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This paper investigates the Schwarz problem. Initially, the focus lies on analyzing 

the problem for the first, second orders. Subsequently, attention shifts towards 

studying the same problem for equations of higher order. In the realm of second-

order equations, the Schwarz problem is specifically examined for some operators; 

Laplace, Bitsadze and its complex conjugate. The findings demonstrate that the 

Schwarz problem for an n-order equation, when equipped with solely one boundary 

condition, exhibits an infinite number of solutions. However, by incorporating 

additional boundary conditions, it becomes feasible to obtain a unique solution for 

problem concerning n-order equations, effectively rendering it a well-posed problem. 
 

 
1. Introduction 

 

Explicit solutions to different boundary value 

problems are investigated in [1-8] for different 

domains. The Schwarz problem has an important 

place in both real and complex analysis as one of 

the fundamental problems. This boundary value 

problem is widely recognized and extensively 

studied. 

 

This paper aims to investigate the Schwarz 

problem for one complex variable with arbitrary 

order. 

 

We will define 𝔻 as the unit disc with a smooth 

boundary ∂𝔻, Ϛ ∈ ℂ, Ϛ = 𝜉 + i𝜂.  
 

The following problem was solved with 𝓌 ≡ 0 
in [1]. 
 
𝓌𝑧‾ . =. .0 𝑖𝑛 𝔻, ℜ𝑒𝓌 = .0.  𝑜𝑛 ∂. 𝔻, ℐ𝑚𝓌(0) = 0       (1)  

                                           

The same problem with nonhomogeneous 

boundary conditions has a unique solution in the 

same domain and proved in Theorem 9 in  [1]. 

 

The following problem is the complex conjugate 

of the problem (1). It has a trivial solution in 𝔻. 

                                                  
𝓌𝑧 = 0 𝑖𝑛 𝔻, ℜ𝑒𝓌 = 0 𝑜𝑛 ∂𝔻, ℐ𝑚𝓌(0) = 0      (2)  
 

2. Schwarz Problem for Second Order 

Equations 
 

In the realm of complex analysis, Laplace and 

Bitsadze operators hold fundamental importance. 

In this section, our focus is on addressing the 

Schwarz problem pertaining to these operators as 

well as the conjugate operator of the Bitsadze. 

 

Lemma .1: [1]. Within the context of the Laplace 

equation, the following Schwarz problem has 

infinitely many solutions 

 
𝓌𝑧𝑧 = 0 in 𝔻,    ℜ𝑒𝓌 = .0 𝑜𝑛 ∂𝔻, ℐ𝑚𝓌(0) = 0 

 

Proof.  Since 𝓌𝑧𝑧‾ = 0  in  𝔻, 𝓌𝑧 is analytic in 

𝔻. Integrating the quantity, we get 

 𝓌(𝑧) = 𝜑1(𝑧) + 𝜑2(𝑧), 

 where 𝜑1, 𝜑2 are both analytic functions in 𝔻. 

Since ℜ𝑒𝓌 = 0 on ∂𝔻 and ℐ𝑚𝓌(0) = 0, we 
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obtain ℜ𝑒𝜑1(𝑧) = −ℜ𝑒𝜑2(𝑧) on ∂𝔻 and 

ℐ𝑚𝜑1(0) = 𝐼𝑚𝜑2(0).  
 

From Theroem 9 in [1], we write 
 

𝜑1(𝑧) =
1

2𝜋𝑖
∫

∂𝔻

− ℜ𝑒𝜑2(Ϛ)
Ϛ + 𝑧

Ϛ − 𝑧

𝑑Ϛ

Ϛ
+ 𝑖 ℐ𝑚𝜑2(0) 

                                                                                (3) 

It follows that 

𝜑1(𝑧) = −𝜑2(𝑧) + 𝜑2(0) − 𝜑2(0). 

Substituting 𝜑1(𝑧) into the 𝓌(𝑧), we have 

𝓌(𝑧) = −2 ℐ𝑚𝜑2(𝑧) + 2 ℐ𝑚𝜑2(0) for 

arbitrary analytic function   𝜑2(𝑧).                  ◻ 

 

The problem above has a unique solution over ℂ 

with additional boundary conditions as shown in 

Theorem 1 in [1]. 
 

By swapping the roles of 𝑧 and 𝑧‾ in the result of 

Theorem 1 in [1], we obtain the dual result 

presented in [1]. 
 

Lemma 2: [1]   The Schwarz.problem for.the 

Bitsadze equation 
  
𝓌𝑧‾𝑧‾ = 0 .in . 𝔻, ℜ𝑒𝓌 = .0 𝑜𝑛 ∂𝔻, ℐ𝑚𝓌(0) = 0, 
 

has infinitely.many.solutions. 
 

