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Some new properties of the Meixner polynomials

Nejla Ozmen?

ABSTRACT

The present study deals with some new properties for the Meixner polynomials. In this manuscript we
obtain a number of families of bilinear and bilateral generating functions, general properties and also some
special cases for these polynomials. In addition, we derive a theorem giving certain families of bilateral
generating functions for the generalized Lauricella functions and the Meixner polynomials. Finally, we get
several interesting results of this theorem.

Keywords: Meixner polynomials, generating function, bilinear and bilateral generating function,
recurrence relations, hypergeometric function.

Meixner polinomlarinin baz yeni ozellikleri
oz

Bu ¢alisma Meixner polinomlar igin baz1 yeni 6zellikler ele alinmistir. Burada elde edilen sonuglar Meixner
polinomlarin bilineer ve bilateral dogurucu fonksiyonlarin ¢esitli ailelerini, gesitli 6zelliklerini ve bazi 6zel
durumlarini icermektedir. Bunlara ek olarak genellestirilmis Lauricella fonksiyonlar1 ve Meixner
polinomlart i¢in bilateral dogurucu fonksiyon iceren teorem verildi. Son olarak, bu teoremin ilging bazi
sonugclar1 verildi.

Anahtar Kelimeler: Meixner polinomlari, dogurucu fonksiyon, bilineer ve bilateral dogurucu fonksiyon,
rekiirans bagintilari, hipergeometrik fonksiyon.
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1. INTRODUCTION

The Meixner polynomials M (z; 3, x) are defined by

the generating function relation (see, for example, [1],
p. 449, Problem 20 (ii))

SM @AY =a- At @

Itis from (1.1) that (see, [2]):

n(z\(-z-p
M, (z;3,X)=(-1)"n! X 1.2
(28,0 =(-D) ;@(HJ (1.2)
In addition, we have the following relationship

between the Meixner polynomials M (z;3,x) and

the classical Jacobi polynomials P“#(x) ([1],

p.443, Problem5(i)):
M, (2 5,X) =nipB-1-A-n-2)(2 )
X

The following for the Meixner polynomials

generating function relationship holds true [1]:

Z Mnim(z; B, X)u—l

n=0 n!

=00 My (2 ). (1.3)
X 1-u

First of all, some of the definitions and notations used
in this paper are presented here as follows:

The four Appell functions of bivariate function,
denoted by F, F,, F, and F,, (see [1], [4], [10],
[14], [20]) were generalized by Lauricella functions

of n variables which are denoted by F”, F™,
F™ and F{" (see, [6], p. 60) and

FP=F, F?=F, F? =F, F? =F,.

A further generalization of the well-known Kampé de
Fériet hypergeometric function in bivariate function
is owing to Srivastava and Daoust ([3], [4], [10], [14],
[20]) defined the generalized Lauricella function as
follows (see [3], [4] and [9, p. 37 et seq.]; see also [7,
p. 106 et seq.] and [8, p. 143]):
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.[(b(”)) : ¢‘”)}

o0 s M

1 n
= Z Q(ml ..... mn)—l . |
My,..., mg, = my: Mp

where, for convenience,

H( )m 9(1)+ +mp 6’(”)

1
Q(my,...mp) = JC
00,0 g 0
g® g(M
1

[1eM, 0 TT6M, o

j=1 I = "
o) oM

d® (n)
H( ) 5(1) E[l(dj )mn5§n)

the coefficients
195(“) (s=1...A a=1..n),
¢(“) (s :1,...,8(“); a=1..n),

i (s=1...C; @ =1,...n),
58((1) (s= 1,---,D(a); a=1..n)

are real constants and ( (Bil,)) abbreviates the array of

B parameters b{* (s=1,..., B); a =1,...,n) with
similar interpretations for other sets of parameters
(see [4], [10], [14], [20]). Here, as usual, (u),

denotes the Pochhammer symbol and
@, =n!, (0),:=1, (neN,) is defined by
1"(,u +V) _
eC\Z

