the deferred invariant and deferred
invariant statistical convergence.

The deferred statistical convergence in Ws for Ss was introduced by Altinok et al. [11]. Also, Et and Yilmazer [12] studied on
this concept. Then, Giille [13] presented the deferred invariant statistical convergence of order ¢ in Ws. Furthermore, Altinok
et al. [14] and Et et al. [15] studied the asymptotical deferred statistical and asymptotical deferred statistical equivalence of
order o in Ws, respectively.

In the metric space (U,d), the distance function p(u,C) := p,(C) is defined by

pu(C) = infd(u,c)

for each u € U and non-empty C C U.

For a function f : N — 2U (power set) is defined by f (j)=C; € 2U for each j € N (the set of natural numbers), the sequence
{C;j} ={C1,C,,.. .} is called sequence of sets.

Throughout the study, unless otherwise specified, (U,d) is regarded as a metric space and C, Cj,D;, E, Fj as non-empty closed
subsets of U.

The Ss {C,} is called convergent in W5 to the set C if for each u € U

lim p,(C;) = pu(C)
Jj—reo
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- . w
and it is denoted in C; — C format.

An invariant mean, also known as a o-mean, is a continuous linear functional y in the bounded sequences space that adhere to
the subsequent conditions:

(1) y(x;) > 0 when the sequence (x;) consists of non-negative elements for all ¢,
) yle)=1fore=(1,1,1,...),
(3) ¥(xs()) = W(x) for all the bounded sequences (x;),

where o is a mapping from the set of non-negative integers into itself.

The mappings o are regarded as one-to-one and 67 (¢) # ¢ (jth iterate of o) for all positive integers j. Therefore, ¥ expands
the limit functional on the convergent sequences space ¢ such that y(x;) = limx; for all (x;) € c.

The Ss {C;} is called;

(i) strongly invariant convergent in Ws to the set C if

. 1 n
lim —
joen

‘pu(coj(t)) - pu(c)| =0,
1

(ii) invariant statistically convergent in Ws to the set C if for every € > 0

e
lim —|{j < n: pu(Coi) — PulC)] = £}| =0

n—eo p

. . . WV, W (S .
for each u € U and uniformly in z. These convergences are denoted in Cj Li] C and C; L;Q C formats, respectively.

For any non-empty closed subsets C;,D; € U such that p,(C;) > 0 and p,(D;) > 0 for each u € U, the Ss {C;} and {D;} are
called asymptotically equivalent to multiple 1 in Ws if for each u € U

lim p(uvcj) _
J—=eo P M7Dj)

.. . wn . . .
and it is denoted in C; ~ D; format. These sequences are referred to as asymptotically equivalent in Ws when n = 1.

For any non-empty closed subsets C;,D; € U such that p,(C;) > 0 and p,(D;) > 0 for each u € U, the Ss {C;} and {D;} are
called;

(i) asymptotically strongly deferred Cesaro equivalent to multiple 1 in Ws if

s(i) .
lim ———— M _
imveo (i) —r(i) p(u,Dj)

o|-o
j=r(D)+1

(ii) asymptotically deferred statistical equivalent to multiple 1 in W if for every € > 0

M0 )

{r(i)<j§8(i):‘m_n’zg}‘:0

for each u € U, where (r(i)) and (s(i)) are sequences of non-negative integers satisfying

r(i) < s(i) and lim s(i) = os. (1.1)

i—oo

: W W] (s) :
These equivalences are denoted in C; <D ; and C; “UD ; formats, respectively.

Throughout the paper, unless otherwise specified, (r(i)) and (s(i)) is regarded as non-negative integer sequences satisfying
(1.1).

An increasing sequence of integers 6 = (k;) is called a lacunary sequence when it satisfies two conditions: k9 = 0 and
hi=ki—ki_1 —>ocasi— oo,

For more study on the concepts of convergence, invariant summability, deferred mean and asymptotical equivalence for real or
set sequences, we refer to [16, 17, 18, 19, 20, 21, 22].

C u
From now on, for short, we will use the term p, (D—j) instead of the term P

p(uaD./')'

J
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2. Main results

With this section, we present the asymptotical strongly p-deferred invariant and asymptotical deferred invariant statistical
equivalence of order o (0 < @ < 1) in Ws for Ss. Furthermore, we investigate the connections between these concepts and
conduct their properties.

Definition 2.1. For any non-empty closed subsets C;,D; € U such that p,(Cj) > 0 and p,(D;) > 0 for each u € U, the Ss
{C;} and {D;} are said to be asymptotically strongly p-deferred invariant equivalent to multiple 1 of order o in Ws if for
eachu el

CO'j(t)
} Pu\ ——)—1M
= (s(i) = r(0) " T ( )

Dcﬂ'(z)

n [Va]"
uniformly in t, where 0 < p < oo and 0 < ot < 1. For this case, the notation C; ‘D j is used, and these sequences are

referred to as asymptotically strongly p-deferred invariant equivalent of order o in Ws when n = 1.

