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Abstract

Our aim in this study is to define the ¢-sq primary ideal, which is a prime ideal generalization, and
investigate some of its fundamental characteristics. Given a commutative ring R that has an identity,
L(R) denotes the set of all ideals of R. Assume that ¢ : L(R) — L(R) U {0} a function. A proper
ideal I of R is called ¢-sq primary ideal if ab € I — ¢(I) implies a® € I or b € \/I for each a,b € R.
Afterwards, the basic features of this new structure were determined and its relationship with other ideals
such as ¢-2 prime ideal, strongly quasi primary ideal and ¢-semiprimary ideal was examined.

Keywords: prime ideal, ¢-sq primary ideal, ¢-2 prime ideal, strongly quasi primary ideal,
¢-semiprimary ideal

#-kuvvetli Yar1 Asalimsi Idealler Uzerine Bir Not
Oz

Bu calismanin amaci asal ideallerin bir genellestirmesi olan ¢-kuvvetli yar1 asalimsi idealleri tanimlamak
ve bu ideallerin bazi temel 6zelliklerini incelemektir. R birimli ve degismeli bir halka ve L(R), R nin
tiim ideallerinin kiimesi olsun. ¢ : L(R) — L(R) U {(} oldugunu kabul edelim. Her a,b € R olmak
iizere ab € T — ¢(I) iken a®> € I veya b € /I ise R nin I has idealine ¢-kuvvetli yar1 asalims1 ideal
denir. Tanimin ardindan bu yeni yapinin temel 6zellikleri belirlenerek ¢-2 asal, kuvvetli yar1 asalimsi
ideal ve ¢-yariasal ideal gibi ideallerle olan iliskisi incelenmistir.

Anahtar Kelimeler: asal ideal, ¢-kuvvetli yar1 asalimsi ideal, ¢-2 asal, kuvvetli yart asalims1 ideal ve
¢-yariasal ideal
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A Note On ¢- Strongly Quasi Primary Ideals

1. Introduction

Prime ideals and their extensions play a significant role in the field of commutative algebra.
A large number of authors have conducted research on prime ideals for this reason. The
purpose of this investigation is to precisely outline the concept of the ¢-sq primary ideal,
which is a broader category of prime ideals, and thoroughly analyze its fundamental charac-
teristics. The recently developed framework has been thoroughly analyzed and its associa-
tions with several significant ideals have been examined and determined. It is assumed that
R is a commutative ring with identity throughout the paper. Let I be a proper ideal of R.
VI = {a€ R:a” €I forsome n € N} denotes the radical of R. And also (I : a) =
{r € R:ra € I}. Recall that weakly prime ideals were examined by Anderson and Smith in
2003 [2]. A proper ideal P of R is classified as a weakly prime ideal if, given that 0 # ab € P
, it follows that either a belongs to P or b belongs to P. Anderson and Bataineh researched a
type of ideal called ¢-prime ideals, which combine prime ideals and weakly prime ideals[1]. A
proper ideal @) of R is a ¢-prime ideal if for ab € Q) — ¢(Q) implies a € Q) or b € () for some
a,b € R. In a recent study [6] Ko¢ and others defined the concept of a strongly quasi-primary
ideal and provided a characterization of divided domains. They defined as follows: A proper
ideal I of R is a strongly quasi-primary ideal if whenever ab € R provides a®> € [ or b" € |
for some a,b € I and n € N. In [3], researchers introduced the concept of wsq-primary ideals.
A proper ideal I of R is said to be a wsq primary ideal if 0 # ab € I implies that a®> € I or
b € V1. Our goal in this article is to extend the concept of strongly quasi-primary and weakly
prime ideals by introducing the notion of a ¢-strongly quasi-primary ideal (abbreviated as ¢-
sq primary ideal). Additionally, Von Neumann regular rings, an important ring class, can be
characterized using these ideals.

