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ABsTRACT. The aim of this article is to identify and analyze a new type special
number system which is called bihyperbolic generalized Tribonacci numbers
(BGTN\( for short). For this purpose, we give both classical and several new
properties such as; recurrence relation, Binet formula, generating function,
exponential generating function, summation formulae, matrix formula, and
special determinant equations of BGTA(. Also, the system of BGTN\ is quite a
big family and includes several type special cases with respect to initial values
and 7, s, t values, we give the subfamilies and special cases of it. In addition to
these, we construct some numerical algorithms including recurrence relation
and special two types determinant equations related to calculating the terms of
this new type special number system. Then, we examine several properties by
taking two special cases and including some illustrative numerical examples.

1. INTRODUCTION

Numbers and number systems are well-established fundamental and important
topics in not only mathematics but also other disciplines with varied applications
and benefits. In spite of their long history, numbers systems are still an interesting
and important area to work for lots of researchers since there are several applications
in different and several areas such as; differential geometry, engineering, robotics,
graph theory, etc. There exist several types of number systems in the existing
literature. A hyperbolic (perplex, split-complex) number is a number of the form
z=ux+yj where z,y € R, j2 =1,j # &1, j ¢ R |39,43,61]. Also, a bihyperbolic
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number (canonical hyperbolic quaternion [10], hyperbolic four complex numbers
[35]) is written as a linear combination of a pair of hyperbolic numbers. There
exists a relationship between the bihyperbolic numbers and 4-dimensional pseudo-
Euclidean spaces. Bihyperbolic numbers are denoted by H and are defined as
[41/10L|35,/37]:

H = {C = po + prj1 + paj2 + P3J3 : Po» P15 P2y P3 € R, 1, 72,73 € R},

where j1, jo, j3 satisfy the multiplication rules:

Ji=J2=J5 =1 jij2=jaj1 =Jjs, Jjijs=Jjsjr=1Jj2, J2js=Jsj2=J1. (1)
On the other hand, several studies have been done and are ongoing on the special
recurrence sequences which can have different orders. For example, Fibonacci and
Lucas sequences [18,33] can be given as examples related to second-order recurrence
sequences. The most general form of the second-order recurrence sequences is called
as Horadam [26|. In this study, we deal with the generalization of third-order
recurrence sequences which is called generalized Tribonacci sequence (or numbers).

Generalized Tribonacci sequence {T),(To,T1,T2;7,8,t)}n>0 (for short: {T),}n>0)
given by the following recurrence relation:

Tn = T'Tn_l + STn_Q + tTn_g, n Z 3 (2)

with the initial conditions Ty = a, Ty = b, To = ¢ are arbitrary integers and r, s, t
are real numbers |11]. Generalization of special third-order numbers was studied
in [1,/124(13}15}16L[19L20}36,40H42}|44-54. 591|160}, /62].

Furthermore, the framework of bringing together the quaternions and special
recurrence sequences is a popular and interesting concept for researchers. Real
quaternions were investigated by W. R. Hamilton as an expansion of the com-
plex numbers [23L24] (see also Section “Conclusion”). There exist several studies
with respect to combining several different types quaternions such as; split |17],
generalized [29,/30L34,/38], etc. Additionally, special recurrence sequences were ex-
amined considering quaternions, for instance, Fibonacci and Lucas real quater-
nions [20}22[2527], Fibonacci and Lucas generalized quaternions [2/20], Narayana
(or Fibonacci-Narayana) generalized quaternions [20]. Besides, the researchers
started to examine the combining the third-order recurrence sequences and sev-
eral types quaternions, such as; Padovan and Perrin quaternions [21}28,|58|, gen-
eralized Tribonacci real quaternions [11]. Also, generalized bicomplex Tribonacci
quaternions were introduced in [32].

In the same manner, a great deal of researchers started to investigate the bihy-
perbolic numbers with several special recurrence sequences. Studies on bihyperbolic
numbers, and bringing together the bihyperbolic numbers and some special recur-
rence numbers have been gathered speed in the existing literature. Bréd et al.
studied the generalization of bihyperbolic Pell numbers in [5]. Also, Brod et al. ex-
amined the one-parameter and two-parameter generalizations of the bihyperbolic
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Jacobsthal numbers in [6}|7], respectively. Then, bihyperbolic numbers of the Fi-
bonacci type and idempotent representation of them were investigated in [§]. In [9],
some combinatorial properties of bihyperbolic numbers of the Fibonacci type are
investigated. Azak examined some new identities related to bihyperbolic Fibonacci
and Lucas numbers in [3]. Further, Fibonacci and Lucas bihypernomials [55] and
certain bihypernomials with respect to Pell and Pell-Lucas numbers [56] examined.

In this study, we investigate a new type of number system which is called as bihy-
perbolic generalized Tribonacci numbers (BGTA)) and give some special cases with
respect to the initial and r,s,t values. Then, we obtain the recurrence relation,
Binet formula, generating function, exponential generating function, summation
formulae, several new special properties, matrix formula, and special determinant
equations related to these new types special numbers. Moreover, we establish some
numerical algorithms including recurrence relation and special two types determi-
nant equations related to calculating the terms of BGTA(. As a final part, we review
the overall conclusions and give several contributions for future studies.

