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Abstract
The Lie group method is applied to a coupled nonlinear Klein-Gordon system. The Klein-Gordon system is
used to model many nonlinear phenomena including the propagation of dislocations in crystals and the behavior
of elementary particles and the propagation of fluxons in Josephson junctions. The symmetry reductions and
exact solutions which include the stationary and solitary waves are obtained. In addition, by using the multiplier
method, we derive the local conservation laws of the coupled nonlinear Klein-Gordon system.
Keywords — Lie symmetry analysis, Coupled nonlinear Klein-Gordon system, Similarity reduction, Solitary

wave solution

1 Introduction

The problem of finding the analytical or numerical solu-
tions to nonlinear evolution equations (NLEES) is quite ac-
tive research area in nonlinear science. In the last two dec-
ades, several powerful approaches such as the inverse scat-
tering, Hirota's bilinear method, the Darboux transfor-
mation method, (G'/G)-expansion method, homogeneous
balance method, Adomian decomposition method, the
functional variable method, the extended tanh function
method, Lie group analysis, etc. have been proposed [1-8].

In the theory of NLEEsS, the problem of revealing wave phe-
onomena of some important process such as dispersion,
dissipation and diffusion is quite important task [9]. By us-
ing the continuum models, one can study the nonlinear
wave phenomena in heterogeneous media. As a result, we
can investigate the long-wave dynamics of discrete models
by the nonlinear Klein-Gordon system. This system is a
physical model for long longitudinal waves in bilayers
where nonlinearity comes only from the bonding material
[10]. The system is described, in dimensionless variables,
by the coupled Klein-Gordon equations [11]

(1.1)

Ut — Uxx = fu(u: U),

Vte — szxx = f,(u,v)

where v = v(x, t) is the scalar field, u = u(x,t) repre-
sents the wave displacement at position x and time t, c is
the ratio of the acoustic velocities of noninteracting com-
ponents, and f(u, v) describes the interaction between the
chains of particles. We also observe this important system
in the field of solid state physics, nonlinear optics and quan-
tum field theory [12].

On the other hand, the n-coupled nonlinear Klein-Gordon
equations with a scalar field v are described as ([13]-[14])

n
Upee — Upee — Uy + 2 Zu]-z+v u, =0,
j=1

For the case of | = 1 the one coupled nonlinear Klein-
Gordon equations are Painleve integrable and are given as
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Upy — Upe — U+ 2u3 + 2uv = 0,
v, — vy —4uu, = 0.

(1.2)

Using the Hirota’s theory, bilinear-form and one-soliton so-
lutions of (1.2) are studied in [15]. We also observe that in
the literature a plenty of studies about the some special
types of exact solutions. Some of them are listed in [12],
[16-21].

Among the mentioned above methods Lie group analysis
has a special interest. As is mentioned in [22] by Anderson
et. al, Lie's approach is known in the literature as one of the
most powerful and effective method for obtaining exact so-
lutions of partial differential equations (PDES). In the last
few decades Lie's group method (see, for example, Bluman
and Kumei [23], Olver [8], Stephani [24], Vorobev [25],
Winternitz [26]) successfully applied to differential equa-
tions arising in a variety of disciplines such as fluid dynam-
ics, elasticity, boundary layer problems and so forth (see,
for example, Ibragimov [27] or Rogers and Shadwick [28]).

It is well known that, conservation laws are the key instru-
ments for describing the physical and mathematical prop-
erties of the considered model [29]. They are used for Lya-
punov stability analysis and construction of numerical
schemes. Moreover, conservation laws used in obtaining
the new nonlocal symmetries, nonlocal conservation laws
and linerization [30]. Because of the Noether’s theorem
limitations some efficient methods such as multiplier, ad-
joint symmetry, nonlocal conservation theorem method etc.
were developed to investigate conservation laws of PDEs
[8, 31-38].

The plan of the paper is as follows. In Section 2, Lie sym-
metry method along with the simplest equation is employed
to obtain exact solutions of (1.2). Then in Section 3, by us-
ing the multiplier method, conservation laws for (1.2) are
constructed. Finally, in Section 4 conclusions are pre-
sented.