Example 2.2. Let us take X = R* and the Ss {C;} and {D;} as follows:

c {(x1,:) ER?:xf + (xp — 1)2 = %} ; If j is a square integer
T {(-1,0)} 5 ifnot
and
{(x1,0) ER? 1 + (x2+1)2 = %} ;  if j is a square integer
D;:=

: {(-1,0)}  ifnot.
Then, the Ss {C;} and {D,} are asymptotically strongly p-deferred invariant equivalent of order o, (0 < ot < 1) in Ws.
Remark 2.3.

(i) For Ss, the asymptotical strongly p-deferred invariant equivalence of order o and asymptotical strongly p-invariant
equivalence given in [7] coincide when r(i) = 0, s(i) = i and o0 = 1.

(ii) For Ss, the asymptotical strongly p-deferred invariant equivalence of order o and asymptotical strongly p-lacunary
invariant equivalence given in [7] coincide when r(i) = ki_y, s(i) = k; and o. = 1.

Theorem 2.4. Let 0 < p <ooand 0 < a < B < 1. Then,

W Ve wi v
Cj ~ Dj = Cj ~ Dj.

Wl vgP .
Proof. Assume that0 < o¢ < 8 <1 and C; 17 D;. For each u € U, we can write

1 s(i) Ccf(t) r 1 s(i) Cof(t) r
— Y (37 )-n s Y |55 ) -
(S(l) - r(l)) j=r(i)+1 o/ (1) (s(l) ’"(l)) j=r(i)+1 oi(r)
. N . W Vsl
for all ¢. Since the right side converges to 0 for i — oo based on our assumption, we have C; “~ " D;. O

The following corollary is obtained for f = 1 in Theorem 2 4.

W] v /

p AN
Corollary 2.5. Let0<p<ooand0<a <1 IfC; “~ ] Dj, then C; dr[v ! D; which this concept has not been studied
yet.

Theorem 2.6. Let0 < p < g<eooand0 < a < 1. Then,

whivae whivor
Cj df[va] Dj=>Cj df[\fa] Dj.
Rz

w q
Proof. Assume that 0 < p < g < oo and C; ‘D ;. By the Holder inequality, for each u € U, we can write

Csi Csi

p 1 s(i)

< )3

(s() = r(0)* =T

q

. . . . . Al
for all ¢. Since the right side converges to 0 for i — oo based on our assumption, we have C; ‘D ;. O
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Definition 2.7. For any non-empty closed subsets C;,D; € U such that p,(Cj) > 0 and p,(D;) > 0 for each u € U, the Ss
{C;} and {D;} are said to be asymptotically deferred invariant statistical equivalent to multiple 1 of order o in Ws if for
every € >0 and eachu € U

llggm {V(i) <j<s(i): ’Pu(m)—ﬂ‘ 28}’ =0
1(58)

uniformly in t, where 0 < o0 < 1. For this case, the notation C; D; is used, and these sequences are referred to as
asymptotically deferred invariant statistical equivalent of order o in Ws when 1 = 1.

The set {W, (S%)} represents all Ss that asymptotically deferred invariant statistical equivalent of order c.
Example 2.8. Let us take X = R? and the Ss {C;} and {D;} as follows:
c {(x1,%2) ER*: (xy +j)*+x3 =1} ; if jis a square integer
" {(1.0)} i not
and
b {(xl,xz) ER?: (x1— j)?+x3 = l} ; if j is a square integer
T {(1,0)} ; ifnot.
Then, the Ss {C;} and {D;} are asymptotically deferred invariant statistical equivalent order o, (0 < ot < 1) in Ws.
Remark 2.9.

(i) For Ss, the asymptotical deferred invariant statistical equivalence of order o and asymptotical invariant statistical
equivalence given in [7] coincide when r(i) = 0, s(i) = i and o0 = 1.

(ii) For Ss, the asymptotical deferred invariant statistical equivalence of order o. and asymptotical lacunary invariant
statistical equivalence given in [7] coincide when r(i) = ki_1, s(i) = k; and o0 = 1.

Theorem 2.10. Let 0 < o < B < 1. Then

W (s%) W (sh)
Cj ~ DjiCj ~ Dj.

Wl (s%
Proof. Assume that 0 < ot < 8 < 1 and C ‘iL )Dj. For every € > 0 and each u € U, we can write

po) n|2elf
» -n|>e
Pulpoe)
Wi (sh)

for all z. Since the right side converges to 0 for i — oo based on our assumption, we have C; ‘5D I O

(“”fdmﬁHdo<j<wo:

{r(i) <j<s(i):

o) 1] = o= Gy

The following corollary is obtained for f = 1 in Theorem 2.10.