2. Basic CONCEPTS

In this section, we give some background about bihyperbolic numbers and gen-
eralized Tribonacci numbers.

The addition and multiplication operations are commutative and associative on
H. (H,+,.) is a commutative ring [4]. Besides, a bihyperbolic number
¢ = po+ pri1 + pajo + psjs € H has three conjugations, as follows:

Zjl = po + P11 — P2J2 — P3Js;
&% = po— pri1 + pada — pais,
¢ = py = prjr — Paja + pajs;
which are called as the principal conjugations of ¢ |10].

Additionally, the characteristic equation of generalized Tribonacci numbers given
in Eq. is 23 — ra? — sz —t = 0. The roots of this equation are given as follows:

r r r
$1=§+a+,37 x2=§+5a+8267 373:5‘1‘5204‘*‘55’ (3)
where
t
27+7+2+\f
t
B = —+—+2 Vi,
—141iv3
2 )
3t 282 st 8 #2
p= G m e b e T

27 108 6 27 4
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and
Ty +x9+23="r, T1T2+ T1T3+ T2x3 =—S, X1Tax3 ="1.

Providing 1 > 0, Eq. has one real and two non-real solutions, the latter being
conjugate complex. The following equation is called as Binet formula for generalized
Tribonacci numbers [11]:

D n D n Q, n
Pay Ras Sl

(11— 22) (w1 —w3) | (w2 —@1)(v2 —a3) | (w5 —21) (w3 —73)

T, = (4)

where

P =c— (x5 + 23)b + z2730,
R =c— (x1 + 23)b + z1230, (5)

S =c— (1 +x2)b+ x1290.

Besides, the quite beneficial and functional method to generate T, is applying S-
matrix which is determined in [41,59] and is a generalization of the R-matrix. The
S-matrix is determined as follows (see also [31,/60]):

S:

ISP
= O ®»

t
0
0

In Table |1} some special subfamilies (9 pieces) of generalized Tribonacci numbers
are given with respect to r, s, t values. Additionally, Table[2]includes several mem-
bers of the family of generalized Tribonacci numbers (38 pieces) regarding both
initial values and r, s, t values [1,/12}/13(15,/16,(19,201/36,/40H42,44-54./59,/60,/62].

TABLE 1. A brief classification for generalized Tribonacci numbers

Name {Tn} = {Tn(To,T1,T2;7,5,t)} Recurrence Relation

G. Tribonacci (usual) {n} = {Tn(To,Th,T2;1,1,1)} Gy = Gy 1 + A2 + A3

G. Padovan {9n} = {Tn(Tv,T1,T2;0,1,1)} Y =YGn—2+Gn_3

G. Pell-Padovan {Mn} = {Tn(To,T1,T2;0,2,1)} My = 2Mp—2 + Mp_3

G. T. Pell (S} = {Tu(To, T1, T2:2,1,1)} S =2Fn-1 + Fno + Fn_s

G. T. Jacobsthal {ﬂfn} = {Tn(To,Tl,TQ; 1, 1,2)} In=Zn-1+Zn—o20+2Zn_3
G. Jacobsthal-Padovan  {x,,} = {Tn(T0,T1,7%;0,1,2)} Xn = Xn—2 +2Xn_3

G. Narayana {9} = {Tn(To,T1,T2;1,0,1)} Pp =1 +9%n-3

G. 3-primes {kn} ={Tn(T0,T1,1»;2,3,5)} Kn =2Kp—1 +3Kn—1 +5Kn—3
G. Reverse 3-primes {Vn} ={Tn(T0o,T1,T2;5,3,2)} Vn=5Vy_-1+3V,_1+2V,_3

*G.: Generalized, T.: Third Order
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TABLE 2. Some special cases of generalized Tribonacci numbers

Name {T.} = {T(To,T1,T>;7,s,t)} Recurrence Relation
Tribonacci {4,} ={T,(0,1,1;1,1,1)} A=A, 1 +A, o+ A, 3
Tribonacci-Lucas {Bn} ={Tx(3,1,3;1,1,1)} B,=B,_1+B,-2+B,_3
Tribonacci-Perrin {Cn} ={T.(3,0,2;1,1,1)} C,=Cp_1+Cph_o+Cph_s
M. Tribonacci (Dn} = {Tn(1,1,1;1,1,1)} D, =D, 1+ D, 5+ D,_s
M. Tribonacci-Lucas {E.} ={T,(4,4,10;1,1,1)} E,=FE, 1+FE, s+FE,_3
A. Tribonacci-Lucas {F.}={T,(4,2,0;1,1,1)} F,=F, 1+ F,_ 2+ F,_3
Padovan (Cordonnier) {G,} ={T,(1,1,1;0,1,1)} Gn=Gpno+Gp_3