2 Symmetry Reductions and Exact Solutions of Eq.(1.2)
For the necessary notations and definitions about Lie group
analysis see e.g., [8, 35-37, 39]. The symmetry group of the
coupled nonlinear Klein-Gordon system will be generated
by the vector field of the form

i} i} i}
X = E(t,x,u,v)a+T(t,x,u,v)a+n(t,x,u,v)£

0
+¢(t,x,u, ”)5

Performing the second order prolongation pr®X to (1.2)
gives an overdetermined system of linear partial differen-
tial equations. The general solution of this system is
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t(t,x,u,v) = f(x +t) —cit + cy,

Et,x,u,v) = —cx+ f(x + 1),

n(t, x,u,v) = cu,

ot x,u,v) = (—2u? —2v+ Df'(x + t) + ¢, (2v — 1).

where f is arbitrary functions of x + t For instance, taking
the arbitrary function x 4+ t we obtain three-dimensional
Lie algebra spanned by the following linearly independent
operators:

X_a
Yot
X_a
27 ox
Xpexd 12y a+(2 n2 2.1
3——Xa— a U.£ v — )% ()

Having this generators, one has to solve the following La-
grange equations

dt _ dx _ du _ dv
(t,x,u,v) &t xuv) n(t, x,u,v) N ¢(t, x,u,v)

for getting symmetry reductions and exact solutions. For
this aim, we have to construct optimal system of one-di-
mensional subalgebras for (1.2). We exploited the adjoint
representation method for drawing the possible optimal
system of one-dimensional subalgebras [8, 37]).

In adjoint representation, one needs the following well-
known Lie series

Ad(exp(eX))Y =Y — ¢[X,Y]
+%gz[x, [x, Y]]

—%53 %, [, 1 v1]] + -

together with the commutation relations of the three oper-
ators which are

[X1:X2] = 0!
[X1’X3] =-X,
[Xz,X3] = —X;.

To compute the adjoint representation, we use commutator
table of X;, X, and Xj.

X, | 0 0 -X,
X, \ 0 0 -X,
X3 \ X, X, 0
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In this manner, we construct the following table of adjoint
representation
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Ad X, X, X3
X, X, X, X5 + X,
X, X, X, X + X,
X3 ‘ etX, etX, X3

For a nonzero vector
X = a1X1 + azXz + a3X3,

we have to simplify the coefficients a; (i = 1,2,3) as far
as possible through adjoint maps to X. The calculations
are easy and we obtain an optimal system of one-dimen-
sional subalgebras is spanned by

X0, X0, X1 F X00 X5 (2.2)

We consider the following four cases:

Case 1. X;

Considering the Lagrange system for the symmetry X;, the
group invariant solution corresponding to X; is

v=v(2)

u = u(2),

where z = x is the group-invariant of X; By substituting of
these solutions in (1.2), we find

u' —u+2ud+2uv =0,
v =0

(2.3)
(2.4)

After integrating (2.4) and substituting v = ¢, into (2.3),
we obtain
u” —u+2ud+ 2uc; =0. (2.5)

Solving the Eq.(2.5) we obtain the solutions for (1.2) are
given by

1 - 2C1
ulx,t) =c, msn
1 2

v(x,t) =¢

(V2erx +c)

-1+ 201,
—201 +c?

\/_

where ¢; and c, are arbitrary constants and sn is the sine-
amplitude function.
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Case 2. X,
Considering the Lagrange system for the symmetry X,, the
group invariant solution corresponding to X, is

u=u(z), v=v(2)
where z = t is the group-invariant of X, The substituting
of these solutions in (1.2), we find

—u" —u+2u+2ur =0,
v +4uu’' =0

(2.6)
2.7)

After integrating (2.7) and substituting v = —2u? into
(2.6), we obtain
u' +u+2ut=0 (2.8)

Solving the Eq. (2.8) we obtain the solutions for (1.2) are
given by

_ -1
ulx, t) =c, —2—+C22
xsn| (V2t +¢;) 3 z,glﬁ),
[ Ztte T
| — /(\/_t+c)\/§' \l
v(x, t) = —2|c, ssn | -1 ,—ic, |l
| 2+c \x e 2 /|
| 2 |

where ¢; and c, are arbitrary constans and sn is the sine-
amplitude function.