" if v=0; ueC\{0}
| u(u+1)..(u+n-1), ifv=neN; ueC’
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For a suitably bounded non-vanishing multiple

sequence  {Q(my, My Ms)fpy ooy, OF real or

complex parameters, let ¢, (u;;u,,...,u,) of s (real

or complex) variables u,;u,,...,u, defined by

n 0 — b
¢(u1’u2, N s = Z Z M

m1_0m2 ..... mg=0 ((d))m15 (1 4)
Q(f(m,,..,m.),m,,..., ms)m—l!... —

where, for convenience,
B D
((0)) g =13(b,-)wj and ((d))ns =]J}(d,-)mlaj-

The main target, is to study different properties of the
Meixner polynomials. Miscellaneous properties and
different families of bilinear and bilateral generating
functions, and also some special cases for these
polynomials are given. In addition, we derive a
theorem giving certain families of bilateral generating
functions for the generalized Lauricella functions and
the Meixner polynomials. Nowadays, there are a lot
of works related to Meixner polynomials and
Lauricella functions theory and its applications (see
[17], [18], [20]).

Lemma 1.1. The following addition formula holds for

the Meixner polynomials M (z; 58, X)

M, (2% + 2,1 B, + B, )
=§[gjmn_p(zl:ﬂl,x>mp(zz;ﬁz,x). (L5)

Proof Replacing z by z,+2z, and B by g+ /4, in
(1.1), we get

[ un
ZMn(Zl+Zz;ﬁ1+ﬂ2'X)_
n=0 n!

— (1 U) Bi-Pa—11-1, (1 )21+12

o0

Z 1,ﬁ1,X) .ZM (221ﬁzlx)_

n=0
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> nin Mn,p(zl;ﬂlnx)Mp(zz;ﬁZ'X) n
-3 :

n!

From the coefficients of u" on the both sides of the

last equality, one can get the desired result. |

2. GENERATING FUNCTIONS FOR THE
MEIXNER POLYNOMIALS M _(z;3,X)

We study a number of families of bilinear and
bilateral generating functions for the Meixner
polynomials M, (z; 5,x) which are generated by
(1.1) and given by (1.2) using the similar method
considered in (see [5], [10]-[16], [19], [21]-[25]).
We begin by stating the following theorem.
Theorem 2.1. Corresponding to an identically non-

vanishing function ~ Q (s,,...,s,) of k complex

variables s,,...,s, (keN) and of complex orderz,

let

A,, 8 85¢) :ziarﬂwr (Spyr S )C "

(a, #0, n,y €C) -

and

w28, %8088

[n/p] r

> aM, . (z8x)Q mw(sl,...,sk)ﬁ.
Then, for p e N, we have

- = . B B lLl n
= (z,ﬁ,x,sl,...,sk,u—p]u

n=0

[I]

(2.1)

= (1—u) " (1—%)21\,7,,” (Syreen Sy 1)

provided that each member of (2.1) exists.
Proof Let S denote the first member of the
assertion (2.1). Then,

o [n/p] un—pr
S= aM,._ (Z;,8.X)Q, (S S U :
;; r n—pr( B ) rjy/r(l O (n— pn)!
Replacing n by n+ pk, we get
1456



N.Ozmen ISome new properties of the Meixner polynomials

n

S=>>a M, (z8%X)Q,, (S5 ) o

n=0 r=0

5 u
=(@1-u) P Z(1—;)ZA,7,,/,(31,...,5|(;,u)

which completes the proof. |
By using a similar way, we can write the next result.
Theorem 2.2. Corresponding to an identically non-

vanishing function Q,(s,,..,s;) of r complex

variables s,,...,s, (r eN) and of complex order 7,
let
NS D2y + 255 B+ By ;S S 1)

[n/pl )
= > & Mo i (2 + 2501 + B X, i (S S ) !
i=0

(=0, n,wyeC,n peN)
and the notation [n/p] means the greatest integer
less than or equal n/p .

Then, for p € N, we have
n [k/pl

|
ZZa[” E] (@B X)

k=0 I=0
xM, (Zziﬂg,X)Q,ﬁw (Sl,...,sr)/uI
o (T 253 B+ B XSy 815 ) 2.2)

provided that each member of (2.2) exists.