Proof.   𝓌𝑧‾ is.analytic in.𝔻..Integrating 𝓌𝑧‾𝑧‾ =
0, we have 𝓌(𝑧) =. ℎ1(𝑧) + 𝑧‾ℎ2(𝑧), where 

ℎ1, . ℎ2 are both analytic in 𝔻. From the boundary 

conditions ℜ𝑒ℎ1(𝑧) = −ℜ𝑒𝑧‾ℎ2(𝑧) on ∂𝔻 and 

ℐ𝑚ℎ1(0) = 0 follows. This Schwarz problem 

has a unique solution as 

 

ℎ1(𝑧) =
1

2𝜋𝑖
∫

∂𝔻

− ℜ𝑒Ϛℎ2(Ϛ)
Ϛ + 𝑧

Ϛ − 𝑧

𝑑Ϛ

Ϛ
+ 𝑖 ℐ𝑚ℎ1(0) 

 

and it follows 

 

ℎ1(𝑧) =
−1

𝑧
ℎ2(𝑧) +

1

𝑧
ℎ2(0) − 𝑧ℎ2(0) +

1

2
ℎ2

′ (0)

−
1

2
ℎ2

′ (0) 

 

Then, we have the following  
 

𝓌(𝑧) = ℎ2(𝑧) (
|𝑧|2. −1

. 𝑧
) +

1

𝑧
ℎ2(0) − 𝑧ℎ2(0)

+
1

2
ℎ2

′ (0) −
1

2
ℎ2

′ (0) 

 

with arbitrary analytic function ℎ2(𝑧) in 

𝔻.                                                                  ◻ 
 

In Theorem 2 in [1], it is proved that by taking 

additional boundary conditions, the. Schwarz 

problem in Lemma 2 has a unique solution. 
 

Presently, we have the opportunity to examine 

the Schwarz problem concerning the subsequent 

equation 
 

𝓌𝑧𝑧 = 0 in 𝔻,  ℜ𝑒𝓌 = .0 𝑜𝑛 ∂𝔻, ℐ𝑚𝓌(0) = 0. 
                                                (4) 

Lemma 3 follows from this result. 
 

Lemma 3: The Schwarz problem (4) exhibits an 

infinite number of solutions over the complex 

plane, ℂ. 
 

Proof.  First the following transformation is 

applied. 
 

𝓌𝑧‾𝑧‾ = 0 in 𝔻,  ℜ𝑒𝓌 = 0 on ∂𝔻,  ℐ𝑚𝓌(0) = 0. 
 

Then from Lemma 2 applied to 𝓌, we get 

 

𝓌(𝑧) = 𝜑2(𝑧) (
|𝑧|2. −1

. 𝑧
) +

. 1

𝑧
𝜑2(0)

− 𝑧𝜑2(0) +
1

2
𝜑2

′ (0) −
1

2
𝜑2

′ (0) 

 

with arbitrary analytic function 𝜑2(𝑧) in 

𝔻.                                                                      ◻ 

 

Using boundary conditions again, the following 

result is obtained. 
 

Corollary 4: The following Schwarz problem in 

𝔻 
 

𝓌𝑧𝑧 = 𝑓(𝑧)  in  𝔻,   ℜ𝑒𝓌 = 𝛾0(𝑧),  
ℜ𝑒𝓌𝑧 = 𝛾1(𝑧) on ∂𝔻, ℐ𝑚𝓌(0) = 𝑐0, ℐ𝑚𝓌𝑧(0)

= 𝑐1 

has a unique solution for 
 𝑓 ∈ 𝐿1(𝔻; ℂ) 𝑎𝑛𝑑  𝛾0, 𝛾1 𝐶(∂𝔻; ℝ), 𝑐0, 𝑐1 ∈ ℝ  
with solution 
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𝓌(z) = i. c0 + i𝑐1(𝑧. +. 𝑧)

+  
1

2𝜋𝑖
∫

∂𝔻

𝛾0(𝜁)
Ϛ. +. 𝑧

Ϛ. −. 𝑧
 
𝑑Ϛ

. Ϛ
 

−
1

2𝜋𝑖
∫ 𝛾1

∂𝔻

(Ϛ)
Ϛ + 𝑧

Ϛ. −. 𝑧
(Ϛ. −. 𝑧 + Ϛ. −. 𝑧)

𝑑Ϛ

Ϛ
 

+
1

2𝜋
∬ (

𝑓(Ϛ)

Ϛ

Ϛ. +. 𝑧

Ϛ. −. 𝑧
+

𝑓(Ϛ)

. Ϛ.

1 + 𝑧‾Ϛ.

