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ABSTRACT. Orthogonal polynomials appear in many areas of mathematics and have been the subject of interest of
many mathematicians. The present study deals with some new properties for the Meixner-Pollaczek polynomials
PE{D (x; ¢). The results obtained here include various families of multilinear and multilateral generating functions,
miscellaneous properties and also some special cases for these polynomials. Relevant connections of some of these
families of generating functions with various known results are also indicated.
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1. INTRODUCTION

This study is mainly concerned about the Meixner-Pollaczek polynomials. These are the polynomials first discov-
ered by Meixner [11] and are known in the literature as the Meixner polynomials of the second kind (see Chihara [4]).
These polynomials were later studied by Pollaczek Chihara [15]. The polynomials are denoted by PV (x;¢), and have
a hypergeometric representation:

20, . .
PY (x;¢) = (—')”e’”"’ oFi (- A+ix 221 =), (1>0 and 0<¢ <7 n=0,1,23,.) (1.1)
n.

where
O (@i(b)y X
(O kI’

2Fi(a,bicix) =
k=0
and
(@ :=ata+1)---(a+k-1).
In addition, we have the following relationship between the Meixner-Pollaczek polynomials P(f) (x; ¢) and the Laguerre
polynomials L () (see, [7], pp-216):

op(ED (X ) @
(})1_1}1(1)P,, ( 2¢,¢)_Ln (x).
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The polynomials are completely described by the recureence formula:

PPy = 1, PY(x¢)=2(Acose + xsing),
PP (xi¢) = &+ 2%+ (27 + - x7)cos 26 + (1 +21) xsin2¢,

(n+ 1) PP (x;6) = 2[xsing + (n+ D) cos ] PV (x;0) + (n+ 24— 1) PP, (x;¢) = 0

n+l1

for n > 1 [8] and have a generating function [1]
i P(/l) (X' ¢) = (1 _ te[(p)_/l‘”x (1 _ [eiiqﬁ)_/l_ix (1 2)
(s . .
n=0

The Meixner-Pollaczek polynomials Pff) (x; ¢) also have the generating relations (see, for example, [7], p. 213),

i PO (x; D) _ g F ( A+ ix ;(e—ziqb _ l)t) (1.3)

2, eind 24
and
S (2), PP (5 9) o _ (12 ,F | & AT, (1-¢2) (1.4)
QA), et i 20 7 =1 | '
Replacing z by 24 in (1.4), we may write that
1 . N
Z — PO ()" = (1= 0y (1 - re0) (1.5)
n=0 et
Theorem 1.1. The following addition formula holds for the Meixner-Pollaczek polynomials P (x; P):
PR (xy 4 x039) = ) P (i3 9) P (23 0). (1.6)
m=0
Proof. Replacing A by A; + A, and x by x; + x; in (1.5), we obtain
i LP(/II-MZ) (X + x ¢)tn = (I1- t)—/ll—)2+ix1+ix2 (] _ te_2i¢)—/11—/lz—ix1—ix2
— eind " e B
L o L o
= Z ei_n¢P” (x1;9) 1" Z eiquPm (x2; ) "
n=0 m=0
= Z Z ein+m)¢ P;/ll) ()C] : ¢) P'(;'b) (Xz; ¢) e
n=0 m=0
(e8] n 1
= DU P ) P (e
n=0 m=0 ¢
From the coeficients of #* on the both sides of the last equality, one can get the desired result. O

The main object of this paper to study different properties of the Meixner-Pollaczek polynomials. Various families
of multilinear and multilateral generating functions, miscellaneous properties and also some special cases for these
polynomials are given. Nowadays, there are a lot of works related to Meixner-Pollaczek polynomials theory and its
applications (see, [1-3,5,9, 10, 16]).
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2. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this section, we derive several families of bilinear and bilateral generating functions for the Meixner-Pollaczek
polynomials Pf,ﬂ) (x; ¢) which are generated by (1.1) and given explicitly by (1.2) using the similar method considered
in (seee, [6, 12—14]).

We begin by stating the following theorem.

Theorem 2.1. Corresponding to an identically non-vanishing function Q,(y1,...,ys) of s complex variables yy, ...,y
(s € N) and of complex order p, let

w015 D) 1= ) sk 0130 T (@ # 0, gy €0)
k=0
and
[n/p]
oLy » (X831, Y53 €) Z akPm ok (65 8) iy O1...s) €.
k=0
Then, for p € N; we have
> L\ AHix L\ A—ix
it (v sy ) e = (1= 1) (1= 1) Ay 1) @.1)
n=0

provided that each member of (2.1) exists.

