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Abstract

In this paper, we define new subclasses 8T, (s) and €8Ty (s) of sine starlike log-harmonic
mappings and sine close-to-starlike log-harmonic mappings, respectively, defined in the
open unit disc D. We investigate representation theorem and integral representation the-
orem for functions in the class 8Ty, (s). Further, we determine radius of starlikeness for
functions in the classes 8T, (s) and C8Ty(s).
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1. Introduction

Let L(D) be the linear space of all analytic functions defined in the open unit disc
D = {z:|z| < 1}, and let A be a subclass of L(D) consisting of functions f, normalized
by the conditions f(0) = f’(0) —1 = 0. Also, let B be the set of all bounded analytic
functions p € L(D) satisfying |u(z)| < 1 for each z € D. For z = x + 4y, the differential

operators
9 LD 2 g 2120
dz 2\0x 0Oy 0z 2\0x Oy

satisfy the Laplacian
0? 0? 0?
N=4—=—+—.
020z 022  0y?
Thus a C?-function f defined in the unit disc I is said to be harmonic in D if Af = 0.
Analogously, a log-harmonic mapping defined in the disc D is a solution of the non-linear

elliptic partial differential equation

ff(z)_ 5 f2(2)
702) =l )<f(z))’ (L)
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for some p € B, where p is the second complex-dilatation of the function f. Hence, the
Jacobian

Jp(2) = ()P = () = [f(2)P(L — |u()?)
is positive, and all non-constant log-harmonic mappings are sense-preserving in D.

Abdulhadi and Bshouty [3] observed that if f is a non vanishing log-harmonic mapping,
then f can be expressed as

f(z) = h(2)g(2),
where h and g are analytic in D. On the other hand, if f is a non-constant log-harmonic
mapping that vanishes only at z = 0, then f admits the representation given by

f(z) = 2"z h(2)g(2),
where m is a non-negative integer, R(3) > —1/2, h and g are analytic functions in D with
h(0) # 0 and g(0) = 1. The exponent § depends only on x(0), and can be expressed by

_ 7 14 p(0)
B_M(O)W‘

Note that f(0) # 0 if and only if m = 0. A univalent log-harmonic mapping in D
vanishes at the origin if and only if m = 1. Thus every univalent log-harmonic mapping
in D which vanishes at the origin has the form

f(2) = 2|2/ h(2)g(2),
where R(8) > —1/2 and 0 ¢ hg(D). The class of log-harmonic mappings have been studied

extensively in [1,5,6] and references therein.
In this paper, we focus on sense-preserving univalent log-harmonic mappings in D with

the condition x(0) = 0 having the form

f(2) = zh(2)g(2), (1.2)

where h and g are analytic in D such that

h(z) = exp (2 an2”> and g¢(z) = exp (gbnz”).

Here, h and g are the analytic and the co-analytic parts of f, respectively. The class of
such mappings is denoted by 8;,. It follows from (1.2) that the functions h, g and the
dilatation pu satisfy the relation

(2) = 29'(2)/9(z) _ _ z(logg)'(2)
K 1+ 20 (2)/h(z) 1+ z(logh)(z)’

(1.3)

In [4], it is shown that the mapping f(z) = zh(z)g(z) is starlike log-harmonic mapping
of order « if

0 ; z2f(2) — Zfz(z
%(argf(rew)) = 3?< ] )f(z) &1 )> >«
for all z = re? € D\{0} and for some 0 < a < 1. The class of all starlike log-harmonic
mappings of order « is denoted by 8T, (). For o = 0, we get the class 8T;,(0) = 8T,
of starlike log-harmonic mappings. Also, denote by 8*(«) the class of starlike functions of
order a.. For a = 0, we get the class 8*(0) = 8* of starlike functions.

The following theorem provides a link between the classes 8T, (o) and 8*(av).