Case 3. X5
The symmetry X5 yields the group invariant solution
E(z) F(z)
Tox T2 2x2 (29)

where z = */, is an invariant of the symmetry X; Substi-
tuting (2.9) to (1.2), gives rise to system of ordinary differ-
ential equations (ODESs) where E and F satisfy

(z—2zYE" +2z(z* — 1)E' + 2(E3 + E) + EF = 0,
(z + 22)F' — 2F + 822EE’ = 0. (2.10)

Case 4. X; + cX,

Considering the related Lagrange systems corresponding to
X; + cX, , one obtains an invariant z = x — ct and the
group invariant solution of the form

(2.11)

u=u(z), v=v(2)
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(

and pursuing the same steps as before we get

A=cHu" +2u® —u+2uv =0, (2.12)

A1+ +4cuu' =0 (2.13)

where after integrating (2.13) and substituting v = I—iiuz

in (2.12), we deduce

(- +2-—Su3—u=0 (2.14)
1+¢ o '

Exact solitary wave solutions using simplest equation
method

The simplest equation method, which was developed by
Kudryashov [39-42] will be exploited for obtaining the ex-
act solutions of evolution type systems. The first simplest
equation that will be used is the Bernoulli equation
G'(x) = aG?(z) + bG(2), (2.15)

where a and b are arbitrary constants. The solutions of
(2.15) can be expressed as

cosh[b(z + C)] + sinh[b(z + C)]
—acosh[b(z+ C)] —a sinh[b(z + C)]

G(z) =b1

elementary functions where C is a constant of integration.
Let us consider the solution of (2.14) of the form

u@ = ) AGE@), (2.16)
i=0

where G (z) satisfies the Bernoulli equation, M is a positive
integer that can be determined by balancing procedure, and
Ay, A4, ..., Ay are parameters to be determined later.

The balancing procedure gives M = 1 so the solution of
(2.14) is of form

u(z) = Ay + 4,6(2). (2.17)
Moreover, for the Riccati equation
G'(z) = aG?*(z) + bG(2) + d, (2.18)

we shall use the following elementary solutions

b + 6 tanh(36(z + C))

G(2) =~ 2a

and
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b + 0 tanh (%H(Z + C))

2a
sech (%Bz)

C cosh(36z) — & sinn(L62)

G(z)=—-

where 62 = b? — 4ad > 0.

Solutions of Eq.(2.14) by using the Bernoulli equation
as the simplest equation

Substituting (2.17) into (2.14) and making use of (2.15) and
then equating the coefficients of the functions G to zero,
we obtain an algebraic system of equations in term of 4;.
Solving the obtained system of algebraic equations with the
help of Maple, we get

A = V2 —2c?
° 7 2(-14¢)
1+ (=14
Al = _ab
V2 —2c?
AZ e ——
V=24 2c?

As a result, a solution of (1.2) is

cosh[b(x—ct+C)]+sinh[b(x—ct+C)] }
1—a cosh[b(x—ct+C)]—a sinh[b(x—ct+C)]
cosh[b(x—ct+C)]+sinh[b(x—ct+C)] }2
1—a cosh[b(x—ct+C)]—a sinh[b(x—ct+C)]
(2.19)

u(x, t) = AO +A1b{

v(x,t) = ;—iZ{A(ﬁAlb[

Solutions of Eq.(2.14) by using the Riccati equation as
the simplest equation

The solution of (2.14) is of the form (2.17). Substituting
(2.17) into (2.14) and making use of (2.18), by equating all
coefficients of the functions G' to zero we yield again an
algebraic system of equations in term of A4;. Solving this
system, we obtain

_ab(1+0)
o~ 2ai
Ay =a( +0)i,
b = 2i,
-1+ 2c?
T a2 —2c¢?)

hence solutions of (1.2) are

-b-0
tanh
2a

-b-0
tanh
2a

u(x,t) =A0 +A1{

v(x, t) = _—ZC{A0+A1[

Be(x—cno]},

(%9(x—ct+(}))]}2 (2.20)

and
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- tanh[%e(x—ct)]

sech[30(x—ct)]

€ cosh[36(x—ct)| -2 sinh[Z0(x—ct)|

v(x,t)

_b;Q tanh[%@(x—ct)]

=_—2C A0+A1

1+c sech[%e(x—ct)]

C cosh [%G(X—Ct)] _ZTa sinh[%e(x—ct)]

(2.21)

3 Conservation Laws

As well known, in the investigation of integrability proper-
ties of considered model the existence of a large number of
(or infinity) conservation laws are the key instrument [8].
They are used for analysis, in particular, existence, unique-
ness, stability analysis and construction of numerical
schemes [30]. In addition, in the numerical integration of
PDEs [43, 44], for example, to control numerical errors,
conservation laws are also used.