2. Preliminaries

Definition 1. A proper ideal I of R is called ¢-sq primary ideal if ab € I — ¢(I) implies a*> € T
orb € V1 foreach a,b € R.

Remark 1. (1) If ¢(I) = 0, then I is sq primary ideal if and only if I is ¢-sq primary ideal.
(2) If (1) = {0}, then I is wsq primary ideal if and only if I is ¢-sq primary ideal.

Recall that an ideal [ of R is called ¢-primary ideal if ab € I — ¢(I) implies a € [ or
b € /I [1]]. Recall from [4] that a proper ideal I of R is said to be a ¢-2-absorbing primary
ideal if whenever abc € I — ¢(I) then ab € I or ac € VT or be € /1. A proper ideal I of R is
said to be ¢-2 prime ideal if ab € I — ¢(I) implies a> € I or b* € I.

Proposition 1. Let I be a proper ideal of R. The following statements are satisfied.

(i) Every ¢-primary ideal is also ¢-sq primary ideal.

(ii) Every ¢-2 prime ideal is also ¢-sq primary ideal.

(iii) Every sq primary ideal is also ¢-sq primary ideal.

(iv) Every ¢-sq primary ideal is ¢-semiprimary ideal. In particular every ¢-sq primary ideal
is also ¢-2-absorbing primary ideal.

Proof. (1), (i1): It is clear.
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(iii): Let I be a sq primary ideal. Now we will show that [ is ¢-sq primary ideal. Let
ab € I — ¢(I) for some a,b € R. Then ab € I implies a®> € I or b € v/I, which completes the
proof.

(iv): Let I be ¢-sq primary ideal and ab € I — ¢(I). Then we have a®> € T or b € /1.
If a> € I, then a € V/I. Thus, I is a ¢-semiprimary ideal. Now we will show that I is ¢-2-
absorbing primary ideal. Let a(bc) € I — ¢(I) for some a,b,c € R. Since I is ¢-sq primary
ideal, we have a® € I or bc € V1. If a® € I, then a € v/ which implies ac € v/I. Hence I is
¢-2-absorbing primary ideal. [

In Proposition the converses of (i), (ii) and (iii) are not true in general (Take ¢(/) = 0 and
see Example 1, Example 2, Example 3 of [6]).

Proposition 2. Let I be an ideal of R such that \/T ? C I. Then I is ¢-2-prime ideal if and only
if I is ¢-sq primary ideal if and only if I is ¢-semiprimary ideal.

Proof. The implication "/ is ¢-2-prime ideal = I is ¢-sq primary ideal= [ is ¢-semiprimary
ideal” follows from Proposition |1} Let I be a ¢-semiprimary ideal and ab € I — ¢(I) for some
a,b € R. Then a € /T or b € /I which implies that a® € VT Clorb®e Nis CI.Solis
¢-2-prime ideal. [

Proposition 3. Let [ be a ¢-sq primary ideal which is not sq primary ideal. Then I* C ¢(I).

In this case /I C \/o(I).

Proof. Suppose that I? ¢ ¢(I). Now, we will show that [ is sq primary ideal. Let zy € [
for some z,y € R. Assume that 2> ¢ I. If 2y ¢ ¢([), then xy € I — ¢(I) which implies
that y € /T that completes the proof. Thus, we assume that zy € ¢(I). If 2] ¢ ¢(I), then
there exists ¢ € I such that xc ¢ ¢([). This implies that z(y + ¢) € I — ¢(I). Since [ is ¢-sq
primary ideal, we have (y + ¢) € v/I. Thus we may assume that 21 C ¢(I). Now we will
show that yI C ¢(I). If yI ¢ ¢(I), then we can choose d € I such that yd ¢ ¢(I). Then
y(z +d) € T — ¢(I) which implies that (z + d)?> = 22 + 2zd + d*> € Tory € V1. If y € V1,
then we’re through. If (x + d)? = 2% + 2xd + d* € I, then 2? € I which is a contradiction.
Thus, we have yI C ¢(I). Since I? ¢ ¢(I), we have p,q € I such that pg ¢ ¢(I). Then
(x+p)(y+q) =2y +xq+yp+pg el —¢(I). This gives (x + p)> = 2> +2zp +p? € [ or
y 4+ q € V1. Thus 22 € I or y € /I which completes the proof. [

Proposition 4. Let R be a ring and I be a proper ideal of R. Then [ is a ¢-sq primary ideal if
and only if I /¢(I) is a wsq primary ideal of R/¢(I).