Proof. For convenience, let S denote the first member of the assertion (2.1) of Theorem 2.1. Then,

oo [n/p] k
S =20 D AP (58 Do 01, 3) "
n=0 k=0
Replacing n by n + pk, we may write that
S = D> PP (50) Qs (01,35 —t"“’"
n=0 k=0
= [Z P(ﬂ) (x; 9) z”] [Z Qi (1,..Y5) 1 ]
n k=0
—A+ix -\ —A—ix
= (1 te’¢) (1 - te"¢) Ay O y53m),
which completes the proof. O

By using a similar idea, we also get the next result immediately.

Theorem 2.2. Corresponding to an identically non-vanishing function Q,(y1, ...,y ) of r complex variables yi, ..., y;
(s € N) and of complex order u, let

[n/r]
ARl o+ xs iy 62 = ) aPS (203 8) Qg 01,90 2 (@ # 0, 1,y € ©),
k=0
Then, for p € N; we have
nolp
P(/ll) P(/lz) Q = A e . 22
acPyl) (i3 9) P2 (62 9) Quige (01, 35) 2 = A, (1 + 5234531, 63 2) 2.2

k=0 (=0

provided that each member of (2.2) exists.
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Proof. For convenince, let H denote the first member of the assetion (2.2). Then, upon subsituting for the the Meixner-
Pollaczek polynomials Pf,ﬂ) (x; ¢) from the (1.6) into the left-hand side of (2.2), we obtain
["/ P] n—pl

Z Z aeP ;A_],z_p[ (13 0) PV (x25.0) Qe 01....35) 2

=0 k=0

[”/P] n—pl
> (af (Z P e (s 9) P (03 0) | ©
k=0

=0
[n/p]
D7 acP (x5 ) Qe 001,.3) 2
=0

P
Ay K1+ X2 B Y1 Y3 D).

H

O

Theorem 2.3. Corresponding to an identically non-vanishing function &,(y1, ...,y ) of s complex variables yi, ..., y;
(s € N) and of complex order u, let

Ay 01,56 7) = Zakﬂuwk 01,y T
k=0
where a, #0, u,y € Cand
[n/p]
1 1 W

95? (331,953 €) 1= Z Ak . =P P pk (63 ) Qg (01.... YA)‘_‘;:
k=0

2Dn-
Then, for p € N; we have

A+ 2
Zezp(xqsyl ..... ys,i)z"=e’1F1( Mlx;(e”—l)) Ay O01...35371). 23)

provided that each member of (2.3) exists.

Proof. For convenience, let T denote the first member of the assertion (2.3) of Theorem 2.3. Then,

S} "/P] k
1
T= P )Q :
% kz(; (2/1) ok €in=PR P (6 0) Qg 01,y )
Replacing n by n + pk, we may write that
r = Z % (2/1) oind P (1 0) Qs O01....55) _tntpk
n=0 k=0
= ( ), o P (x;¢) t") [Z @k 1.3 1"
n= k=0

= e 1F1( _2l¢ 1) ) yw(yl ..... )’5,77)

which completes the proof. O

By using a similar idea, we also get the next result immediately.

Theorem 2.4. Corresponding to an identically non-vanishing function ,(y1, ...,ys) of s complex variables yi, ..., y;
(s € N) and of complex order u, let

00

k=0
where ay # 0,1, € C and
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el @i PP (x5 9)

gy (x; ¢; &) = a i
n,P( ¢ V1. Vs f) £ k (Z/I)n—pk pi(n—pk)p

Queur (1, y5) E-.

o0 : 1—e2¢)¢
gv n _ z,/l+zx'<
Z; i (i) == 1[ od T | A Oy, 24

provided that each member of (2.4) exists.
Proof. For convenience, let T denote the first member of the assertion (2.4) of Theorem 2.4. Then,

= [l @, PP 2 k

n
T = ag ,u+l//k ()’1,...,)&) —"
n=0 k=0 (Z/l)n—pk eltn=pid i

Replacing n by n + pk, we may write that

= SAN @ P(/D (x; ¢) k n .pk
r = Zzak (21), eind Qurgr O1,.., ys) t t

n=0 k=0

) P (x;
( - )(2/1) e(;f)tn] (Z gk (V1,..95) 1 )

k=0

; 1—e’2i¢)t
a2 z,/l+lx'(
1-1 2F1( . D ] Apy O, y51) 5

which completes the proof. O

3. SpeciAL CASES

As an application of the above theorems, when the multivariable function Q. yt(y1,...,¥5), kK € Ny, s € N, is
expressed in terms of simpler functions of one and more variables, then we can give further applications of the above
theorems.