In this section, we build conservation laws for (1.2). For the
details see e.g., [8], [30], [31] and [34].

Consider a kth-order system of PDEs of n independent
variables x = (x1,x2,...,x™) and m dependent variables
u = (ut,u? ..., u™), namely
Ea(x, U, U(p), U(z), ...,u(k)) =0, a=12,...m (3.1)
where u(y), Uy, ..., Ugk) denote the collections of all first,
second, ..., k th order partial derivatives, i. e., uff =
D;(u®), uf; = D;D;(u®), ..., respectively. The total deriva-
tive operator with respect to x! is given by

— a a .
Di—ﬁ+ui +U.L~]~ + -

j=12,..,n(3.2)

1

oue au;.*

where the summation conversion is used whenever appro-
priate. The n —tuple vector

T=(T,T?..,T"), T/ €A j=12,..,n
is a conserved vector of (3.1) if T satisfied
DiT!| 31y =0 (3.3)

The equation (3.3) is called a local conservation law of sys-
tem.

The conservation laws of Eq.(3.1) will be generated by
multipliers Q% (x, u, u¢y), ... ) which they satisfy identically

Q%“E, = D;T! (3.4)
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As demonstrated in [8], for constructing the associated
multipliers, one takes the variational derivative of (3.4) that
is,

1)
a J—
W(Q E,) =0, (3.5)
holds for arbitrary functions of u(x?,x?,...,x™). In our
work, we confine ourselves to multipliers of the second or-
der Ay = Ay (%, t, U, U, Uy, Uy, Uy, Uiy ). Once the multipli-
ers are deduced the conserved vectors are calculated via a
homotopy formula ([30, 34, 36]).

Conservation laws of Eq.(1.2)

For the coupled nonlinear Klein-Gordon system, we ob-
tain that two second order multipliers (with the aid of
GeM [30], see also [35, 36]), namely

A Ot U, U, Uy, Uy, Uy Vs )y Da (6, €, U, U, Uy, Uy Uy V)
are given by

Ay = cpuy,

Ay

1
3 (2u? +v)cq + ¢y, (3.6)

where ¢;, i = 1,2 are arbitrary constants.

We have the following two conserved vectors of (1.2) cor-
responding to the multipliers of A; and A,, respectively:

1

ct= —u‘*—uzv—utux—zvz,
1 1 1 1 1
cr = Eu‘* + u?v +§ux2 +Zv2 —Euz +§ut2;
Ct=-2u?-v,
= v. (3.7)

4 Conclusions

In this work, we studied the nonlinear Klein-Gordon sys-
tem which is one of the nonlinear second order evolution
type system. We obtained some special type group invari-
ant solutions via Lie group analysis. In Case 1 and Case 2,
we constructed stationary type sine-amplitude group invar-
iant solutions which corresponds space and time transla-
tions, respectively. In Case 3, second order nonlinear ordi-
nary differential system is obtained which corresponds to
the scaling transformation. Solving the analytically of the
system (2.10) is quite intractable. It is possible to solve by
some appropriate initial conditions. In Case 4, by using the
wave invariant variable which corresponds to combination
of space and time symmetry generators, we converted the
original system (1.2) to second order NLODE. We solved
this NLODE by the simplest equation method. We used
Bernoulli and Riccati differential equations as simple equa-
tions which those have some special type kink-shaped tanh
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and bell-shaped sech solutions. We note that by us-
ing the other auxiliary equations such as Jacobi elliptic
equation, sub-equation method, etc., some new solutions
also can be obtained. Some of the results are in agreement
with the results obtained in the previous literature, and also
new results are formally developed. We verified all the ob-
tained solutions by putting them back into the original sys-
tem (1.2) with the aid of Maple 2015.

The solutions obtained are solitary type traveling waves.
These type waves on a water surface do not behave exactly
as solitons. After the collisions of two solitary waves, in
their amplitudes have been occurs some small changes and
their oscillatory residuals are left behind.

In the last part of the work, we constructed conservation
laws of the system. As the considered system is of evolu-
tion type, no recourse to a Lagrangian formulation is made.
Therefore, we resorted to multiplier approach and two local
conservation laws were deduced. The conservation laws C}
and CJ represent the conservation of energy of (1.2). In ad-
dition, one might interpret the vectors of Cf and C}* in
terms of conservation of momentum. We note that the ob-
tained conservation laws can be used in some well known
numerical schemes for constructing the numerical solu-
tions.
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