Proof. Let I be a ¢-sq primary ideal of R and choose a,b € R such that 0g/4(1) # (a+¢(1))(b+
o(I)) € I/p(I). Then we conclude that ab € I — ¢(I). Since [ is a ¢-sq primary ideal, we
obtain a® € I or b € v/I. This implies that (a + ¢(1))> = a® + ¢(I) € I/¢(I) or b+ ¢(I) €
VI/$(I) = +\/T/H(I). Thus, I/$(I) is a wsq primary ideal of R/¢(I). Contrarily, assume that
I/¢(I)is a wsq primary ideal of R/¢(I). Now, we will show that [ is a ¢-sq primary ideal. Let
ab € I — ¢([I) for some a,b € R. Then we have Og/41) # (a4 ¢(1))(b+ ¢(1)) € I/p(I). As
I/¢(I) is a wsq primary ideal of R/¢(I), we conclude that (a + ¢(I))? = a® + ¢(I) € I/p(I)
or b+ ¢(I) € VI/d(I) = \/T/é(I). Then we get a> € I or b € /I which completes the
proof. 0
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Theorem 1. The followings are equivalent for a proper ideal I of R :
(i) I is a ¢-sq primary ideal.
(i) (a) C (I :a) or (I : a) C \/Tor(l a) C (¢(I) : a) forevery a € R.
(iti) aJ C I and aJ ¢ ¢(I) implies a*> € I or J C V1 for every a € R and ideal J of R.

Proof. (i) = (ii) : Suppose that [ is a ¢-sq primary ideal. Choose an element a € R. If
a® € I, then one can easily see that (a) C (I : a). So, assuming that a> ¢ I. Letz € (I :
a). Then we have ax € I. If ax € ¢(I), then we have = € (¢(I) : a). If ax ¢ ¢(I), then we
conclude that z € /T since I is a ¢-sq primary ideal and ax € I — ¢(I). Thus we conclude
that (1 : a) € VI U (¢(I) : a). The rest follows from the fact that if an ideal is contained in the
union of two ideals, then it must be contained in one of them.

(i) = (i4) : LetaJ C I and aJ € ¢(I) for some a € R and ideal J of R. It is possible
to make a general assumption without any loss of relevance that a® ¢ I. Since J C (I : a) and
J & (¢(1) : a), by (ii), we have J C (I : a) C V1, as needed.

(1i1) = ( ) : It is straightforward. O

Definition 2. Ler R, S be two commutative rings with unity, ¢ : L(R) — L(R) U {0} and
Y L(S) — L(S) U {0} be two functions. A ring homomorphism f : R — S is said to be a
(v, ¢)-homomorphism if f~*(¢(J)) = ¢(f~1(J)) for every J € L(S).

Theorem 2. Let R, S be two commutative rings with unity, ¢ : L(R) — L(R) U {0} and
Y L(S) — L(S) U {0} be two functions. Assume that f : R — S is a (¢, ¢)-homomorphism
of rings. The following expressions are provided.

(i) If J is a -sq primary ideal of S, then f~Y(J) is a ¢-sq primary ideal of R.

(ii) If I is a ¢-sq primary ideal of R containing Ker(f) and f is surjective, then f(I) is a
W-sq primary ideal of S.