We first set

,,,,, 5)
Okt e 3) = U1 y)

in Theorem 2.1, where the Erkus—Srivastava polynomials ug:‘l;,'("(“)(xl, ..., X;) [6], generated by

S

[ {(1 - x,-z'"f)‘”’} = S U ey e (@ €C (= L)t < min {7 e G

j=1 n=0

We are thus led to the following result which provides a class of bilateral generating functions for the Erkus—Srivastava
polynomials and the family of multivariable polynomials given explicitly by (3.1).

Corollary 3.1. If

e

Aug O ysiw) = > ag™e oy yowh, (a#0, iy €0,
k=0
then, we have
oo [n/p] W P k i pk i\~ AHx —ig\~Aix
Z Z akPn—pk (X; ¢) M,u-H,/,/k, L (yl ’’’’ yx)w t = (1 —te ) (1 —te ) Ap,w(yl,“.,ys;w) (32)
n=0 k=0

provided that each member of (3.2) exists.
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Remark 3.2. Using the generating relation (3.1) for the Erkus-Srivastava polynomials and getting a; = 1, u = 0,
¥ = 1, we find that

oo [n/p] .
s\ —A+ix N —A—ix —a;
3, 2 A it = (1) (1<) (157
n=0 k=0 L]
where |w| < m1n{|zl|—1/m1 - |Zr|—1/m,} .
Now we set

s=1and Qi (1) = Piﬁ'l)pk (x15¢1)

in Theorem 2.1, where the Meixner-Pollaczek polynomials PP (x; ¢) given explicitly by (1.2). Thus we give a class

n—pk
bilinear generating functions of Meixner-Pollaczek polynomials P,(( ) (x;9).

Corollary 3.3. If
Aupg 38157 1= " aPU) (xi3 1) T, (a # 0, m € No,k # 0,1, € ©)
k=0
and

Oy (630130138 = ) Pl (@) P () €°

where n, p € N, then we have

Zgr:p (x ¢ X161 ) =(1 —te""’)_mx(l —te"“”)_ﬁ_ix Ay (513 6157) 3.3)

n=0
provided that each member of (3.3) exists.

Remark 3.4. Using the generating relation (1.2) for the Meixner-Pollaczek polynomials P (x;¢) and getting a; = 1,
u =0,y =1, we find that

i 02:11, (x; &; x1; 915 tﬂp) "= (1 - teid’)_l”x (l - te_"‘/’)_/l_bC (1 - nei"")_ﬂﬁm (1 - /,tf,’_""")_/h_ix1 )
n=0

Remark 3.5. Using the generating relation (1.2) and (1.3) for the Meixner-Pollaczek polynomials Pffl) (x; ¢) and get-
ting u=0, y=1, a = m,weﬁndthat

Sty (oo ) = (1 (1) e U ()

Now we set
s=1and Q. (v1) = PL;J,,( (x15¢1)

in Theorem 2.3, where the Meixner-Pollaczek polynomials Pﬁf_)pk (x; ¢) given explicitly by (1.5). Thus we give a class
bilinear generating functions of Meixner-Pollaczek polynomials.

Corollary 3.6. If

00

Ny (x150157) = Zakp(ﬂpk(xl,(ﬁl)T (ax #0, m e No,k #0,u,¢ € C)
k=0

and
["/P] 1
O (x; s x15 613 6) = E oii—phe r(z/l)pk (x;¢) Pu]l)&k (o€,

k=0
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where n, p € N, then we have

00

. s\ —A—ix
Z Oy (X; ¢ x1: 01 t%)t” = (1= (1= 1) 77 Ay (xisdim) (34

n=0

provided that each member of (3.4) exists.

Remark 3.7. Using the generating relation (1.5) for the Meixner-Pollaczek polynomials P,(f ) (x; ¢) and getting u =
0, y=1,a =5, wefind that

[e]

292:1 (x & x1: by L )tn (- )—/l+ix(l _ [e—Ziqﬁ)_/l_ix(l it (1 _“e—2i¢1)_/11_m .

n=0

Remark 3.8. Using the generating relation (1.4) for the Meixner-Pollaczek polynomials P (x;¢) and getting u

0, y=1, a = m))e,w , we find that

0 . . 1- e—2l'¢1
. L \—A—IXx n
> b (x5 iz L) = (1= i (g2 T g | B ;—( i)
n=0 "’ 241 n- 1