Theorem A (Theorem 2.1 [4]). Let f(z) = zh(2)g(z) be a log-harmonic mapping in D
with 0 ¢ (hg)(D), where h and g are analytic functions. Then f € 8Ty (a) if and only if

p(2) = zh(2)/9(2) € 8§*(a).
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Let P, be the set of all log-harmonic mappings R defined in D which are of the form
R(z) = H(2)G(z), where H and G are in L(D), H(0) = G(0) = 1 such that R(R(z)) >0
for all z € D. In particular, the set P of all analytic functions p in I with p(0) = 1 and
R(p(z)) > 0 is a subset of P;. The next result describes the connection between the
classes Py, and P.

g‘heorem B ([2]). A function R(z) = H(2)G(z) € Py, if and only if p(z) = H(2)/G(z) €

Denote by € the class of Schwarz functions w which are analytic in D with w(0) = 0
and |w(z)| < 1. For analytic functions f; and f» in D, we state that f; is subordinate to
f2, symbolized by f; < fa, if there exists a function w in Q satisfying fi(z) = fa(w(z2)).
The comprehensive details of subordination can be found in [8]. Ma and Minda [11]
investigated the class of analytic functions ¢ with positive real part in D that map the
disc D onto regions starlike with respect to 1, symmetric with respect to the real axis and
normalized by the conditions ¢(0) = 1 and ¢'(0) > 0. These authors introduced the class
of starlike functions

8*(¢) = {f cA: ZJ{EZ’) < (2), z € ]D)}.

For the case ¢(z) = (1+ Az)/(1+ Bz) (-1 < B < A < 1), the family of Janowski
starlike functions 8*[A, B] is obtained ([9]). When A=1—-2a (0 <a < 1)and B = —1,
we have the family 8*(«) of starlike functions of order a.. Particularly, & = 0 yields the
usual class 8*(0) =: 8* of starlike functions. Recently, Cho et al. [7] defined the subclass
8% of Ma—Minda class 8*(¢) which is endowed with the analytic function ¢(z) = 1+ sin z.
Then, the function f € 8% if zf'(2)/f(z) < 1 +sinz for all z € D. The following lemma
provides the largest disc and the smallest disc centered, respectively, at (a,0) and (1,0)
such that the domain Qg : (1 +sin z)(ID) is contained in the smallest disc and contains the
largest disc.

Lemma 1.1 ([7]). Let 1—sinl <a <1+sinl and rq =sinl—|a—1|. Then the following
inclusions hold:

{fweC:|lw—a|l<r,} CQs C{weC:|w—1] <sinhl}.

Motivated by the above discussed literature, we introduce the notion of sine starlike
log-harmonic mappings. Due to Cho et al. [7], we first give Ma-Minda type sine starlike
function class:

An analytic function ¢ € 8% if z¢/(2)/p(2) < 1 +sinz for all z € D. Since ¢ € 8%,

/ /
2 (2) < 1+sinz if and only if 2 (2)
() v(2)
where w is a Schwarz function with |w(2)| < |z|. Let w(z) = r*e® with v* < |z| =7, t €
[—7, w]. Thus, easy calculations show that

=1+sinw(z),

|sinw(z)| < sinhr* < sinhr.

Therefore, we have

%(Z:;ES» > 1 — sinhr.

Consider the function ¢(z) = zh(2)/g(z). Then taking logarithmic derivative, we ob-
serve that / / /
W)L AHE) 22) |
=1+ - < 1+sinz.
() hz)  g(z)

Hence, taking into account the above relations, we define the following classes:
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Definition 1.2. An analytic mapping ¢(z) = zh(z)/g(z) such that ¢(0) = 0 and h(0) =
g(0) = 1, is said to be sine starlike if

/ / /

a%(w (z)) - %(1 L)z (Z)> > 1 —sinhr
() Wz g(2)

for all z € D. The class of sine starlike functions is denoted by §3.

Definition 1.3. A log-harmonic mapping f(z) = zh(z)g(z) such that f(0) = 0 and
h(0) = g(0) = 1, is said to be sine starlike log-harmonic mapping if
gce(zfz(z) —Zfz(2)
f(z)

for all z € D. The class of sine starlike log-harmonic mapping is denoted by 8T (s).

) >1—sinhr

The main purpose of this paper is to show that a log-harmonic mapping f(z) =
zh(2)g(z) is sine starlike log-harmonic in I if and only if the function ¢(z) = zh(2)/g(2)
is in the class 8. In Section 2, we first investigate a representation theorem which gives a
relation between the classes 8T, (s) and 8%. We next obtain integral representation theo-
rem for functions in the class 8T, (s). In Section 3, we investigate radius of starlikeness
for the class 8T (s). Further, we define the concept of sine close-to-starlike log-harmonic
mappings, denoted by €8Ty (s), and investigate the radius of starlikeness for such map-

pings.
2. Representation Theorems

In this section, we first establish a representation theorem, which provides a relation
between the classes 8Ty, (s) and 8.