Proof. (i) : Let J be a 1-sq primary ideal of S and ab € f~'(J) — ¢(f~'(J)) for some
a,b € R. Since ¢(f~1(J)) = f~1(¥(J)), we conclude that f(ab) = f(a)f(b) € J —w(J). As
J is a 1-sq primary ideal of S, we get f(a)? = f(a*®) € Jor f(b)" = f(b") € J for some
n € N. This gives that a®> € f~(J) orb" € f~*(J). Thus, f~(J) is a ¢-sq primary ideal of R.
(71) : Suppose that [ is a ¢-sq primary ideal of R containing Ker(f) and f is surjective.
Letyz € f(I) — ¢ (f(I)) for some y, z € S. Since f is surjective, f(a) = y and f(b) = z for
some a,b € R. This implies that f(ab) = yz € f(I), and this yields ab € I. Now, first note
that I = f~!(f(I)) since I contains Ker(f).PutJJ = f(I), then by (1, ¢)-homomorphism, we
have f~'(¢(J)) = f7H(¥(f(1))) = &(f ' (f(1)))- Then we get [~ (y)(f(I))) = ¢(I). Since
f is surjective, we conclude that ¢(f (1)) = f(¢(I)). If ab € ¢(I), then we have f(ab) =
yz € f(o(I)) = ¥(f(I)) which is a contradiction. Thus we have ab € I — ¢([). Since [ is a
¢-sq primary ideal of R, we get a®> € I or b € /I which implies that 4> = f(a?) € f(I) or
= f(b) € f(VI) = +/f(I). Consequently, f(I)is a t)-sq primary ideal of S. O

Theorem 3. Let S be a multiplicative closed subset of R and ¢, : L(S™'R) — L(S™'R)U{0},
defined by ¢,(S™'I) = S~H(p(I)) for each ideal I of R, be a function. Then the statements
below are true.:

(i) If I is a ¢-sq primary ideal of R with S N I = (), then S™*I is a ¢p,—sq primary ideal of
SIR.
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(4¢) Let I be an ideal of R such that Z,y(R) NS =0and Z;(R)NS=0.1f S'Tisa
¢,—sq primary ideal of S™'R, then I is a ¢-sq primary ideal of R.

Proof. (i) Let 22 € S™'1 — ¢,(S7'I) for any a,b € R and s,t € S. Since ¢,(S71) =
S=1(¢(I)), we have uab = (ua)b € I — ¢(I) for some u € S. As I is a ¢-sq primary ideal of
R, we get (ua)® € I or b € /1. This implies that 5% = % € S~ Tor 2 =t ¢ §-1\/T =
V/S—11. Therefore S~'I is a ¢,—sq primary ideal of S™'R.

(it) Let ab € I — ¢(I) for some a,b € R. Then 22 € S7'I. As Zyn(R) NS = 0, itis
obvious thft ab ¢ SHp(I)) = ¢q(S™'I). Since S7'I is a ¢,—sq primary ideal of S7'R,
we have & € S/ or% e STWI. If % € S7I , then ua® € I for some u € S. Since
Zi(R)N S = 0, we get a> € I and so I is a ¢-sq primary ideal of R. If 2 € S~'V/I, then
ub € /T and hence u"b" € I for some n € N. Since Z;(R) NS = (), we have b € I and so [
is a ¢-sq primary ideal of R. U

Theorem 4. Let Ry, Ry be two commutative rings and ¢; : J(R;) — J(R;) U {0} be function
fori =1,2. Let ¢« = 1 X 1. Then ¢ -sq primary ideals of Ry X Ry have exactly one of the
following three forms:

(i) Iy x I where I; is a proper ideal of R; with 1;(I;) = I;.

(ii) Iy X Ry where I is a 1-sq primary ideal of Ry which must be strongly quasi primary
ideal if ¥(Ry) # Ry.

(iii) Ry x Iy where 15 is a 15-sq primary ideal of Ry which must be strongly quasi primary
ideal if 1 (Ry) # Ri.