Proof Let T denote the first member of the assertion
(2.2). Then, upon substituting for the polynomials
M, (z, +2,; B, + B,,x) from the (1.5) into the left-
hand side of (2.2), we obtain

[n/ p]n—pl —pl

K jM n—k—pl (21;81,%)

I
k jMn—k—pl (Zl;ﬁl’ X)

M, (23 By )2 (S1ve 8, )

n, p : : :
=N 2+ 2 B+ By XSy S ).
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Theorem 2.3. Corresponding to an identically non-

vanishing function Q (s,,..,s,)of r complex

1y Iy
variables s,,...,s, (r € N) and of complex order 7,

let

Aqp o(ZB.%;8, 008,31

tn
T aMern(ZIBX) 7+n(sl " r)
nZ(; i e (ng)!
(a,#0, neC)
and
977,p(sl’"'1sr;:u)
[n/q]

n
=y (n B qkj IO NN J7u
k=0

Then, for peN, we have

n

zMner Zﬂx 1, p(sl’ " ruu)

n=0

t,
)

q
L, Xt . t
xAp, p,q(Z,ﬁ,ﬁ,Sy---, Sr’#(EJ J (2.3)

provided that each member of (2.3) exists.
Proof Let W denote the first member of the
assertion (2.3) of Theorem 2.3. Then,

—A-ty M-

o0

Y= ZMn+m(Z;ﬁvX)

n=0

n/q ktn
XZ( —qkjakgmpk(sm---'sr)ﬂ e

Replacing n by n+gk and then using (1.3),
we might write that

> & (n+gk
T= ZZ[ J n+m-+qk (Z' ﬂ’ X)

n=0 k

tn+qk

k
xay Qo (Spe S )1 (n+ qk)!

=§a [(1 t) Ak - —) M mqe (Z; /31 t)}
k=0

L0 )(utq)

77+pk(51’ oS, (kq)'
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=@ Py
X

q
x—t t
XAq:U:p(Z’ﬁil_t Sl’ " r”Ll(l tj ]

which completes the proof. |
3. SPECIAL CASES

We can give many applications of our teorems
obtained in the previous section with help of

appropriate choices of the multivariable functions
Q. (8154 8) reNg, keN, in terms of simpler

function of one and more variables.

For example, if we k=1, s, =x and
Qo () =05y (A,%)
in Theorem 2.1, where the generalized Cesaro

polynomials g (4, x) [5], generated by

Z gt =@-t) S Ta-xt)* (3.1)

The following result which provides a class of
bilateral generating functions for the generalized

Cesaro polynomials g‘(4,x) and the Meixner

polynomials.

Corollary 3.1. If

Ay y (A%6) ::Z(;ar 97(7$+)M (A, X"
r=
(ar io’ ﬂ’l//ec)

then, we have

S o M0 (230030 (20 L

a Z X X Em—
2 2 ArMir B3 X) 0 (40 (e o
- A=W A=) A, (i) (32)

provided that each member of (3.2) exists.

Remark Using the generating relation (3.1) for the

generalized Cesaro polynomials g% (1,x) and

getting a, =1, =0, w =1 in Corollary 3.1, we find
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that

(n/p) NPT

- . (s)
Z Mn—pr(z’ﬂ! X) (l X) p ( pr)!

DA ax) ™

o
o

=(l-uy*1-
Ifweset r=1,s =z, and

Q)]+y/i (23 ) = M r]+|//i (23;ﬂ31 y)
in Theorem 2.2, we have the following bilinear
generating functions for the Meixner polynomials.

Corollary 3.2. If

Aj},s,(z1 + 2, B0+ B2 X 255 By Vi 1)

[n/p] )
= Z aiMn—pi(Zl +2,5 5 +ﬂ21X)M,7+Wi (25, Bs, Y),Lll
i-0

(a, =0, n,pw eC)

then, we have

[n/p]n-pl — ol
a,(” P

K jM n—k—pl (2 81 X)

1=0 k=0

XMy (Z5: B2 0M, 1 (23 By, YA

; E/(Zl+Zz;ﬂ1+ﬂ2’X;23;ﬂ3’y;ﬂ) (3.4)

provided that each member of (3.4) exists.