Perrin {H,} ={T,(3,0,2;0,1,1)} H,=H, -+ H,_3

Van der Laan {I,} ={T.(1,0,1;0,1,1)} I,=1,_o+1, 3
Padovan-Perrin {Jn} ={T,(0,0,1;0,1,1)} Jn = Jp—o + Jp_3

M. Padovan {K,} ={T.(3,1,3;0,1,1)} K,=Ky, 2+ K, _3

A. Padovan {L,}={T,(0,1,0;0,1,1)} L,=L, o+ L, 3
Pell-Padovan {M,} ={T.(1,1,1;0,2,1)} M, =2M,,_o+ M, _3
Pell-Perrin {N.} ={T.(3,0,2;0,2,1)} N, =2Np_2+ Np_3

T. Fibonacci-Pell {O0n} ={T.(1,0,2;0,2,1)} O, =20,_-2+0Oy,_3

T. Lucas-Pell {P,} ={T.(3,0,4;0,2,1)} P,=2P,_ 2+ P,_3

A. Pell-Padovan {R,} ={T7,(0,1,0;0,2,1)} R,=2R,_ 2+ R,_3

T. Pell (S} = {T,,(0,1,2;2,1,1)} Sy =28, 14 S 9+ Sn 3
T. Pell-Lucas {Un} ={Tn(3,2,6;2,1,1)} U,=2U,_1+Up_o+Up,_3
T. modified Pell (V,} = {T,,(0,1,1;2,1,1)} Vi =2V 1+ Voo + Vi3
T. Pell-Perrin {W,} ={T.(3,0,2;2,1,1)} W, =2Wh_1+W,_o+W,_3
T. Jacobsthal {X,n}={T.(0,1,1;1,1,2)} X, =X, 1+X, 2+2X,_3
T. Jacobsthal-Lucas {Y,} ={Tn(2,1,5;1,1,2)} Y, =Y, 1+Y, 2+2Y,_3
M. T. Jacobsthal {Z,} ={T(3,1,3;1,1,2)} Ty =Lnpn1+Zp_o+27Z,_3
T. Jacobsthal-Perrin {Tn} ={T.(3,0,2;1,1,2)} I,=T,_1+T,_2+2I,_3
Jacobsthal-Padovan {x.} ={7.(1,1,1;0,1,2)} Xn = Xn—2 + 2Xn_3
Jacobsthal-Perrin {A,} ={T,(3,0,2;0,1,2)} Ap =20, o+ 2A,_3

A. Jacobsthal-Padovan  {w,} = {7T,(0,1,0;0,1,2)} Wn = Wn_o + 2wWn_3

M. Jacobsthal-Padovan {Q,} = {T}.(3,1,3;0,1,2)} Qn=Q,_2+20,_3
Narayana {¥.} ={T(0,1,1;1,0,1)} ¥y =1 +9p_3
Narayana-Lucas {rn} ={Tx(3,1,1;1,0,1)} Tn = Tn-1+Tn-3
Narayana-Perrin {on} ={T(3,0,2;1,0,1)} Op = 0p_1+0p_3

3-primes {kn} ={T1(0,1,2;2,3,5)} Kn = 2Kp_1+ 3Kkn_2 + Bkn_3
Lucas 3-primes {6} ={T(3,2,10;2,3,5)} 0, =20,_1+30,_9+50,_3
M. 3-primes {vn} ={70(0,1,1;2,3,5)} Y =21+ 3V_2 + 573
Reverse 3-primes {V.}={T,(0,1,5;5,3,2)} Vn=5V,_1+3V,_2+2V,_3
Reverse Lucas 3-primes {A,} = {T,.(3,5,31;5,3,2)} A, =5A,_1+3A,_o+2A,_3
Reverse M. 3-primes {¢6,} ={T0(0,1,4;5,3,2)} G =50, _1+30,_o+2¢,_3

*M.: Modified, A.: Adjusted, T.: Third order
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3. THE BIHYPERBOLIC GENERALIZED TRIBONACCI NUMBERS

In this section, we introduce bihyperbolic generalized Tribonacci numbers (BGTN))
by taking into account several special cases with respect to r, s, t values, and initial
values. Besides, we scrutinize not only classical several properties but also some new
and interesting equations. Then, we support these new results with some numerical
algorithms. Finally, we examine two special cases of BGTA(.

Definition 1. The nth BGTN is defined as:
T =Tn + Tog1jr + Tng2jz + Thysjs, 120 (6)
with the initial values
To =a + bj1 + cj2 + (rc + sb + ta)js,
T1 =b+ cji + (re+ sb+ta)jo + ((r* + s) ¢+ (rs + t) b+ rta) js,
Ty =c+ (re+sb+ta)ji + ((r* +s) c+ (rs + ) b+ rta) j
+ ((7'3 + 2rs —|—t) c+ (rzs + 52+ rt) b+ (7"215 + st) a) 73,

where the rules of ji,j2,j3 are given in Eq. and T, 1is the nth generalized
Tribonacci number given in Eq. .

In the following Definition [2| we give some basic algebraic properties such as;
equality, summation, subtraction, multiplication with a constant (a constant is
a real number), multiplication of any two BGTA(, and also three types principal
conjugations of BGTN(.