1 − 𝑧‾Ϛ.
)

𝔻

(Ϛ. −𝑧

+ Ϛ − 𝑧) 𝑑𝜉𝑑𝜂 

 

Proof. The issue can be rephrased in the 

following manner by taking the complex 

conjugation: 

 

𝓌𝑧‾𝑧‾ = 𝑓(𝑧) in 𝔻, ℜ𝑒𝓌 = 𝛾0(𝑧), 
 
 ℜ𝑒𝓌𝑧‾ = 𝛾1(𝑧) on ∂𝔻, 

ℐ𝑚𝓌(0) = 𝑐0, ℐ𝑚𝓌𝑧(0) = 𝑐1 

The desired result is obtained by applying the 

result in Theorem 2 in [1] to  𝓌.                       ◻ 

 

3. Schwarz Problem for Higher Order 

Differential Equations 
 

In this section, we explored the Schwarz problem 

concerning n-order model differential equations 

in the complex domain, ℂ. 
 

3.1. Auxiliary lemmas 

Lemma 5: [2]   Suppose that f(z) is analytic 

function in 𝔻. We obtain the equation (5).  

 
1

2𝜋𝑖
∫ Ϛ‾ 𝑙

∂𝔻

𝑓(Ϛ)
𝑑Ϛ

Ϛ − 𝑧
=

𝑓(𝑧)

𝑧𝑙
 

− ∑
1

𝑧𝑙−𝑟.+1

𝑙.

𝑟..=1

𝑓(𝑟.−1)(0)

. (𝑟. −1)!
,  𝑙 ≥ 0.                              (5) 

 

Lemma 6: [2] Suppose that f(z) is analytic 

function in 𝔻. We get the equation (6) for k≥0. 

 

1

2𝜋𝑖
∫ Ϛ𝑘

∂𝔻
𝑓(Ϛ)

𝑑𝜁

Ϛ−𝑧
= ∑

𝑧𝑘−𝑚𝑓(𝑚)(0)

𝑚!
𝑘
𝑚=0                    (6) 

 

3.2. The Schwarz problem for polyanalytic 

equations 

The solution of 𝓌𝑧‾𝑛 = 0 is called polyanalytic 

function. Theorem 2 in [1] is generalized as 

follows: 

Lemma 7: The Schwarz problem below exhibits 

an infinite number of solutions in the unit disc of 

the complex plane. For l>2 we get, 
 

 𝓌𝑧‾𝑙 = 0  in 𝔻,  ℜ𝑒𝓌 = .0 𝑜𝑛 ∂𝔻, ℐ𝑚𝓌(0) = 0,  
 

Proof. By integrating.the. given quantity, it 

follows that: 

𝓌(𝑧) = ∑ 𝑧‾𝑛.−.1

.𝑙.

𝑛=.1.

𝜑𝑛(𝑧. ),  

for  𝜑𝑖, . 𝑖 = 1, … , . 𝑙. They are analytic in 𝔻. We 

have 

ℜ𝑒𝜑1(𝑧) = −ℜ𝑒 ∑ 𝑧‾𝑛−1

𝑙

𝑛=2

𝜑𝑛(𝑧)  on  ∂𝔻 

and 
ℐ𝑚𝜑1(0) = 0. 

 

We get the equation below after applying the 

Theorem 9 in [1]. 
 

𝜑1(𝑧) =  

1

2𝜋𝑖
∫ − ℜe ∑ . Ϛ

𝑛−.1
𝑙

𝑛.=.2

𝜑𝑛(Ϛ)  (
Ϛ. +. 𝑧

Ϛ. −. 𝑧
)

𝑑Ϛ

Ϛ
+ 𝑖0

∂𝔻

, 

𝜑1(𝑧) =
−1

2𝜋𝑖
∫ ∑ (Ϛ

𝑛.−1
𝜑𝑛(Ϛ) + Ϛ𝑛−1𝜑𝑛(Ϛ). )

𝑙

.𝑛=2∂𝔻

𝑑Ϛ

Ϛ. −. 𝑧
 

+.
1

. 2.

. 1.

2𝜋𝑖
∫ ∑ (Ϛ

𝑛−1
𝜑𝑛(Ϛ) + Ϛ𝑛−1𝜑𝑛(Ϛ). )

.𝑙.

𝑛.=2∂𝔻

𝑑Ϛ

. Ϛ.
 . 

 

From Lemma 5 and Lemma 6, we have 

 

𝜑1(𝑧) = − ∑
𝜑𝑛(𝑧)

𝑧𝑛.−.1

𝑙

.𝑛.=2

+ ∑ ∑
1

𝑧𝑛−𝑚−1

𝑛.−.2

.𝑚.=0

.𝑙.