n
Remark Using (1.5) and taking 8 :(I]'
v=1 x=y,p=1,7=0, u=1 inCorollary 3.2,

we have

n n-l/n_|
> [”k J[T)Mn_k_.(zl:ﬂl,x)
1=0 k=0

xMk_|(22;ﬂ2:X)M|(Zs;ﬂ3:X)
:Mn(21+22+23;ﬂl+ﬂ2+ﬂsix)-
Ifweset r=1,s, =uand Q,, ,.(U)=P,, ;)

in Theorem 2.3, where the Legendre polynomials

P,(x) is generated by [1],

POt =———
Z ) \/1 2xt+t2

we get a family of the bilateral generating functions

for the Legendre polynomials and the Meixner
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polynomials as follows:
Corollary 3.3. If

Aqp( B xust)
—Za M g0 (2 B, X) Py pn (U) ——
(an #0, meN,)

£
(ng)!
and

gl n )
6,.p(U; 1) = kZ;, (n - qk) RN (1))7
where n, p e N, then we have

n

ZMm+n(Z B:x)6,,p (U; ﬂ)

by

X

q
Xt
XAqinipLZ’ﬂ’a’ulﬂ[Ej J

provided that each member of (3.5) exists.

=(1-t) -
(3.5)

Furthermore, for each a, (keN,), if the
multivariable functions Q . (s,,...,S;), reN ,are

expressed as an appropriate product of a lot of simpler
functions, the assertions of Theorem 2.1, Theorem
2.2, Theorem 2.3 can be applied in order to derive
various families of multilinear and multilateral
generating functions for the family of the Meixner
polynomials given explicitly by (1.2).

4. FURTHER CONSEQUENCES

In this part we give some special properties for the

Meixner polynomials M (z;3,x) given by (1.2).
Theorem 4.1. The Meixner
M, (z; 8,%)

representation:

polynomials

have the following integral

1
T'(z+ B)I'(-2)

00 00 n
—(U1+U2) Z+p- l z -1
x_l.‘([ ( 7] uq duydu,

where Re(z+ ) >0, Re(-z) > 0.

Mn(Z;ﬂ!X):
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Proof If we use the identity

a” e t"'dt, (Re(v)>0)
o]
on the left-hand side of the generating function (1.1),
we have
0 tn
DM (80—
n=0 n!

1 '[e—(l t)Uluz+ﬁ “4u
F(z +B) 5

1 7 abu, .-
—J-e (1 X)Uzuzz ldu2

1F(—Z) 0

TR A z)” _(”“”2)2( ) Uy dud,

From the coefficents of t" on the both sides of the
last equality, one can get the desired result. ]
We now focus on some miscellaneous recurrence
relations of the Meixner polynomials. By
differentiating each member of the generating
function relation (1.1) with regard to x and using

S AR =SS AK,n-k),

n=0 k=0 n=0 k=0
we the following differential recurrence relation for

the Meixner polynomials have been obtained:
M, (z6.00-55 ODoam, g, nzt

Besides, by taking derivative each member of the
generating function relation (1.1) with regard to t, we
have the following another recurrence relation for
these polynomials:

Mn+l(2;ﬂ1 X)
= (B DY M, AL M, @)

5. THE GENERALIZED LAURICELLA
FUNCTIONS

Now, we derive various families of bilateral
generating functions for the generalized Lauricella
(or the Srivastava-Daoust) functions and the Meixner
polynomials.

Theorem 5.1. The following bilateral generating

function holds true:

o0 tn
> M, (z; 8,X)¢, (Uy; Us... Uk)ﬁ
n=0 -
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_A_ty-A-z¢q_ Ly
=1-1) @ x)

= (O gy 2 Py (D),
(D) gy pyo

where ¢, (u;;U,,...,u,) isgivenin (1.4).
Proof With the help of the relationship (1.3), it can be

easily observed that

n

t
U )—

n!

S M (2 8,06y (Uyi Uy e

=Mmy ((b))m1¢
((d))

ml§
u™oou t "

xQ(f(m,,...m),m,,..m
L L e e

()
m, mz,.Z.:,mk 0(( ))mla

D™ W2 Wt B
LU ') L)
m! m! m!

Q(f( m,. k)’mzi""mk)

t x—t
SPM (8, 5—
M (@8 )

oty S Xy e
=(1-t)"71 X) ml,m;mko m (2 ﬂl t)((d))ma

it

(D™ u u
Q(f(m,,...m),m,,...m,) -
m! m,! m.!