Definition 2 (Algebraic Properties). Let T, and Ty, be the nth and mth BGTN,
respectively. Then, the followings are defined:

e Equality:
Tn=Tne Th=Tn Tht1=Tnt1, Tat2=Tnt2, Tnys =Tnys,
e Addition/Subtraction:
Tn £ T =Tn £ T + (Tnt1 £ Tint1) 1t + (Tt £ Ting2)j2 + (Toys £ Tints) s,
o Multiplication by a scalar:
VT, =T, + vl 4151 + VT 42)2 +vT 43753, v ER,
o Multiplication:
TnTm =TT + Thp1Tms1 + Tnv2Tms2 + ThasTmes

+ (TnTong1 + To1 Ton + T2 Ty 3 + Tog3Tint2) 1

+ (T Tmye + Tni1Tinys + Tnp2Ton + Toi3Timg1)j2

+ (T T3 + Tng1Tmg2 + T2 Tong1 + T3 ) js,
by using the rules in Eq. for multiplication.
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e Principal Conjugates: Also, the following three types principal conjugations of
T, are defined by:

T2 =T+ Tusrjr — Tuvodo — Tusajs,
T = Ty = Tusrjr + Tuvods — Tusajs, (7)
T, = Ty = Tosrjr — Turogo + Tusad-

Now, let us give the recurrence relation of BGTA(.

Theorem 1 (Recurrence Relation). Let T, be the nth BGTN.. Then, the following
recurrence relation is satisfied:

Tn=7rTn_1+8Th_o+tT_3, n>3. (8)
Proof. Using Eqgs. (2) and @, we complete the proof:
TTp-1+ 8T +tTn3 = 1(Tn-1 + Tpjr + Tng1d2 + Thials)
+8(Tn—2 + Tn-1j1 + Tnje + Tni1J3)
+ (T3 + Th2j1 + Tn1j2 + Tnjs)
=Ty + Ths1J1 + Thi2j2 + Thtsds
— 7,
(Il

In the following, we construct a numerical algorithm (Algorithm |1)) in order to
calculate the nth term of BGTN\ based on the recurrence relation given in Eq. .

Algorithm 1 A numerical algorithm for finding nth term of BGTA

Begin

Input Ty, T; and Ts

Compose T,, with respect to Eq. for every n > 3
Count up T,

Output T, =T, + Thg1J1 + Thtojo + Thtsjs
Complete

With the same logic of Table [T] and Table [2]in Section “Basic Concepts”, we can
also obtain the same classifications and give special cases of BGTA( in the following
Table [3] and Table ] The members of the BGTA{ which are written in Table
can be also classified and expressed in detail linked to Table 2] regarding recurrence
relations and the initial values. For the sake of brevity, the small parts of them
are written in Tabled and Table [l for readers to examine. The other members can
be easily observed and examined, as well. The first three initial values for special
cases written in Table [4] are given in Table
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TABLE 3. A brief classification for special cases of BGTN

Name Definition Recurrence Relation

B. G. Tribonacci (usual) h\\.@ = Ay + Gpi1j1 + Dnaojo + Dnisjs h\ b\: 1+ h\: o+ h\: 3

B. G. Padovan Q\w =Y + Y151 + Gnaodo + Gntsds @: = m%: 2+ Q: 3

B. G. Pell-Padovan My = M+ M1 1+ Moo + Moysfs My = 2Mn o+ My s

B. G. T. Pell AM\WH“M\3+"M\:+H,§+p§:+wmw+%:+wb.w »Q:HMFM\: HxT"w\S mLﬁ%\s 3
B. G. T. Jacobsthal P = Zn + Zns1d1 + Znv2j2 + Zntsis mwxz = "mwx: 14+ "mw\: 0+ wmw\z 3
B. G. Jacobsthal-Padovan X, = X, + Xna1J1 + Xni2J2 + Xni3J3 Xn = Xn—2+2Xn_3

B. G. Narayana w: =9, +Pnt1J1 + Fntojo + Fnisis mw = mz 1+ ﬂw: 3

B. G. 3-primes Rn = Kn + Kni1J1 + Knaoja + Kni3js - mmz 1+ wxz 2+ mzz 3
B. G. Reverse 3-primes ~ V,, = V,, + V1)1 + Viiojo + Viisjs  Va =5V, 143V, 2+2V, 3