𝑛.=.2

𝜑𝑛
(𝑚)(0)

. 𝑚!.
 

. 

− ∑ ∑ 𝑧𝑛−..𝑚−.1

𝑛.−2

.𝑚.=0

.𝑙.

𝑛.=2

𝜑𝑛.
(𝑚)(0)

. 𝑚!
 

 

+
. 1.

2
∑ (

𝜑𝑛
(𝑛.−1)(0)

(𝑛. −1)!
−

𝜑𝑛
(𝑛.−1)(0)

(𝑛. −1)!
)

.𝑙.

𝑛.=2

. 

 

Therefore, 𝓌(𝑧) is equal to 

∑ 𝜑𝑛

𝑙

𝑛=2

(𝑧) (
|𝑧|2(𝑛.−1.) − .1

𝑧𝑛−1 ) 

 

+ ∑ ∑ (
1

𝑧𝑛−𝑚−1

𝜑𝑛
(𝑚)

. (0)

𝑚!
− 𝑧𝑛−𝑚.−1

𝜑𝑛
(𝑚)(0)

𝑚!
)

𝑛−.2

𝑚=0

.𝑙.

𝑛=2
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+
.1.

2
∑ (

𝜑𝑛
(𝑛−.1)

(0)

(𝑛.−1)!
−

𝜑𝑛
(𝑛−.1)

(0)

(𝑛−.1)!
)𝑙

𝑛.=2       ◻                                                                              

Unless additional boundary condtions are 

imposed, the Schwarz problem for higher order 

model equations is known to be undetermined. 
 

Theorem 8: [1] The Schwarz problem for 

inhomogeneous polyanalytic equation 
 

𝓌𝑧‾𝑘 = 𝑓(𝑧) in 𝔻,   ℜ𝑒 ∂𝑧
𝜈𝓌 = 𝛾𝜈  on ∂𝔻,   

 

 ℐ𝑚 ∂𝑧
𝜈  𝓌(0) = 𝑐𝜈   0 ≤ 𝜈 ≤ 𝑘 − 1, 

  

has a unique solution for  𝛾𝜈 ∈ 𝐶(∂𝔻; ℂ),   𝑐𝜈 ∈

ℝ,  0 ≤ 𝜈 ≤ 𝑘 − 1 as 
 

𝓌(𝑧)  = i ∑
𝑐𝜈

𝜈!

𝑘−.1

𝜈=.0

 (𝑧 + 𝑧).𝜈 

 

+ ∑
(−1).𝜈

𝜈!
 

𝑘−.1

𝜈=0

1

2𝜋𝑖
∫ 𝛾𝜈

∂𝔻

(Ϛ) 
Ϛ. +𝑧

Ϛ. −. 𝑧
   (. Ϛ − 𝑧

+ Ϛ − 𝑧)
.𝜈 𝑑Ϛ

Ϛ
 

 

+ 
(−1)𝑘

(𝑘 − 1)!
 

1

2𝜋
∬ (

𝑓(Ϛ)

. Ϛ.

Ϛ + 𝑧

Ϛ − 𝑧
   +

𝑓(Ϛ)

Ϛ

1 + 𝑧Ϛ

1 − 𝑧Ϛ
)

𝔻

 

                          x(Ϛ − 𝑧 + Ϛ − 𝑧)
𝑘−.1

𝑑𝜉𝑑𝜂 

 

Lemma 9: The Schwarz problem 
 

 𝓌𝑧𝑘 = 0  in 𝔻,   ℜ𝑒𝓌 = 0  on  ∂𝔻,  

 ℐ𝑚𝓌(0) = 0,  𝑘 ∈ ℤ+,  𝑘 > 2 

 

has infinitely many solutions in the complex 

space. 
 

Proof. Taking the complex conjugation of the 

problem in Lemma 7 and then replacing 𝓌 by 𝓌 

leads to 
𝓌𝑧𝑘 = 0  in 𝔻,   ℜ𝑒𝓌 = 0 on ∂𝔻,  ℐ𝑚𝓌(0) = 0. 

   
Therefore, we get  𝓌(𝑧) as  

 

𝓌(𝑧) = ∑ 𝜑𝑛(𝑧)

𝑘

𝑛=2

(
|𝑧|2(𝑛.−1) − 1

𝑧‾𝑛.−1 ) 

 

+ ∑ ∑ (
1

𝑧‾𝑛.−𝑚.−1

𝜑𝑛
(𝑚)(0)

. 𝑚!
− 𝑧‾𝑛−.𝑚.−1

𝜑𝑛
(𝑚)(0)

. 𝑚!.
)

𝑛−2

𝑚.=0

.𝑘.