Theorem 2.1. Let f(z) = zh(2)g(2) be a log-harmonic mapping in D with 0 ¢ hg(D).
Then f belongs to the class 8Ty (s) if and only if p(z) = zh(z)/g(z) belongs to the class
8k.

Proof. Let f(z) = zh(2)g(z) be in the class 8Ty, (s). Then
2 g ety - )35

z) —
f(z)
R(1+2 (Z g/)>

/

(2)  g(2)
/ /
=R 1+zh UG )>21—sinhr. (2.1)
9(2)
Consider the function ¢(z) = zh(2)/g(2), thus logarlthmlc differentiation gives

() L) )

o R e 22
In view of (2.1) and (2.2), we arrive at
) Y (2O L,
e e B ==y RIS (23)
Since the function f is univalent, we have 0 ¢ f,(ID). Also,
gi(w) = o f7H(w) =wlgo f~(w)|7?
is locally univalent in f(D). Thus, we have
2p(2) oy, AR 2g(z) _2fe(2) 2 f(2) o ES(2)
I I Te N M O M [P N TP R
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for all z € D. Therefore, ¢ is univalent, and in view of (2.3) we conclude that ¢ € 8.
Conversely, let ¢ € 8% and u € B such that |u(z)| < 1 for each z € D. Since p(z) =
zh(z)/g(z), we have the equation (2.2). Also, from (1.1), we get

WG _ ()
o o055 24
Combining (2.2) and (2.4), we observe that

_ 2 nuls) #(s)
g(z) = exp/o 1= 1(s) 9(5) ds, (2.5)

and

zh(z) = p(2) exp /OZ 1 ﬁ(ﬁs) (’:;/((5)) ds, (2.6)

where Z2G) — p(2) < 1+ sin z such that p(0) = 1 and R(p(z)) > 0. Tt follows that

(3T = *pu(s) #(s) 2 s #(s)
f(2) = 2h(2)9(2) = (2) eXP/O = 1) o) eXp/o T— 1) o) ™

= ou(s) ¢'(s)
0 T—a(s) ols) ds)’

= ¢(z)exp (2 R

and L

f(2) = 2h(2)g(2) = ¢(2)lg(2) >
Therefore, h and g are non-vanishing analytic functions, normalized by h(0) = ¢(0) = 1,
in D and f is a solution of (1.1) with respect to pu. Hence, we observe that

() (5 21

Moreover,
@(w) = foyp™ (w) =wlgo ™ (w)?
is locally univalent in ¢(ID), and therefore f is univalent. It follows that f € 8T;,(s). O

We now give an integral representation for f € 87, (s) with the case u(0) = 0. Hence,
we need the following lemma.

Lemma 2.2 ([10]). If the function p € B with u(0) = 0, then

wz) &z
s —/ml_gzd“f)’ (- € D)

for some probability measure k on JD.

Theorem 2.3. A log-harmonic mapping f(z) = zh(z)g(z) € 8Tin(s) if and only if there
are two probability measures v and k on 0D such that

4() = exp < /8 A Kl(z,t,g)du(t)d/@(f)), (2.7)
wheT;(z,t,@ _sin (z){Ci( 1)~ - é)} + cos (z){Si(é ) - Si(z)} log(1 - £2)
" h(2) = exp ( /a A Kg(z,t,f)du(t)dn(f)>, (2.8)
wz::t,g) _ Si(tz) + sin (2){&( -1~ - 2)} + cos (z){Si(é ) - Si(é)} ~log(1 - €2)
FlEl =t =1, €£1.
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Proof. By Theorem 2.1, we know that f(z) = zh(2)g(z) € 8Tu(s) if and only if p(z) =
zh(z)/g(z) € 8%, thus
2¢'(2)
o(2)
where p € P such that p(0) = 1 and R(p(z)) > 0. Hence, for p(z) = 1 + sin z, there exists
a probability measure v defined on the Borel o—algebra of dD such that

z;oéiz)?) = /811)(1 +sintz)dv(t) = p(z) = zexp (/@D /OZ si?stsdsdlf(t)) (2.9)

Setting (1.3), (2.9) and Lemma 2.2 into (2.5), we get

g(z) = exp (/OZ /8JD> /81[» . ffs(l + sin ts)du(t)dn(ﬁ)ds)

for probability measures v and x on 0D. Integrating above function, we arrive at

g9(z) = exp (/8]]]) ./8]]]) /Oz 1 555(1 + sin ts)dsdu(t)dn(§)>
— oxp ( /8 ) /a ) Kl(z,t,g)dy(t)d/s(g)), (2.10)

=p(z) <1+sinz,

where

Ki(2,4,€) = sin (2){01( - 1)~ Cita - 2)} + cos (2){81(2 ) - Si(é)} ~log(1 - £2).