*B.: Bihyperbolic, G.: Generalized, T.: Third Order

TABLE 4. Some special cases of BGTN

Name Definition Recurrence Relation

B. Tribonacci-Lucas @3 = mS + mwlbw@ + mﬁluwb.w + m3+w,w.w @3 = @SIH -+ @ﬁlw + @SI@

B. Perrin HI\.\: = .m.ﬁ + .m\zlﬁu.m.u + mﬁiwwb.w + .m.3+wb.w Q.mj. = u,mﬁ\m + u.ﬁﬁ\m

B. Pell-Padovan M, =M, + Myi1j1 + Mytojs + My4sjs M,, =2M,,_o +M,,_3

B. T. Pell 8, =S5, + .m.jl.p.? + rm.:._.w.w.m + rm_qi.wuw 8, =28,_1+8,_2+8,_3

B. T. Jacobsthal Xn =X + Xnt171 + Xnr2jo + Xnt3Js X =Xpo1 +Xpa +2X—3

B. Jacobsthal-Padovan MA: = Xn + Xng1J1 + Xng2J2 + Xniads M: = MQTM +mwzlw

B. Z@H@%@E@ \%3 = %3 -+ %Sn_.fw.w + %3+wb.w + %:.Tw.w...w %3 = %:IH + \%3Iw

B. MYUEB@M H.Wz. = Kn + ..Aﬁ;ﬁu.m.u + 23\+m.m.m + 23\+w.m.w \\W:. = MN@\H + WNQ\W\M + @\\mﬁ\”w
B. reverse 3-primes Vo =Vn+Vut1j1 + Vagajo + Vigsgs V,=5V,_14+3V,,_2+2V, 3

*B.: Bihyperbolic, T.: Third Order
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TABLE 5. Initial values of special cases

For n=0 n=1 n=2

B, 34+71+3jo+7j3 14351+ Tjo+ 1153 3+ 751+ 1152 + 2153
He 34272+ 353 271 + 3j2 + 253 2+ 341+ 2j2+ 553
My, 1+j1+72+3j3 1471 +3j2+3J3 14371 +3j2 + 7J3
S8pn J1+2j2+ 553 1+2j1 + 552 + 1353 2 + 551 + 132 + 3353
Xn  J1+J2+2j3 1+ 1+ 2j2 + 553 1+ 251 +5j2 + 953
Xn L1H+ji+Jj2+3js  1+71+3j2+3]s 1+ 3j1 +3j2 + 5543
O J1+J2+ 73 1471+ 752+ 253 1471+ 252+ 353
Ron g1+ 2j2 + 7js 1+ 251 4+ 752 + 2573 24 7791 + 2572 + 8173

Vo  ji45jo+28j3 1+ 5j1 4 28js + 1575 5+ 2871 + 15752 + 87953

Theorem 2. Vn € N, the Binet formula for the BGTN is as follows:

TJ — ﬁm’ffl + E.’Egi‘ig + 537?53 ,
" ($1 *I2)(I1 *1”3) (562 *Il)(l”z *I3) (Igfxl)(ﬂi?)*xz)

where
Ty =14 z1j1 + 27j2 + 235,
Ty = 1+ w1 + 232 + 2373, 9)
T3 =1+ x3j1 + l‘%jg + Igjg.
Here ﬁ,é,g are given in Eq. and T1,T2,x3 are given in FEq. .
Proof. Using Egs. and @, we manage to prove:

T - Pa} Ra} Say
n («"El*xz)(@;?ﬁ) (12*901)(922;?1) (!1?3*51/’1)(15;?1)
+ ((wl—gj)l(wl—wz) + (912—21;8)2(912—753) + (ws—zf)s(ws—wz)) g1
+ ((%3(:4> + Wiff”f‘ii,im) + <m3§f§i§§m>) J2
+ ((m—fﬁ:w + (mfffﬁ:fm + (mgfff>g£::fx2>> Js-
Finally, we reach T,, = (mlffﬁfifm) + (mrfﬁf;m) (msfff)%izfm) : O

Theorem 3. The generating function of BGIN is as follows:

> To+ (T1 — rTJ + (Ty — rT1 — sTp) 22
Z‘J’n(gn: 0 ( 1 T 0)£C (22 7"31 S 0)1[,’ ) (10)
= 1—rez—sx?—tx

Proof. Let the following function

G(z) =) Tpa"=To+ Tz +Toa” + ...+ Tz + ...
n=0
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be generating function of T,,. Then, if both sides of this equation are multiplied by
ra, sx?, ta®, the followings are obtained:

reG(z) = rTox + rT12% + rToa® + ...+ rTa™ + .
stG(x) = sTox? + sTia® + sTox* + ...+ sTpa" T2 + ...
te3G(x) = tTox® + tTia* + tTox® + ... + 1T 3 ..

Then, by using Eq. (8], we get:
(1 —rx —s2® —t2®)G(x) = To + (T1 —rT0)x + (T2 — rTy — sTp)2?.

Consequently, we obtain Eq. . O
Theorem 4. The exponential generating function of BGTN is as follows:

> y" ﬁ’flemly EE26$2?J g’fsemsy

> Tnrr= + +

o tnl (- @)(e —wg) (w2 —an)(w2 —ws) (w3 — ) (s — 22)

(see T1,T9 and T3 in Eq. @)
Proof. By using Eq. , we get:

o0

n!

B i ( Pz R}, Sz} ) y"

0 (1 — @) (21 —23) (22 —21)(22 —23) (w3 — 21)(23 — 22)
> Pz TR Rz}, y"
= —_— + Zz_
T;) (1 — 22)(z1 — x3) n! T;) (o — x1)(z2 — x3) N!
— (x5 — z1)(x3 — 2) N!