𝑛.=2

 

+
1

2
∑ (

𝜑𝑛
(𝑛.−1)

(0)

(𝑛 − .1)!
−

𝜑𝑛
(𝑛−.1)

(0)

(𝑛. −1)!
)

𝑘

𝑛.=2

 

for analytic functions  𝜑𝑖(𝑧), 𝑖 = 2, … , 𝑘 in 

. 𝔻.                                                                      ◻ 

Similarly, the unique solution for the problem 

 
 𝓌𝑧𝑘 = 0  in 𝔻,   ℜ𝑒 ∂𝑧

𝜈  𝓌 =

𝛾𝜈   on ∂𝔻,  ℐ𝑚 ∂𝑧
𝜈  𝓌(0) = 𝑐𝜈 ,  

 𝑘 ∈ ℤ+,    0 ≤ 𝜈 ≤ 𝑘 − 1   
can be obtained, as stated in Theorem 10. 
 

Theorem 10: The Schwarz problem for 

inhomogeneous equation 

 
𝓌𝑧𝑘 = 𝑓(𝑧) in . 𝔻,  ℜ𝑒 ∂𝑧

𝜈  𝓌 = 𝛾𝜈  on ∂𝔻,  

 ℐ𝑚 ∂𝑧
𝜈  𝓌(0) = 𝑐𝜈   0 ≤ 𝜈 ≤ 𝑘 − 1,                      (7) 

 

has a unique solution for 𝛾𝜈 ∈ 𝐶(∂𝔻; ℂ),   𝑐𝜈 ∈
ℝ,  0 ≤ 𝜈 ≤ 𝑘 − 1 as 

 

𝓌(z) = i ∑
𝑐𝜈

𝜈!

𝑘−.1

𝜈.=.0

 (𝑧 + 𝑧̅).𝜈 

 

+ ∑
(−1)𝜈

𝜈!
 

𝑘−.1

𝜈=0

. 1.

2𝜋𝑖
∫ 𝛾𝜈

∂𝔻

(𝜁) 
Ϛ. +𝑧

Ϛ. −𝑧
 (Ϛ. −𝑧 + Ϛ. −𝑧)

𝜈 𝑑Ϛ

Ϛ
 

+ 
(−1).𝑘

(𝑘. −.1)!
 
. 1.

2𝜋
∬ (

𝑓(Ϛ)

Ϛ

Ϛ+. 𝑧

Ϛ−. 𝑧
   +

𝑓(Ϛ)

Ϛ

1 + 𝑧‾Ϛ

1 − 𝑧‾Ϛ
)

𝔻

 

x (Ϛ − 𝑧 + Ϛ − 𝑧)
𝑘.−1

𝑑𝜉𝑑𝜂 

 

Proof. The anticipated outcome is a consequence 

of applying Theorem 8 to the complex conjugate 

of equation (7) with respect to the variable 

𝓌.                                                                               ◻ 

 

3.3. The Schwarz problem for mixed higher 

order partial differential equations 

 

Lemma 11:  The Schwarz problem  

𝓌𝑧𝑚𝑧‾𝑛 = 0   in . 𝔻,    
ℜ𝑒𝓌 = 0 on ∂𝔻,  ℐ𝑚𝓌(0) = 0,  
  𝑛 + 𝑚 > 2,   𝑛 ≥ 1, 𝑚 ≥ 1 
 

has infinitely many solutions. 
 

Proof.  Upon integrating  𝓌𝑧𝑚𝑧‾𝑛 = 0    with 

respect to both .𝑧 and 𝑧‾ we obtain 
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𝓌(𝑧) = ∑ 𝑧‾𝑛.−𝑘

𝑛

𝑘=1

𝜑𝑘−1(𝑧) 

 

+ ∑ 𝑧𝑛+.𝑚−𝑘

𝑛+.𝑚

𝑘=.𝑛+1

𝜑𝑘−1(𝑧),   𝑧 ∈ 𝔻, 

 

where 𝜑𝑘(𝑧),  0 ≤ 𝑘 ≤ 𝑛 + 𝑚 − 1 are analytic 

functions. Since ℜ𝑒𝓌 = 0 on ∂𝔻, and 

ℐ𝑚𝓌(0) = 0, we obtain 
 

ℜ𝑒𝜑𝑛−1(𝑧) = −ℜ𝑒 ∑ 𝑧‾𝑛−𝑘

𝑛−1

𝑘=1

𝜑𝑘−1(𝑧) 

 

−ℜ𝑒 ∑ 𝑧𝑚−𝑘.−1

𝑚.−1

𝑘=0

𝜑𝑛+𝑘(𝑧) on ∂𝔻 

 

and 
 

ℐ𝑚𝜑𝑛−1(0) = ℐ𝑚𝜑𝑛+𝑚−1(0). 
 