Here, Ci(z) is the cosine integral and Si(z) is the sine integral given, respectively, by

Ci(z) :—/ % 1s and Si(2) :/ S s,

s 0o S

Moreover, in similar way, by plugging (2.9) and (2.10) into h(z) = (p(z)/2)g(z), we get
the integral representation for h given by (2.8). This completes the proof. O

3. Radii of Starlikeness

The first result gives radius of starlikeness for sine starlike log-harmonic mappings f,
which satisfy the condition %(M) > 0.

z
z

Theorem 3.1. Suppose that f(z) = zh(2)g(z) € 8Ty (s) in D with h(0) = g(0) = 1, and

o(z) = %(ZZ)) €8 inD. If %(@) > 0 for z € D, then f is univalent and starlike in

inh 1
|z| <r = o ~ 0.462117.

V1+ (sinh1)?+1

Proof. Since f € 8Ty,(s), it follows that
8(a@f&é%):m(aﬂ@)_iﬁwv::%<L+Zh@)_zg@v.

90 f(z) hz)  g(z)
Taking logarithmic derivative of ¢(z) = zh(z)/g(z), and using the above relation, we get
2fo(2) = Zf2(2)\ _ o (2¥'(2)
R(FEESEE) =55 3.1)

Let p(z) = ¢(z)/z, then we observe that

(2) _ 20(2)
PORERE)

~ 1. (3.2)
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Using (3.1) and (3.2), we obtain

() (I a2

We will show that the function f in (3.3) is univalent and starlike. Since

R(L) = (L) = jgeppta)) > o,

z

it follows that R(p(z)) > 0. Thus we conclude that p € P, which satisfying

2p'(2) 2r
p(z) |~ 1=r*
Hence, from (3.2) and the above relation, we obtain
2¢9'(2) ‘ 2p'(2) 2r
—1] = <
¢(2) p(z) |~ 1=r

Since the above disc centered at 1, by Lemma 1.1, it follows that |w — 1| < 2r/(1 —r?)
contains the disc €2 if

2
T <inh1
1—1r2
or (sinh 1)r2+2r—sinh 1 < 0. Thus, the radius of 8T;;,(s) is the smallest positive root of the
equation (sinh 1)r2+2r—sinh 1 = 0in (0, 1), and this implies that |z| < r = —giohl

1+(sinh 1)241°
Moreover, the function

£(2) = 2h(2)9(2) = p(2) exp (2 w [ 1’_‘% i'(f)) ds>,

where ¢(z) = z(1+2)/(1 — 2) and u(z) = z, holds %(@) > 0 for z € D, and is univalent
sinh 1
1+(sinh 1)241"
Sharpness is satisfied for the function
29 (2) L= 2z

p(z) 1=z
This completes the proof. ]

in|z|<r=

=sinh 1.

Now, we define the class of sine close-to-starlike log-harmonic mappings: Let F(z) =
zh(z)g(z) be a log-harmonic mapping with respect to u € B. We say that F is sine
close-to-starlike log-harmonic mapping denoted by €8Ty (s) if there exists a log-harmonic

mapping f(z) = zhi(z)g1(z) € 8Ty, (s) with respect to p € B such that

")

or equivalently
F(z) = f(2)R(2),
where R(z) = H(2)G(z) € Py, with H(0) = G(0) = 1.
The next theorem gives the radius of starlikeness for functions F(z) = zh(z)g(z) in the

class C8T ().