_ P, i (z1y)" R, i (w2y)™

(1 — 22) (21 — 23) — nl (z2 — 21) (22 — 23) = nl
S¥s i (z3y)"
(w3 — 21) (w3 — 22) £ 7!
. ﬁ%lexly n éfgexzy " g.%gexsy )
(@1 —@2)(z1 —a3) (w2 —w1)(w2 —x3) (23— 21) (23 — 22)
The proof is completed. O

Thanks to the study [52], we can get the summation formulae for BGTA in the
following theorem. The proof is omitted due to the fact that it can be completed
with mathematical induction, easily.
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Theorem 5. Vm € N, the following summation formulae for BGTN are satisfied:

Tm+3 + (1 - T)TWH-Q + (1 - Tr— 5)777L+1 - K-TQ + (7" - 1)‘-71
m +(r+s—1)Tp
i Tp = ;
(i) nz::() r+s+t—1
(1= 8)Tompa + (t +78)Tomsr + (2 +7t)Tom + (s — 1)T;
oom H(=t—rs) T+ (r2 =2+ rt+2s — 1)T,
i) &g, _ T ) |
n=0 r+s+t—1)(r—-s+t+1)
(r+t)Tomiz + (s — 8% + 12 + rt)Topmer + (t — s1) T,
L +(=r = )T+ (=1 +s+r2+7t)Ty + (=t + st)Tp
(iii) > Topt1 = ;
n=0 (r—s+t+1)(r+s+t—1)

where denominators are not equal to zero.

Particular Case 1. If s = 1, we can get the following summation formulae for
special cases of part (ii) and (iii) of the previous Theorem @

Toms1 +tTom — T1 + 17

a>§;%n=

r+1
m (\T2m+2 + trI2m+1 - {‘TQ + r(‘Tl
.. T . _ ,
(11) nZ::O 2l r4+t

where denominators are not equal to zero.
Thanks to the study |L1], we get the following Theorem @

Theorem 6. Vm € N, the following summation property holds for BGTN:

i{I ~ Tmp2+ (L= 7)Tg1 + T 410
n — 5 )
n=0

where

d=r+s+t—1,
A=(r+s—1a+(r—1b—ec
n=A+(A—da)j1 + (A —d(a+b))j2+ (A —(a+b+c))js.
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Proof. Using Eq. (6] and utilizing the Lemma 2.3 on page 6 in the study [11], then
we can complete the proof:

Z Z Ty + Tos1j1 + Tnvajo + Trisds)
=2

+ Z Thi1j1 + Z Thtojga + Z Thy3d3

T2 + (1 — 1) Tmt1 + tTm + A
1|+ T3+ A =7)Thte +tTmrr + A —da) j1
5 + (Tomta+ (1 =) Topgs + tTmy2 + A = (a + b)) j2
+ (Tgs+ (A —1)Tmga +tTizs + A —d(a+b+¢))Js
‘J'm+2—|—(1—7") Tmi1 +1Tm 41
)
We get the desired result. O

Theorem 7. Vn € N, the following properties are satisfied:

(1) Tn + ﬁnh = 2(Tn + Tn—i—ljl),
(i) Tp +Tn"" = 2(T + Thyssio)-

Proof. (i) Using Eqs. @ and , the proof is completed as:
T +Tn”" =T + Tgrdr + Togo + Tnssds + Tn + Tngrt — Tnaoge — Thaslis
=2(Ty + Tns1J1)-

By the same way, the other parts can be obtained. (Il

Theorem 8. Vn € N, the following property holds:
Tn = Tnt1d1 — Tnv2d2 — Tnsfs =Tn — Tnya — Tova + Thye — 2Tn4373.
Proof. Using Egs. @ and , we have:

Tn — Tnt1J1 — Tnt2j2 — Tntsds =Tn + Tht1j1 + Tnyoje + Thisgs
— (Thy1 + Togagt + Tngsje + Tnyads)in
= (Tot2 + Tagsjn + Tngadz + Tntsjz)
— (Tng3 + Togaji + Togsiz + Tnyedz)is
=Ty —Thi2 — Thta+ Thive — 2Tni3J3-

Hence, this proof is completed. (I
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Theorem 9. Vn € ZT, the following is obtained:

n

Tnt2 r s t T
Tn+1 = 1 0 O T
Tn 01 0 To

Proof. The proof can be conducted by mathematical induction, therefore we omit
it. O

By inspiring the study [32], we present the following determinant equation for
BGTN which enables a different way to find the nth term.

Theorem 10. Vn € N, the following equation holds:

Jo —1 0 0 0 0 0
J37 0 -1 0 O 0 O
Jo 0 0 -1 0 0 O
0 ¢ S r -1 0 0
Tn = (11)
o o 0 o0 o0 r -1
0 O 0 0 0 TS T Ly x(nt)
Proof. Tt can be proved by using Eq. and Theorem 5 on page 5 in [32]. |

In the following, we construct a numerical algorithm (Algorithm [2]) with respect
to the determinant equation given by Theorem

Algorithm 2 A numerical algorithm for finding nth term of BGTA

1: Begin

2: Input Ty, T and Ty

3: Form T, with respect to Eq.