𝜑𝑛−1(𝑧) is analytic in ∈ 𝔻. Therefore, from 

Theorem 9 in [1], we obtain 

 

𝜑𝑛−1(𝑧) =
−1

2𝜋𝑖
∫ 𝑅

∂𝔻

𝑒 ( ∑ Ϛ
𝑛.−𝑘

𝑛.−1

𝑘.=1

𝜑𝑘−1(Ϛ)

+ ∑ Ϛ𝑚−.𝑘−1

𝑚.−1

𝑘.=0

𝜑𝑛+𝑘(Ϛ))
Ϛ + 𝑧

Ϛ − 𝑧
 

 

                           +. 𝑖 ℐ𝑚𝜑𝑛+𝑚.−1(0). 
 

From Lemma 5 and Lemma 6, we have 

 

𝜑𝑛.−1(𝑧) = − ∑ (
𝜑𝑘−1(𝑧)

𝑧𝑛−𝑘

𝑛.−1

𝑘=1

− ∑
1

𝑧𝑛−𝑘.−𝑚+1

𝑛−.𝑘

𝑚=1

𝜑𝑘−1
(𝑚−1)(0)

(𝑚 − 1)!
) 

 

− ∑ ( ∑ 𝑧𝑛−𝑘−.𝑚

𝑛.−𝑘

𝑚.=0

𝜑𝑘−1
(𝑚.−1)(0)

𝑚!
)

𝑛.−1

𝑘=1

 

− ∑ ( ∑ 𝑧𝑚−𝑘−1−𝑙

𝑚−𝑘−1

𝑙=0

𝜑𝑛+𝑘
(𝑙.) (0)

𝑙!
)

𝑚−1

𝑘=0

 

− ∑ (
𝜑𝑛+𝑘(𝑧)

𝑧𝑚−𝑘−1
− ∑

1

𝑧𝑚−.𝑘−𝑙

𝑚−𝑘.−1

𝑙=1

𝜑𝑛+𝑘
(𝑙−1)(0)

(𝑙 − 1)!
)

𝑚−1

𝑘=0

 

+ ∑ (
𝜑𝑘−1

(𝑛−𝑘)
(0)

(𝑛 − 𝑘)!
+

𝜑𝑘−1
(𝑛−𝑘)(0)

(𝑛 − 𝑘)!
)

𝑛−1

𝑘=1

 

 

+ ∑ (
𝜑𝑛+𝑘

(𝑚−𝑘.−1)
(0)

(𝑚 − 𝑘. −1)!
+

𝜑𝑛+𝑘
(𝑚−𝑘.−1)

(0)

  (𝑚 − 𝑘 − 1)!
)

𝑚−1

𝑘=0

 

 

+
𝜑𝑛+𝑚.−1(0)

2
−

𝜑𝑛+𝑚.−1(0)

2
⋅ 

 

Substituting 𝜑𝑛−1(𝑧) into 𝓌(z), we get 
 

𝓌(z) = ∑ (
|𝑧|2(𝑛−.𝑘) − 1

𝑧𝑛−𝑘 )

𝑛.−1

𝑘=1

𝜑𝑘−1(𝑧) 

 

+ ∑ ∑ (
1

𝑧𝑛−𝑘−𝑚

𝜑𝑘−1
(𝑚)

(0)

. 𝑚!

𝑛−𝑘−1

𝑚=0

𝑛−1

𝑘=1

− 𝑧𝑛−𝑘−𝑚
𝜑𝑘−1

(𝑚)(0)

𝑚!
) 

 

+ ∑ ∑ (
1

𝑧𝑚−𝑘.−𝑙−1

𝜑𝑛.+𝑘
(𝑙) (0)

𝑙!

𝑚.−𝑘−2

𝑙.=0

𝑚.−1

𝑘.=0

− 𝑧𝑚−𝑘−𝑙−1
𝜑𝑛+𝑘

(𝑙) (0)

𝑙!
) 

+ ∑ (𝑧𝑚−.𝑘−1𝜑𝑛+𝑘(𝑧) −
1

𝑧𝑚−𝑘−1
𝜑𝑛+.𝑘(𝑧))

𝑚.−1

𝑘=0

 

 

+
𝜑𝑛+𝑚.−1(0)

. 2.
−

𝜑𝑛+𝑚.−1(0)

. 2.
 