Theorem 3.2. Let F(z) = zh(z)g(z) € C8Ti(s). Then F maps the disc |z| < p =~
0.309757 onto a starlike domain, where p is the smallest positive root of the equation

(1 —sinh p)(1 — p?) —2p = 0. (3.4)
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Proof. Since F(z) = zh(2)g(z) € C8Ty(s) with respect to u € B, there exist a function
f(2) = zhi1(2)g1(2) € 8Tn(s) with respect to p € B, and a log-harmonic mapping with
positive real part R(z) = H(z)G(z) € Py, with respect to u € B such that

F(z) = f(2)R(z). (3.5)
Since R € P, we have
2R, (2) —ZRz(2)\ _ 2p'(2)
() =) (36)
where R(p(2)) = %(g j))) > 0 by Theorem B, and
2p/(2) 2r

From (2.3), (3.5), (3.6) and (3.7), we get
(ZEL) ) _ () ) | g ) )

F(z) ) R(z)
_ %( (Z)> n 3%( (Z))
p(2) p(2)
>1—sinhr — 2r .
1—1r2
Thus,
§R(ZFZ(Z') —zFZ(z)> >0
F(z)
if 1—sinhr — 13’;2 > (0. Therefore, the radius of starlikeness p is the smallest positive
root of the equation (1 — sinhp)(1 — p?) —2p = 0 in (0,1). The function F(z) = ffl_tjg
belongs to the class C8T(s). O

Next, we prove the following radius of starlikeness for functions F' € €8Ty (s).

Theorem 3.3. Let K(z) = zh(2)g(z) be a log-harmonic mapping with respect to pu € B,
and let F(2) = zh1(2)g1(2) € C8Ty,(s) with respect to pn € B such that %(K((Z))) > 0. Then

F maps the disc |z| < p1 =~ 0.193715 onto a starlike domain, where p; is the smallest
positive root of the equation

—sinh p)(1 — p?) — 4p; = 0. (3.8)
Proof. Since K(z) = zh(z)g(z) is a log-harmonic mapping with respect to p € B, and
F(z) = zhi(2)g1(2) € €8Tju(s) with respect to p € B, there exist a function f(z) =
zha(2)g2(z) € 8T (s) with respect to u € B and log-harmonic mappings with positive
real parts R and R* in Pj; with respect to p € B such that

K(2) = f(2)R(2) R*(2). (3.9)

(1
9(2)

From (3.9), we get
. (ZKZ(Z) - sz(z)> . (z £(2) — zfz(z)> . §R<ZRZ(Z; (Z;ZRZ(Z)> ) §R<sz(z) _ZR:(2) ) |

K(z) f(2) R*(2)
(3.10)
Since R, R* € Py, we have
2R.(2) —ZRz(2)\ (2P (2) 2
W) () e (310
2R3 (2) —ZRE(2)\ (2D (2) 2r
" R (z) )=( e )z (3.12)
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Substituting (2.3), (3.11) and (3.12) into (3.10), we get

§R(zKZ(z) sz(z)> 51— sinhr — 1 4r

K(z) —r2
Hence,
§R<zKZ(z) —sz(z)) 50
K(z)
if 1—sinhr — lf;z > 0. Therefore, the radius p; is the smallest positive root of the
equation (1 — sinh p1)(1 — p?) — 4p; = 0 in (0,1). The function F(z) = fl(l_t)zz belongs to
the class C8Typ(s). O

Finally, we prove the following radius of starlikeness for functions F' € €8T (s).

Theorem 3.4. Let F(z) = zh(z)g(z) € C8Tu(s) be a log-harmonic mapping with respect
to u € B, and let f*(z) = zh*(2)g*(2) € 8Tin(s) with respect to p € B. Then S(z) =
F(2)2f*(2)**, X € (0,1) is univalent and starlike in |z| < ps, where py is the smallest
positive root of the equation

(1 — sinh pa)(1 — p3) — 2Ape = 0. (3.13)

Proof. Let S(z) = F(2) \f*(2)'=, X € (0,1), where F(z) = f(2)R(z) such that f €
8Tin(s), R € Py, and where f* € 8Tj,(s) are log-harmonic mappings with respect to
p € B, then S(z) is log-harmonic with respect to the same p € B such that

S(z) = F)M ()17 = (F RN (=) (3.14)
From (2.3), (3.6), (3.7) and (3.14), we get

3CE(zSZ(zi;(—Z)zSZ(z)) _ )\§R<zfz(z?f(—z)zfz(z)> N )\%<ZRZ(Z)R_ sz(z))

2fi(z) = zf*<z>>
+(1-X §R( = =
S 26
: 2r .
> )\(1 —sinhr — T 2) + (1 = A)(1 —sinhr)
2\
=1 —sinhr — 1 _::2.
Hence,
§R(zS’Z(Z) zS’Z(z)> -0
5(2)
if 1 — sinhr — 123‘:2 > 0. Therefore, the radius ps is the smallest positive root of the
equation (1 — sinh p2)(1 — p3) — 2X\pz = 0 in (0, 1). O
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