4: Compute T,

5: Output T,, = T}, + Tq11 + Thgojo + Thisjs
6: Complete

Also, thanks to the study [16] and [14], we get the other method which can be
examined in Theorem in order to calculate the nth terms of BGTA(.
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Theorem 11. Vn € N, the following equation s satisfied:

To 1 0 0 0 0 0 0
1
rJo — T T — 0 0 0 0 O
Jo
0 rJT1—To 1 t 0 0 0 0
0 To —g roto0 0 0
Tn = 1 S
0 0 - — 7 t ... 0 0
t t
0 0 0 0 0 0 r t
0 0 0 0 0 0 2y
t (n+1)x (n+1)
o (12)
where Ty ?0]15'0]2?0]3 #0 andt #0.
Proof. For the sake of brevity, we also skip this proof. O

Now, let us give a numerical algorithm in the following (Algorithm |3 related to
the Theorem [l

Algorithm 3 A numerical algorithm for finding nth term of BGTA

1: Begin

2: Input Ty, T7 and Ty

3: Form 7, according to Eq.

4: Compute T,

5: Output Tn =T, + Tn+1j1 + Tn+2j2 + Tn+3j3
6: Complete

According to the Theorem [} Theorem [T1] we can get the following two corollaries
consisting of several features for bihyperbolic Tribonacci numbers and bihyperbolic
Padovan numbers, respectively. With the same logic, these concepts are also valid
for the other BGTA\_ which are not need to be written here for the sake of brevity
(see subfamilies in Table [3| and a small part of them in Table .

Corollary 1. Let consider the nth bihyperbolic Tribonacci number A, with the
initial values

Ao = j1+ j2 + 273,

A =1+ 71 + 22 + 453,

Az =1+ 251 + 452 + Tj3.
Then the followings hold:
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(i) The recurrence relation for A, is as:
Ap=A, 1+ An o+Ar_3, n>3.
(ii) The Binet formula of A,, is as:
2 e, o

(w1 —22) (w1 —23) | (w2 —21)(22 — 73) (w3 — 71) (253 — 72)

A, =

(iii) The generating function of A, is as:

> n Ao+ (A1 — Aoz + (A2 — Ay — Ag)z?
ZA”x = 2 3 '
= l—ax—2%—2x

(iv) The exponential generating function of A, is as:

oo ~ -~ ~ -
" T1T1e%Y ToToe®2Y T3T3e%3Y

Yy — .
2 ) w) | Gr e 7))o 1)

(v) Vm € N, the summation formulae for A, are satisfied:

o > An=3(Amis — Amy1 — Az + Ao),

o > A = 3(Azmi1 + Az — A1 + Ag),

o Y Aony1 = 2(Asmz + Asmpr — Az + Aj).

n=0

(vi) Ym € N, the following summation property holds for A, :

iﬂ _ Amgz +Am + (=1 -1 — 3j2 — 5js)
" 2
n=0

(vii) The following properties are derived:

o A, + ﬁn]1 = 2(An + An+1j1)a

o A, + ﬁn]2 = Q(An + An+2j2)a

o A, + ans = Q(An =+ An+3j2).
(viii) The following property for A, is supplied as:

An = Ant11 — Ang2j2 — Antsiz =An — Apgo — Apa + Ange — 2A501373.

(ix) The following property for A, is maintained as:

N 11 1\"/ Ay
Anr | =11 00 Ay
Ay, 010 Ao
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(x) The following equation for A, holds as:

Ag =1 0 0 0 0 0
Al 0 -1 0 0 0 0
A, 0 0 —1 0 0 0
o 1 1 1 -1 0 0
A, =
o 0 0 0 0 .1 -1
o 0 0 0 0 .1 1

(n+1)Xx(n+1)

(xi) Since the value of Ay flojlﬁojzﬁojs s zero, we cannot construct the method
with respect to the determinant equation for the bihyperbolic Tribonacci
numbers given in Eq. written in the Theorem .

Now, let us present an example with respect to the method given in part (x) of
Corollary |1} Consider n = 7 and let us calculate the 7th term of the BGTA:

Ao -1 0 0 0 0 0 0

A 0 -1 0 0 0 0 0

Ay 0 0o -1 0 0 0 0

01T TSl 000, g = Ay
0 O 0 1 1 1 -1 0

0 O 0 0 1 1 1 -1

0 0 0 0 0 1 1 1 |,

Corollary 2. Let consider the nth bihyperbolic Padovan number G,, with the initial
values

So =1+ j1+j2 + 273,
S1 =1+ j1+ 252 + 23,
G2 =1+ 241 + 252 + 3j3.
Then, the followings hold:
(i) The recurrence relation for G, is as:
9n = Gn—2+9n—3, n=>3.
(ii) The Binet formula of G,, is as:
(w2 = D(xs = Day@r | (z1 —1)(23 — Dafas | (21 — D)2 — Dafzs
(x1 — x2) (21 — 23) (2 — 21)(22 — 23) (3 — x1) (23 — 22)