 

for arbitrary analytic functions 𝜑𝑘(𝑧),  
0 ≤ 𝑘. ≤ 𝑛 − 2,  𝑛 ≤ 𝑘. ≤ 𝑛 + 𝑚 − 1.                      ◻ 
 

Theorem 12: The Schwarz problem for the 

inhomogeneous higher order equation in 𝔻 
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𝓌zmz‾n = f(z)  in 𝔻,    ℜ𝑒 ∂z
νw = γν,  

 

ℜ𝑒 ∂z‾
μ(∂z

m 𝓌) = Υμ on ∂𝔻,   
 

ℐ𝑚 ∂z
ν𝓌(0) = cν,   ℐ𝑚 ∂z‾

μ(∂z
m𝓌)(0) = cμ, 

 

0 ≤ ν ≤ m − 1,  0 ≤ μ ≤ n − 1,  
m, n ∈ ℤ+,   m + n > 2,   n, m ≥ 1 
 

is uniquely solvable for γν, Υμ ∈ C(∂𝔻; ℂ)as   
 

𝓌(z) = i ∑
𝑐𝜈

𝜈!

𝑚−1

𝜈=0

 (𝑧 + 𝑧)𝜈 

 

+ ∑
(−1)𝜈

𝜈!

𝑚−1

𝜈=0

1

2. 𝜋𝑖
∫ 𝛾𝜈

∂𝔻

(Ϛ) 
Ϛ + 𝑧

Ϛ − 𝑧
   (Ϛ − 𝑧

+ Ϛ − 𝑧)
𝜈 𝑑Ϛ

Ϛ
 

+𝑖 ∑
(−1).𝑚

(𝑚 − 1)!
 

𝑛.−1

𝜈=0

𝑐𝜈

𝜈!
𝐴(Ϛ, 𝑧) 

 

+ 
(−1).𝑚

(𝑚. −1)!
 ∑

(−1)..𝜈

𝜈!
  

1

2𝜋𝑖
∫ 𝛾𝜈

∂𝔻

(Ϛ) 𝐵(Ϛ. , 𝑧)

𝑛.−1

𝜈=0

𝑑Ϛ

Ϛ
 

 

+
(−1)𝑚

(𝑚. −1)!

(−1)𝑛

(𝑛. −1)!

. 1.

. 2𝜋.
∬

𝑓(Ϛ)

Ϛ
𝔻

(𝐶(Ϛ, 𝑧)

+ 𝐹(Ϛ, 𝑧))𝑑𝜉𝑑𝜂 

 

+
(−1).𝑚

(𝑚. −1)!

(−1).𝑛

(𝑛 − 1)!

1

2𝜋
∬

𝑓(Ϛ)

Ϛ
𝔻

(𝐷(Ϛ, 𝑧)

+ 𝐸(. Ϛ, 𝑧))𝑑𝜉𝑑𝜂 

where  
 

𝐴(Ϛ, 𝑧) =
. 1.

. 2𝜋.
∬ (Ϛ + Ϛ)

.𝜈

𝔻

 (
1

Ϛ

Ϛ + 𝑧

Ϛ − 𝑧
−

1

Ϛ

1 + 𝑧‾Ϛ

1 − 𝑧‾Ϛ
) 

 𝑥 (Ϛ − 𝑧 + Ϛ − 𝑧)
𝑚−.1

𝑑𝜉𝑑𝜂,  

 

 𝐵(𝜁, 𝑧) =
1

2𝜋
∬ (Ϛ̃ − Ϛ + Ϛ̃ − Ϛ)

.𝜈

𝔻

(
Ϛ̃ + Ϛ

Ϛ̃ − Ϛ

1

Ϛ

Ϛ + 𝑧

Ϛ − 𝑧

+
Ϛ̃ + Ϛ

Ϛ̃ − Ϛ

1

Ϛ

1 + 𝑧‾Ϛ

1 − 𝑧‾Ϛ
) 

𝑥 (Ϛ − 𝑧 + Ϛ − 𝑧)
𝑚.−1

𝑑𝜉𝑑𝜂, 

𝐶(Ϛ, 𝑧) =
1

2𝜋
∬

Ϛ̃ + Ϛ

Ϛ̃ − Ϛ
𝔻

1

Ϛ

Ϛ + 𝑧

Ϛ − 𝑧
(Ϛ̃ − Ϛ + Ϛ̃ − Ϛ)

𝑛−1

 

𝑥 (Ϛ − 𝑧 + Ϛ − 𝑧)
𝑚−1

𝑑𝜉𝑑𝜂,  

 

𝐷(Ϛ, 𝑧) =
1

2𝜋
∬

1 + ϚϚ̃‾

1 − ϚϚ̃‾
𝔻

(Ϛ̃ − Ϛ +  Ϛ̃ − Ϛ)
𝑛−1

 

𝑥
1

Ϛ

Ϛ + 𝑧

Ϛ − 𝑧
(Ϛ − 𝑧 + Ϛ − 𝑧)

𝑚.−1
𝑑𝜉𝑑𝜂, 

 

𝐸(Ϛ, 𝑧) =
1

2𝜋
∬

Ϛ̃ + Ϛ

Ϛ̃ − Ϛ𝔻

1

Ϛ
(Ϛ̃ − Ϛ +  Ϛ̃ − Ϛ)

𝑛−1

 

𝑥
1 + 𝑧‾Ϛ

1 − 𝑧‾Ϛ
 (Ϛ − 𝑧 + Ϛ − 𝑧)

𝑚.−1
𝑑𝜉𝑑𝜂, 

 

𝐹(Ϛ, 𝑧) =
. 1.