Now we set

s=1and Quyx (1) = P/Hrll)ﬁk (x15¢1)

in Theorem 2.3, where the Meixner-Pollaczek polynomials P( ) ok (x; @) given explicitly by (1.3). Thus we give a class
bilinear generating functions of Meixner-Pollaczek polynomlals

Corollary 3.9. If
Ay (130137 = D" aP (nis61) 7, (@ # 0, me N,k # 0,1,y € C)
k=0

and

I )
Oy (6 ;. 15.136) = “"W Plicar (i #0) €"

?w

where n, p € N, then we have

Ze‘;ﬁ(x ¢ X131 )t =¢ Fl( A;ﬂi’“ (e - 1);)Aﬂ,¢(x1;¢1;n) (3.5)
n=0

provided that each member of (3.5) exists.

Remark 3.10. Using the generating relation (1.3) for the Meixner-Pollaczek polynomials P (x; ¢) and getting u =

O, zpzl,akzm,weﬁndthat

N O (e gy M\ _ A+ix (o A +ixy (o
z(:)@n’p(x,q),xl,xf)l,ﬁ)t =e 1F1( oy ,(6 1)t)€#1F1( 2/11 ’(e 1 l)ﬂ .
n=

Now we set

s=1and Quyx 1) = PL{:()M (x359)

in Theorem 2.3, where the Meixner-Pollaczek polynomials P;A_)pk (x; ¢) given explicitly by (1.1). Thus we give a class
bilinear generating functions of Meixner-Pollaczek polynomials.

Corollary 3.11. If

[n/p]

At o 1+ g x93 = > @ P () x5 9) PO (s )2, (ai # 0, m e No, k # 0,1,y € ©)
k=0
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and
n [k/P
DD aPl) () P (a3 9) P (s )2 = AL (et + s 33 63.2)
k=0 [=0

Remark 3.12. Using (1.6) and for the Meixner-Pollaczek polynomials Pff) (x;¢)and taking p =1, a; =1, =1, u=
0, ¥ =1, we have

n
2 Z P (15 9) P (23 ) PV (g3 ) = PR () s + 333.9).

k=0 =0

Now we set

s=1and Qg (1) = P/Hrll)ﬁk (x15¢1)

in Theorem 2.4, where the Meixner-Pollaczek polynomials P(nd_)pk (x; ¢) given explicitly by (1.4). Thus we give a class
bilinear generating functions of Meixner-Pollaczek polynomials.

Corollary 3.13. If

00

Ay (13 0157) = D aPL) (s o) ™, (ax # 0, me N,k # 0,0, € ©)
k=0

and

n

Bl @ P (o)
Ol (s x1301:6) = Y a P n-pk

k=0

(11)
(2A)1_ i €=PR8 Pigs (13 90 €

where n, p € N, then we have

S _ [z,/l+ix.(1_e_2i¢)f

Oy (wdsmsgn L) = (=07 aR | &5 e Ay g (3.6)
=0

n

provided that each member of (3.6) exists.

Remark 3.14. Using the generating relation (1.4) for the Meixner-Pollaczek polynomials P (x; ¢) and getting u =

0, ¢=1,ak=%,weﬁndthat

. ) 1— e_2i¢)t . (1 _ e—2i¢1)n
Y ) VR z, A+ix (— =2 Z, Ay +ixp | /-
Z_;en,p(x,cﬁ,xl,aﬁl,tp)t"—(l 1) 2F1[ 20 7T -1 ](1 ) ZF'( 207 -1 )

Remark 3.15. Using the generating relation (1.4) for the Meixner-Pollaczek polynomials P (x; ¢) and getting u =

— — 1
O, w—l,ak—W,weﬁndthat

) . _ p2id .
200,1 (x. ¢.x . ¢ . l)tn — (1 _ t)—z F 25 ﬂ' +1x . (1 ¢ )t e’] F /ll + X . (e_2i¢l — 1)77
n,p s @y Al lstp 2177 21 5 —1 111 2/11 5 .

n=0

Furthermore, for every suitable choice of the coeflicients a; (k € Ny), if the multivariable functions Q, .y (y1, ..., ¥r),
(r € N) and P,_,i(x, u) are expressed as an appropriate product of several simpler functions, the assertions of Theorem
2.1, Theorem 2.2, Theorem 2.3, Theorem 2.4, can be applied in order to derive various families of multilinear and
multilateral generating functions for the family of Meixner-Pollaczek polynomials ng) (x; @) given explicitly by (1.1).
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4. MISCELLANEOUS PROPERTIES
In this section, we give some properties for the Meixner-Pollaczek polynomials P (x: ) given by (1.1).
Theorem 4.1. The Meixner-Pollaczek polynomials P,(f ) (x; @) have the following integral representation:
(ulei¢ + uze‘i"’)n

1 . .
P(ﬂ) : — ff —u1—uy A—ix—1 /H—zx—ld dus,
w (59) T(A-ix)T (1 +ix) ¢ n! ot dihdi
0 0

where Re(A) > 0.