(iil) The generating function of G, is as:

9n:

1—22—23

i G 2" = So+ G1z + (G2 — 90)362 )
n=0
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(iv) The exponential generating function of G, is as:

- y" (w2 = V(w3 — D7e™ | (21 — 1) (23 — 1)@2e™Y
;971 n! (x1 — x9)(z) — 3) (22 — 71) (w2 — 3)
(1 — 1)(x2 — 1)T3€™3Y '

" (z3 — 1) (73 — T2)

(v) Vm € N, the summation formulae for G, are satisfied:
® > 50 =SGm3+ Gms+2— 92— 91,
n=0
® > 920 = 2m+1 + G2m — 91,
n=0

m
® > Sont1 = G2mt2 + G2m+1 — o
n=0

(vi) Ym € N, the following summation property holds for G, :

m

> Gn=Smi2+ Gmi1 + Gm + (=2 — 351 — 4ja — 5ja).
n=0

(vil) The following properties for Gy are derived:
© 5u+5," =2(Gn+ Gnirin),
® G+, =2(Gn + Gnyajo),
® G+ 5" = 2Gn + Gnisio)-

(viii) The following property for G, is supplied:

971 - 9n+1j1 - 9n+2j2 - 9n+3j3 :Gn - Gn+2 - Gn+4 + Gn+6 - 29n+3j3~

(ix) The following property for G, is maintained as:

n

Gnt2 011 9o
Gnt1 | = 1 0 O 91
Gn 010 Yo
(x) The following equality for G, holds:

9% -1 0 0 0 0 0

9 0 -1 0 0 0 0

G 0 0 -1 0 0 0

0 1 1 0 -1 0 O

9n =

0 0 0 0 0 0 -1

0 0 0 0 0 1 0

(n+1)x(n+1)
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(xi) The following equation for G, is satisfied:

So 1 0 0 0 0
1
-G 0 — 0 0 0
S0
0 -G 0 1 0 0
G, —| 0 S —1 0 0 0 7
0 0 1 -1 0 O
0 0 0 0 0 1
0 0 0 0 10 e psy

where Gg §0j1§0j2§0j3 =5#£0.

Let us give an example with respect to the method given in part (xi) of Corollary
Consider n = 3, and let us calculate the 3th term of the BGTA(:

S 1 0 0
1

9 0o O 995 43y + 44y = G

0 -G 0 1

0 S -1 0.,

4. CONCLUSIONS

In this present study, we introduce the BGTA[ by examining several well-known
relations and identities. By putting this theory into literature, we have an extended
framework for third-order linear recurrence sequences with bihyperbolic number
components.

For future works, let us make a brief introduction associated with the topic:
quaternions with BGTA( components. Quaternions were defined by W. R. Hamil-
ton [23]/24], and the algebra of quaternions is associative, non-commutative, and
4-dimensional Clifford algebra. Quaternions have huge significance in lots of areas
such as; pure/applied mathematics, motion geometry, differential geometry, graph
theory, differential equations, computer animation, robotics, and so on. A quater-
nion is represented by ¢ = qo + q1% + ¢27 + g3k where qo, g1, q2,93 € R and i, j, k are
quaternionic units which satisfy:

iP=—1,2=-1,k*=—-1,ij=—ji=k, jk=—kj=i ki=—ik=j4. (13)
Hence, the nth quaternion with BGTA components can be defined as:

T, =7, + (‘TnJrli + (‘TnJer + Tn+3k7 n=>0
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with the initial conditions Ty, T1 and Ty considering Eq. . As an illustration
Ty =a + bj1 + cja + (rc+ sb+ ta)js
L b—|—cj1+(7'c—|—sb—|—ta)j2—|—[(7’2—1-5)0 ;
+ (rs+1t)b+rta] js
c+ (re+ sb+ta) j1
+[(r? +5) c+ (rs+t) b+ rtal jo

+ Jr_ (r3+2rs+t)c+(r2$+s2+rt)b . J
|+ (P2t +st)a I3
re+ sb+ta+ [(r? +s) c+ (rs+t)b+rta) jr
+_ (r3+2rs+t)c+(r2s+s2+rt)b .
n L —|—(r2t—|—st)a J2 i
I (r3t—|—2$tr—|—t2)a '
+ | + r3s+r2t+232r+25t)b J3
| + r4+3r2s+82+2tr)c

Additionally, the recurrence relation T,, = rT,,_1 + sT,,_o + tT,,_3, n > 3 holds
for T,,. So, quaternions with several members of BGTNA components can be easily
understood by taking into account Table [3] and Table [

As an another aspect, the type of quaternion can also be changed in line with this
objective, for instance generalized quaternion case. Additionally, with the guidance
of the study [57], combining 3-parameter generalized quaternions (as a special gen-
eralization of 2-parameter generalized quaternions) with Tribonacci numbers and
bihyperbolic number are our another forthcoming goals. We intend to examine
these topics exhaustively in future works.
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