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ABSTRACT. Let L. . stand for the free metabelian nilpotent Lie algebra of
class ¢ of rank m over a field K of characteristic zero. Automorphisms of
the form o(z;) = e®¥%i(x;) are called pointwise inner, where e®@%i  is the
inner automorphism induced by the element u; € Ly, . for each i =1,...,m.
The descriptions of the groups PInn(Ly,,2) and PInn(Lyy,,3) of pointwise inner
automorphisms are well known. In the present study, we investigate the group
structure of PInn(Ly, 4) of pointwise inner automorphisms of L,, 4 that can
be considered as the next step in this direction.

1. INTRODUCTION

Pointwise inner automorphisms of the free metabelian nilpotent Lie algebra L, .
forms a group shown by the author [4]. A generating set for the group PInn(L,, )
was provided, as well, in the same study: Each automorphism ¢ in PInn(L,, ) is
of the form

o) = W) () = (u, ..., um)
for some u; € Ly, ¢, i =1,...,m. Let us define the set
I ={p.=1(0,...,0,u,0,...,0) |[u € Ly c}, t=1,...,m,
consisting of m-tuples where each coordinate except for i-th position is necessarily
filled by zero.
Theorem 1.1. [4] The set I; is a group for every i =1,...,m.

Theorem 1.2. [4] The set PInn(L,, ) of pointwise inner automorphisms of the free
metabelian nilpotent Lie algebra L, . forms a group generated by the set IyU- - -Ul,,.

In the following theorems, the desription of PInn(L,,2) and PInn(L,, 3) were
given.

Theorem 1.3. [5] Let the nilpotency class ¢ = 2. Then the group PInn(L,,2) of
pointwise inner automorphisms of the free metabelian Lie algebra Ly, » is abelian,
and the composition of two pointwise inner automorphisms is given by ¢y by = Outv-
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Theorem 1.4. [5] Let ¢ = 3. Then the group PInn(L,, 3) of pointwise inner
automorphisms of the free metabelian Lie algebra L, 3 is abelian by nilpotent of
class 2. That is, [[u, Do), Pw] = 0, where [bu, py] = dududy o5 t. Furthermore,

u
the compositon of two pointwise inner automorphisms is given by

PuPv = Putvt3 . d; (@5, ui1]+ 5 [uj1,v;51]

where uj1,vj1 are the linear parts of uj,v; in the expression of @, = (u1,...,Unm),
oy = (V1,...,0m), and
dix1+ - +dmTm

is the linear part of v.

In the current study, we investigate an analogue of the Theorems 1.3 and 1.4 for
the nilpotency class ¢ = 4.

Note: One may easily observe that a pointwise inner automorphism

o(x;) = (Ury ...y Up)
is inner if and only if uy = - - - = w,,. In this respect, the group Inn(L,, ) of inner
automorphisms is a normal subgroup of PInn(L,, ). We refer the reader for the
structure of this group to the paper [3]. Additionally, each inner automorphism
of L, . preserves every ideal of the Lie algebra L,,., and by the paper [6] we
have that such ideal preservative automorphisms are another generalization of inner
automorphims.

2. PRELIMINARIES

The free metabelian nilpotent Lie algebra L., . over a field K of characteristic
zero is the free algebra of rank n in the variety of the Lie algebras satisfying the
identities

[[x,y],[z,t]} 207 and [y17y2a'~'7yc+1] =0
for all z,y,2,t,91,Y2,...,Yet1 € Lym,. For more information on the Lie algebra
L,, . we refer to the books [1, 2]. In this paper, we use the left normed commutators
as below.

[Ugy .oy tno1,tun) = [[U1, -y tun_1],un], n=34,...

For each v € Ly, ¢, the linear operator adv : Ly, . — Ly, . defined by
adv(u) = [U,’U], (RS Lm7ca

is a derivation of L,, . which is nilpotent and ad“v = (adv)® = 0 because L%ﬁ =0,
and thus the linear operator

adv  ad*v ad“ 1o

TR I A P 3
is well defined and is an automorphism of L,, .. The set of all automorphisms are
of the form e2d(®) ¢ ¢ Ly, ¢, is called the inner automorphism group of L,, . and
is denoted by Inn(L,, ). The group PInn(L,, ) of pointwise inner automorphisms
can be considered as a generalization of Inn(L,y, ).

Our goal is to consider the group of pointwise inner automorphisms of L,, 4 and

establish multiplication rule in this group for nilpotency class four.

ead('u) =1
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3. MAIN RESULTS

Theorem 3.1. Let the nilpotency class ¢ = 4. Then the group PInn(L,, 4) of the
free metabelian Lie algebra L., 4 is metabelian. This means that

[[(bu? (b'u]a [(bwa (bt]] =0
where [$u, Po] = Sududy -

Proof. In this case each element in L, 4 is of the form

§ szz+§ cijlai, ;] + E Cijk|Ti, T, Tl

i>] i>5<k

Let’s say

up =Y cimi, up = cijlwi,agl, us =Y cijrlwi, 2] and

i>j i>5i<k

U1 = § dil’i, V2 = E du xl7xj U3 = E dzgk: .TZ,.’I?]7.'I/']€]
%

1>7 i>5<k

du(x) =z + [z,u] + =[x, u1 + ug, ur] + =[x, w1, u1, u1],

2 6
where u = w1 + us + us and also let v = v + vo + v3. Hence we have

1
[z, 01 + v, v1] + 6[%@17@1701})-

$udo(2) = dul + [2,0] + %

Consider the following elements:

w = wy + we + w3, where wy = uy + vy,
1
wy = ug + vy + dyfz,u1] + E[ul,vl] and

1
w3=U3+U3+Z[$7di1[Z‘,U1H+ E[Ul,vhm]-

1<i

E[U17u17u1] +

Then we have

1 1 1
d)w(x) =x+ [wil] + [$7w2] + i[mvwlvwl] + [xaw3] + i[wiQa wl} + =

6[x,w1,w17w1].

By some calculations we have the elements

1 1
w3 = Uz + vg + ;dil[agi, [x1,u1]] + E[Ul,ul,ul] + 12[u1,v1,v1]
1 1 1
S lur, v, 01] + di 2y, ug] — S ve, wa] 4 Sfuz, vi].
2 2 2
And consequently we obtain ¢,¢, = Gw,+wy+ws- (Il

4. CONCLUSION

In this study, group structure of the group PInn(L,, 4) was provided via multi-
plication rule in it. The next step might be extending the nilpotency class ¢ > 5,
and obtain new results.
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