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Abstract 
In this article, a new type of generalized F-expansion method which is very distinct implementation is pro-
posed. Combined and multiple Jacobi elliptic functions solutions are presented with this suggested method. 
Analytical solutions of sine-Gordon equation are found by using the new type of generalized F-expansion 
method. As a result, many new and more general function solutions are acquired such as single, combined and 
multiple nondegenerate Jacobi elliptic function solutions. 
Keywords — A new type of generalized F-expansion method, Sine-Gordon equation, Combined Jacobi 
elliptic functions solutions, Multiple Jacobi elliptic functions solutions.  
 
 

1 Introduction 
Understanding the laws that exist in nature has caused phys-
ical problems to arise. The suggested method for solving 
these types of problems has gain meaning by using mathe-
matical theories. In general, problems arising in many 
branches of applied science have been expressed by using 
mathematical models. A mathematical model is designed to 
explain a system and provide information about its behav-
ior. Therefore studies on solutions of nonlinear partial dif-
ferential equations have become more significant. Espe-
cially, many scientists who seeking exact solutions for non-
linear partial differential equations have focused on new an-
alytical methods. When we look at recent studies, we see 
that many researchers offer different methods such as 

/G G′ -expansion method [1], exp-function method [2], Hi-
rota bilinear method [3], trial equation method [4], Lie sym-
metry analysis method [5], extended trial equation method 
[6], Jacobi elliptic function method [7], Weierstrass elliptic 
function expansion method [8], F-expansion method [9-
12], generalized Kudryashov method [13] and modified 
Kudryashov method [14] to find exact solutions of the non-
linear differential equations. It is very important to achieve 
the Jacobi elliptic function solutions of nonlinear partial dif-
ferential equations. One of the analytical methods that give 
Jacobi elliptic function solution is the F-expansion method. 
The F-expansion method has more than one type. Methods 
that allow us to find Jacobi elliptic function solutions are 
methods such as the F-expansion method, the improved F-
expansion method [15], extended F-expansion method [16] 

and the generalized F-expansion method [17,18]. In the pre-
sent paper, a more general case of these methods is intro-
duced as a new method by looking at different types of F-
expansion method from considers a different point of view. 
This suggested method will give us to find combined and 
multiple Jacobi elliptic functions together in the solution 
function. New and different Jacobi elliptic function solu-
tions have been obtained by this new method. 
 

The rest of this paper is regulated as follows: in Section 
2, developed new type of generalized F-expansion method 
for partial differential equations has been introduced. In 
Section 3, the new exact analytical solutions to sine-Gordon 
equation have investigated by use of the new type of gener-
alized F-expansion method. Finally, the conclusions have 
given in Section 4. 

 
2 New type of generalized F-expansion method 
In this section, a new type of generalized F-expansion 
method which is not available in the literature is introduced. 
For the given general nonlinear differential equation of the 
type. 
 

( ), , , ,..., , , ,... 0x y t xx xy xtG u u u u u u u =        (1) 

where ( ), , ,...u x y t  is an unknown function, , , ,...x y t  in-
dependent variables (space coordinates) and G  is a poly-
nomial of u  and its partial derivatives, in which the highest 
order derivatives and the nonlinear terms are included. 
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When we implemented the following traveling wave trans-
formation to Eq. (1), 
 

( ) ( ), , ,... , ...,u x y t U ax by ctξ ξ= = + + +     (2) 

which 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐 are constants to be determined later, we 
reduced Eq. (1) to nonlinear ordinary differential equation, 
 

( ), , ,... 0,H U U U′ ′′ =                    (3) 

where the prime denotes the derivation with respect to ξ . 
Let suppose that a solution in the following form of the Eq. 
(3), 
 

0
1

( )
i iN

i i
i i ii

i

b F FU a a F c d
F F F

ξ
=

′   = + + + +   ′   
∑   (4) 

in which ( )F F ξ=  and  ( )F F ξ′ ′= .

, , , ,i i i ia b c d N  are constants to be determined later. 

( )F ξ  and ( )F ξ′ functions in Eq. (4) satisfy, 
 

( ) ( ) ( )2 4 2 ,F PF QF Rξ ξ ξ′ = + +       (5) 
and therefore, 
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    (6) 

where P, Q and R are all parameters. Firstly, the number N  
in the solution function must be determined. 
 
The balancing numbers N  is positive integer which can be 
appointed by balancing the highest order derivative terms 
with highest power nonlinear terms in Eqs. (3). We substi-
tute Eq. (4) and Eq. (6) into Eq. (3) and then to computerize 
a symbolic computation, equating to zero the coefficients of 
all power,  
 

( ) ( )i jF Fξ ξ′  ( )0,1; 0, 1, 2,i j= =     yields a 

set of algebraic equations for , , ,i i i ia b c d  and ξ . 
 