-y’
X

o () (m, + p)g 2+ B)m, (=2) p

T, Do e =0 () (m, +p)s
NE
XQ(f(ml,---,mk)lmzl"'lmk)(tn]]-j! [;!t Lrl':j!mlrj‘;kk!
n

By appropriately choosing the multiple sequence
Q(m,, m,,...,m.) in Theorem 5.1, we get a number

of interesting results as follows which give bilateral
generating functions for the generalized Lauricella
functions and the Meixner polynomials.
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I. By letting

Q(f(m,,....,m.),m,,..,.m,)

A
(a;)
@D

]_[(Cj)m1

JLC—"
e (k)
(bi?) ()«
y ];]I; ] m2¢§2) 1:!: ] mk¢§ )
NG} )
d?) (df9)
H b mgf? l,_! b myaf

in Theorem 5.1, we obtain Corollary 5.1 below.
Corollary 5.1. The following bilateral generating

function holds true:
ZM (zBXF"
[(a): 0(1)’,__,9(k)]:[_n 2 1], [(0): ¢l; [(b(Z)): ¢(2)];

[(C)I l//‘l),...,z//(k’]: [(d): ST[(d®): 52;

o (R A
Uy, Uy,.y Uy [
S CRIR

2....sk)
— -ty PP ) p AB 11 B(R):

[(e): ¢(l),...,(0(k+l)]i[2+ﬂ : 1], [—Z : 1]; [(b(Z)): ¢(2)];

[(£): 0, 600 ]: [(@): SLId®): 52,

SI6©): gV
(u1t) (_ Ult)UZ’ U
S@%): 60

where the coefficients e;, f;, ¢{ and &" are

given by

o = a, 1<j=<A
7 bs (A< j<A+B)
( C, (1< j<E)

' |d;e (E<j<E+D)
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6% A< j<A 1<r<2)
o]0 (@<j<A 2<r<k+))
v $.» (A<j<A+B; 1<r<2)

0 (A<j<A+B; 2<r<k+)
and

y (1< j<E; 1<r<2)
£0 = pi (A< j<E; 2<r<k+l)

' ]6,.  (E<J<E+D; 1<r<2)

0 (E<j<E+D; 2<r<k+l)
respectively.

I1. Upon setting

@ 0, (B,
(€, (),

Q(f(mg,...,m),m,,...m,)

and ¢=0=0 (thatis,g =..=¢; =9, =...=0, =0)
in Theorem 5.1, we get the following result.
Corollary 5.2. The following bilateral generating
function holds true:

>M, (2 B, X)Fa,~N,0, ... b5 ey G Uy, Uy e, U JE

n=0

—(1-t)" a--) Flioon s

[@: 1.1 [z+p :1f[-z : 1f[b, : 1}
O i
o, 1)
(% ’(_:_{[t)'UZ"“'uk
wle i1

where the coefficients ' are given by

o L (1ss<2)
y = :
0, (2<s<k+1)

1. If we put

Q(f(m,,...m),m,,...m,)

(@), (88 P) g, (@) ()

(C) nh+...+mk

and B=1 b, =b, ¢ =1land 6 =0 inTheorem5.1,
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we get Corollary 5.3 below.
Corollary 5.3. The following bilateral generating

function holds true:
gl\/ln(z;ﬂ, X)
><Fék)[—n,al(l),...,ai(k‘l),b,agl),...,agk‘l);c;ul,uz,...,uk]t"
— (-0 ) R

[b): 6...0%2):[z+ : 1}[-2 : 1][a® : 1]

[(c): L...,.2]: = — =

ifat s af

ut u,t
(5 ,(—X—it),uz,..., Uy |,

where the coefficients 8 are given by
0 :{1, (1<s<2) |
0, (2<s<k+1)
IV. By letting
@ myrm 02D, (D),

Q(f (Illl,..., Illk),lllz,..., m,
(C)ml+ +m
o k

an ¢=0=0, in Theorem 5.1, we get the following
result.

Corollary 5.4. The following bilateral generating
function holds true:

iMn(z;ﬂ, x)F[a,-n,b,,... b, ;c;u,,Us,..., u, Jt"

n=0

—@-HFra-ty
X

X Fékﬂ) a, Z+ﬂ!_zlb21"" bk’cv (u_lt)i(_u_ltj’u?"" uk '
t-1 -t
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