Proof. 1f we use the identity

-V _ L ( —at -1
= To) fe '7'dt, (Re(v) > 0)
0

on the left-hand side of the generating function (1.2), we have

= At L\ Aeix
Z PP ()" = (1 - te’¢) ’ (1 - te”"’)
n=0

1 fe(te“’—l)ulu/l—ix—ldul 1 fe(te'w’fl)uzu/lﬂx—lduz
[(A-ix) ! [(A+ix) 2

0

= ! ffeulte —uy /l lx—leuzte @y /l+lx—ldu1du2

IFrA-ix)T (/l + iXx)

0 0

1 -
— —uy—ty t(ule“’Jruze ”’) /1 ix—1 /l+1x ld d
T(i- lx)r(/l+lx)ff it

o0 ule"Vj + e ’¢)

ra- lx)F(/l+lx)ff - uzztn

n=0

—ix—1 /l+1x 1
“1 dudus.

From the coeflicents of #* on the both sides of the last equality, one can get the desired result. O

We now discuss some miscellaneous recurrence relations of the Meixner-Pollaczek polynomials P (x; ¢) given by
(1.1). By differentiating each member of the generating function relation (1.2) with respect to x and using

iiA(k,n) = iiA(k,n—k),

n=0 k=0 n=0 k=0
we arrive at the following (differential) recurrence relation for the Meixner-Pollaczek polynomials Pff) (x; @) given
explicitly by (1.2):

n—1

n-1
G w0 =i\ () P = 3 ) R e

p=0

Writing p instead of m, we may write that

9 S 1 —ip\p+ ip\p+
aem, PO (x; ¢>"§p PO () [y = ().

Besides, by differentiating each member of the generating function relation (1.2) with respect to z, we have

p+1

(n+ 1) P, (xi¢) = (A ix) Z PO, ) (@) + (1 + i) Z PO, (x:¢)(e7)



Some Properties of Hypergeometric Meixner—Pollaczek Polynomials 30

Writing p instead of m, we may write that
. 1 . 1
n+ D PD (x:9) = § P, =i (€)™ + arin ().

Besides, by differentiating each member of the generating function relation (1.2) with respect to ¢, we have

n—1 n—1
6¢Pw (1) = ’Z(/l i ()" Lpw 1(x;¢)—ipz_;)(/l+ix)(e_’¢) Pff)p (x5 9).

Writing p instead of m, we may write that
n—1
0 . . i p+l . —i p+l
%P;/D (x;0) = lz;) Pfl’l_)p_l (x;9) [(/l —ix) (e ¢) — (A +ix) (e ¢) ] .
=
By differentiating each member of the generating function relation (1.5) with respect to x and using
Z ZA(k,n) = Z ZA(k,n —k),
n=0 k=0 n=0 k=0

we arrive at the following (differential) recurrence relation for the Meixner-Pollaczek polynomials P (x; ) given
explicitly by (1.5):

n—1 n—1
0 1 1 1 1 A pl 1
(1) - _ (D) . : —2i¢ ()
(x; ) =i ) PO (s +iy p_+1(e )" S Pl (5 ).

Ox e’”‘/’ m+ 1 eitm=-m=Dg¢
=0 p=0

Writing p instead of m, we may write that

. W(xa»—znz1 o P o () 1),

Ox ein? p+ 1 eit=r=l¢ "”l

Besides, by differentiating each member of the generating function relation (1.5) with respect to ¢, we have

@ . N (2t L
(n+1) ,<n+1>¢P D) = (- lx)z i mMP,, m(x,¢)+(/1+lx)Z(e ) i iy (6:9).

Writing p instead of m, we may write that

n

eint1)g (/l)l (x:¢) = ZO z(nlp)¢ “) ( +¢) [(/l ix) + (A +x) (672i¢)p+1]'

p=

n+1)

Besides, by differentiating each member of the generating function relation (1.5) with respect to ¢, we have

— pY
a G P () = i|nPD (. ¢) - 2u+zx)z s Pt (2 9)]
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