3 Application to Sine-Gordon Equation 
In this section, we apply our proposed method to nonlinear 
sine-Gordon equation [19] 

( )sin 0.tt xxu u u− + =                  (7) 

The sine-Gordon equation is one of the most important equ-
ation in many scientific fields such as the propagation of 
fluxons, solid state physics, nonlinear optics, and dislocati-
ons in metals. In order to implement new type of generali-
zed F-expansion method, we introduce the transformation, 
 

,iuv e=                                     (8) 
and hence, 
 

( )
2 1sin ,
2

vu
iv
−

=                                  (9) 

and also gives, 
 

2 1arccos .
2

vu
v

 +
=  

 
                              (10) 

Applying these transformations to the equation, then we 
have a differential equation, 
 

2 2 32 2 2 2 0.tt xx t xvv vv v v v v− − + + − =       (11) 
Let we acquaint the following transformation, 
 

( ) ( ), , ,v x t x ctφ η η= = −                  (12) 
where c  as the wave speed. Therefore Eq. (11) can be co-
verted to the ODE, 
 

( ) ( )( )22 2 32 1 2 1 0,c cφφ φ φ φ′′ ′− + − + − =       (13) 

where prime denotes the derivative with respect to .η  In or-
der to get N , when we apply balance procedure, 2N =  is 
obtained. So, Jacobi elliptic functions solutions of Eq. (7) 
as follows: 
 

( ) ( ) ( ) ( ) ( )

( )
( )

( )
( )

( )
( )

( )
( )

2 1 1
0 1 2 2

2 2

1 2 1 2 .

b ba a F a F
F F

F F F F
c c d d

F F F F

φ η η η
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η η η η
η η η η

= + + + +

   ′ ′
+ + + +      ′ ′   

    (14) 

Taking into consideration Eq. (5), Eq. (6) and substituting 
Eq. (14) into Eq. (13), we get system of algebraic equations. 
When this system is solved by the appropriate method, the 
desired coefficients are found. If we select 

( ) ( )F snη η=  from Eq. (5), we take 2 ,P m=

( )21Q m= − +  and 1.R =  In this case the following re-

sults are obtained. 
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Case 1: 

( )

( )

2
0 2 1 1 1 1 2

2
2 2 2 2

1 , 0,

4 1, , .
4

a m c a b c d d

ma m m c b c c
m

= + = = = = =

−
= − = − = ±

     (15) 

When the obtained coefficients are written in the solution 
function and the necessary transformations are applied, the 
solution of Eq. (7) is obtained as follows:  

 

( )2 2 2 2
1 0 1 1 1 1 1( , ) arccos ( ) ( ) ( ) ( ) ,u x t A A sn ns cs dnη η η η= + − +  (16) 

where ( ) ( )2 2
2 0 11, 1 , ,c A m A m m= = + = −  and  

4 1
1 4 .m

mx tη −=    

 
Figure 1. Graph of imaginary values of ( )1 ,u x t  in Eq. (16) is 

demonstrated at 2
1 , 12.
5

m c= =   

 
Case 2: 

2 3
2

0 1 1 1 1

2
2 2

2 2

2 2 2

2

1 (4 4 ) , 0,
4

4 1 4, ,
4 4

(1 ) 4 16 1,
4 16

m m m ca a b c d
m

m m c mca b
m

m m md c
m m

+ + +
= = = = =

− −
= =

+ − −
= = ±

(17) 

If we write Eq. (17) into the Eq. (14) we find combined Ja-
cobi eliptic function solution as follows:  

 
2 2

2 3 2 4 2
2

2 2 2 2
5 2 2 2

2

( ) ( )
( , ) arccos ,( )

( ) ( )
( )
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u x t scA cs dn
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η η

η
η η

η

 + +
 

=  + + 
 

  (18) 

where 
3 2 2

2 2 3
4 4 1 41, , ,

4 4
m m m m mc A A

m
+ + + −

= = =  

2 4

4 5
1 4 1 6,

4 4
m m mA A

m m
− − +

= = and 16 1
2 16 .m

mx tη −=    

 
Figure 2. Graph of imaginary values of ( )2 ,u x t  in Eq. (18) is 

represented at 2
1 , 2.
5

m c= =  

 
4 Conclusions 
The new type of generalized F-expansion method is pre-
sented for finding more Jacobi elliptic function solutions of 
the sine-Gordon equation. This proposed method be newly 
submitted to literature. As a result, new and different types 
of solutions are acquired including multiple and the com-
bined nondegenerative Jacobi elliptic function solutions. 
Three dimensional graphs of the obtained solutions are 
drawn according to the appropriate parameter values. More 
nonlinear differential equations can be solved by use of this 
new method. 
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