W (s§) W, (S) R .
Corollary 2.11. LetO < a < 1. If C; “~" Dj, thenC; "~ D; which this concept has not been studied yet.
Theorem 2.12. Ifthe Ss {C;} and {D,} are asymptotically strongly p-deferred invariant equivalent to multiple 1 of order
in Ws, then the sequences are asymptotically deferred invariant statistical equivalent to multiple N of order o in Ws, where
O<a<l

wlve)p .
Proof. Assume that 0 < @ <1 and C; 1D ;. For every € > 0 and each u € U, we can write

s(i) Coiy P s(i) Coir) P
» —-n > Pu -1
j:r%H (Dﬁf(t) ) j:%ﬂ (Df"/(’> )
Pu (gzj/((lt)) -n =€

AV
™
<
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and so,
| () (Cc-f(t) ) ! 1 { Coir)
o L p(pn) | = | {ro<isslp () -n| 2 e}
e (s() = r(0)* i@ I \Pait) (s(i) — () Dyig)
. . . . W, (5§)
for all ¢. Since the left side converges to 0 for i — o based on our assumption, we have C; "~ D;. O

In the case of o = 1, the opposite of Theorem 2.12 is provided.

Theorem 2.13. Let p,(C;) O py(D;j). If the Ss {C;} and {D;} are asymptotically deferred invariant statistical equivalent to
multiple 1 in Ws, then the sequences are asymptotically strongly p-deferred invariant equivalent to multiple 1 in Ws.

W (Ss
Proof. Suppose that p,(C;) O p,(D;) and C; 45 Dj. Since p,(C;j) O p,(D;), then there exists an M > 0 such that

(o) ] <

for all # and each u € U. For every € > 0, we can write

: f P (C"j(”)—np - £ P (C"j(”)—np
s(i) = r(i) j=r()+1 ! Dsi) (i) = r(i) j=r()+1 ! Dsi)
C
pu (5222 ) e
1 s(i) Coi p
+ s Pu -1
s(i) —r(i) j:%ﬂ (DG,-(O)
C
(55 ) ol
< ,Mp - {r(i)<]<s(l) pu<CG](t))—n‘>£H+SP
s(i) —r(i) Dgjq
. : : : G
for all z. Since the left side converges to 0 for i — oo based on our assumption, we have C; “~ " D;. O

3. Auxiliary results

With this section, first of all, we define the asymptotical invariant statistical equivalence to multiple 1) of order & in W for
Ss, then we examine the relationship between this concept and the asymptotical deferred invariant statistical equivalence to
multiple 1) of order .

Definition 3.1. For any non-empty closed subsets C;,D; € U such that p,(Cj) > 0 and p,(D;) > 0 for each u € U, the Ss
{C;} and {D;} are said to be asymptotically invariant statistical equivalent to multiple 1 of order o in Ws if for every € > 0
and eachu € U

li ! i <n:
im — 19 j<n:

n—oo

() | zef | =0

. . . . wh(sg .
uniformly in t, where 0 < o0 < 1. For this case, the notation Cj Sa) Dj is used, and these sequences are referred to as

asymptotically invariant statistical equivalent of order o in Ws when n = 1.

The set {W"(S%)} represents all Ss that asymptotically invariant statistical equivalent of order a.
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Theorem 3.2. If{s(l)r(—l)r(l)} is bounded, then {W"(S%)} C {W] (S%)}, where 0 < a < 1.
wi(sg)
Proof. Suppose that0 < oo <1andC; ~°" D;. Then, for every € > 0 and each u € U, we have

pu<ccj(t>)—n’28}’=0

ol (t)

. 1{.
lim —|qj<n:

n—oo n&

uniformly in ¢. Here using the well-known fact,

{j <5():

o) el

) 1
2 )

is hold uniformly in ¢. Also, since

C.j C..
{r(i)<j§s(i): th(l;z_it))>_n’28}C{0<j§S(i); p”(ij((tZ)—n’ZS},
o/ (t o/ (t
we can write
C.j C..:
Hr(i)<j§s(i): pu(;j((t)))nlze}‘g’{oﬂﬁs(i): pu(D"';(('))>n‘28}
o/ (t o/ (t

for all 7. Thus, the inequality is handled:

1 ) Coi(r) ’ H r(i) o 1 { Coi(r) ’
- r(i) < j<s(i):|pu -nzeq| < (1+— - - 0<j<s(@):|pu -nl>e
S 70 < <50 o (Bp) (4 =) G 1057 0| ) -
If {s (i)rg)r 0 } is bounded in above inequality, then the desired result is obtained for i — co. O

4. Conclusion

In this study, as a combination of asymptotical equivalence, deferred statistical convergence, invariant summability and order
a, we defined new concepts for sequences of sets and obtained noteworthy results.
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