2𝜋
∬

1 + ϚϚ̃

1 − ϚϚ̃
𝔻

(Ϛ̃ − Ϛ + Ϛ̃ − Ϛ)
𝑛−1

 

𝑥
1

Ϛ

1 + 𝑧‾Ϛ

1 − 𝑧‾Ϛ
(Ϛ − 𝑧 + Ϛ − 𝑧)

𝑚−1
𝑑𝜉𝑑𝜂. 

 

Proof.  The problem can be stated in another way 

as follows: 

 

∂𝑧
𝑚𝓌 = 𝜔  in . 𝔻,  ℜ𝑒 ∂𝑧

𝜈𝓌 = 𝛾𝜈 on ∂𝔻, 
 

ℐ𝑚 ∂𝑧
𝜈𝓌 = 𝑐𝜈 ,  0 ≤ 𝜈 ≤ 𝑚 − 1, 

 

∂𝑧
𝑛𝜔 = 𝑓(𝑧)  in 𝔻,  ℜ𝑒 ∂𝑧

𝜇(∂𝑧
𝑚𝓌) = 𝛶𝜇  on ∂𝔻,  

 

ℐ𝑚 ∂𝑧
𝜇(∂𝑧

𝑚𝓌) = 𝑐𝜇,  0 ≤ 𝜇 ≤ 𝑛 − 1. 

 

Using theorems 10 and 8 respectively, the unique 

solutions are given as follows 

 

𝓌(z) = i ∑
𝑐𝜈

𝜈!

𝑚−1

𝜈=0

 (𝑧 + 𝑧̅)𝜈 

+ ∑
(−1)𝜈

𝜈!
 

𝑚−1

𝜈=0

1

2𝜋𝑖
∫ 𝛾𝜈

∂𝔻

(Ϛ) 
Ϛ + 𝑧

Ϛ − 𝑧
   (Ϛ − 𝑧

+ Ϛ − 𝑧)
𝜈 𝑑Ϛ

Ϛ
 

+
(−1)𝑚

(𝑚 − 1)!

. 1.

2𝜋.
∬ (

𝜔(Ϛ)

Ϛ.

Ϛ + 𝑧

Ϛ − 𝑧
+

𝜔(Ϛ)

Ϛ

1. +𝑧‾Ϛ

1 − 𝑧‾Ϛ
)

𝔻

 

𝑥 (Ϛ − 𝑧 + Ϛ − 𝑧)
𝑚−1

𝑑𝜉𝑑𝜂,                                     (8) 

 

𝜔(𝑧) =  i ∑
𝑐𝜈

𝜈!

𝑛−.1

𝜈=0

 (𝑧 + 𝑧̅)𝜈 
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+ ∑
(−1)𝜈

𝜈!
 

𝑛−.1

𝜈=0

1

2𝜋𝑖
∫ 𝛾𝜈

∂𝔻

(Ϛ) 
Ϛ+. 𝑧

Ϛ−. 𝑧
   (Ϛ − 𝑧

+ Ϛ − 𝑧)
𝜈 𝑑Ϛ

Ϛ
 

+
(−1)𝑛

(𝑛 − 1)!

1

2𝜋
∬ (

𝑓(Ϛ)

. Ϛ.

Ϛ + 𝑧

Ϛ − 𝑧
+

𝑓(Ϛ)

Ϛ

1 + 𝑧Ϛ‾

1 − 𝑧Ϛ‾
)

𝔻

 

𝑥 (Ϛ − 𝑧 + Ϛ − 𝑧)
𝑛−1

𝑑𝜉𝑑𝜂 

 

Inserting 𝜔 into (8), we achieve the desired 

outcome.          ◻ 
 

4. Conclusion 

 

This paper explores the analysis of higher order 

complex partial differential equations in ℂ. The 

focus lies on investigating the uniqueness of the 

Schwarz problem. The findings reveal that there 

exist an infinite number of solutions for the 

Schwarz problem in the context of higher order 

complex partial differential equations in ℂ with 

only two boundary conditions. The ideas here 

can be extended to the multidimensional case.  
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