Proof. Suppose that [ = I, X I, is a ¢« -sq primary ideal of 1 X Ry. Without loss of generality,
we may assume that I1 X Iy # 11 (1) X 1ho(15). We first demonstrate that [; is a ¢ -sq primary
ideal of R. Let xy € I} — 9 (1;) for some x,y € Ry. Then we have (z,0)(y,0) = (zy,0) €
I—¢, (I). By assumption, we conclude that (z,0)? € I or (y,0) € v/I. Then we have 2> € I, or
y € +/I,. Thus, I, is a 1;-sq primary ideal of R;. Similar argument shows that I, is a 15-sq
primary ideal of R,. Since I} X Iy # (1) X 19(l3), we may assume that [; # 11 (1;). Then
there exists a € I; — ¢;(I;). Choose b € I,. Then we have (a,1)(1,0) = (a,b) € I —
¢ (1) which implies that (a,1)? € I or (1,b) € v/I. This gives I; = Ry or I, = Ry. Assume
that [, = R,. Now, we will show that /; is quasi primary if ¢5(R2) # Rs. Now, choose
¢ € Ry — Yu(Ry) and zy € I;. Then (z,¢)(y,1) = (xy,c) € I — ¢ (I) which implies that
(z,¢)> € Ior (y,1) € V1. Thus we have 2> € I, or y € +/I; which completes the proof.
Conversely, nothing needs to be proven if (i) is satisfied. We may presume that without losing
generality (ii) is satisfied. If 1)5(R2) # Ro, then I is strongly quasi primary ideal of R;. Then
by [6, Lemma 2.1], [ = I; X R» is a strongly quasi primary ideal of iy X R,. The rest follows
from Proposition I} Now, assume that 1)5(Rs) = R» and I; is a 1);-sq primary ideal of R;. Let
(a,b)(z,y) € I — ¢« (I). Then we have ax € I} — ¢;(I1). Since I; is a 1);-sq primary ideal
of Ry, we have a®> € I, or x € v/I,. Then we obtain (a,b)? € I or (z,y) € v/I. Hence, I is a
¢x-sq primary ideal. In the other case, it is evident that [ is a ¢ -sq primary ideal [

Let ¢, : J(R) — J(R) U {0} be a function defined by ¢,,(I) = I" for a fixed natural
number n € N. Then we say that [ is an n-almost sq primary ideal if [ is a ¢,,-sq primary ideal
of R. Recall from [7] that a ring R is said to be a von Neumann regular ring if / = I? for every
ideal [ of R. In this case, I = I for all n € N. By [5, Theorem 1], a ring R is a von Neumann
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regular ring if and only if I = +/T for every ideal I of R if and only if I.J = I N J for every
ideals I, J of R. Now, we will give a new characterization of von Neumann regular rings in
terms of n-almost sq primary ideals of R.

Theorem 5. Let Ry, R, ..., R,, be commutative rings and R = Ry X Ry X --- X R,,, where
3 < m < 0. Suppose that n > 2. Then the following expressions are equivalent.

(i) Every proper ideal of R is an n-almost sq primary ideal.

(ii) Ry, R, ..., R,, are von Neumann regular rings.

Proof. (i) = (ii) : Suppose that every proper ideal of R is an n-almost sq primary ideal. Now,
we will show that Ry, R,, ..., R, are von Neumann regular rings. Without loss of generality R;
is not von Neumann regular. Then there exists a proper ideal /; of R; such that I7* # I;. Then
there exists x € I —I}". Let [ = I} xOX0X RyX Rs X+ --x R,,,. Now, puta = (x,0,1,1,...,1)
and b = (1,1,0,1,...,1). Then note that ab = (z,0,0,1,...,1) € I — I". However, a* =
(22,0,1,...,1) ¢ Tand b= (1,1,0,1,...,1) ¢ v/I. Thus, we have a non n-almost sq primary
ideal I of R which is a contradiction. Hence, R, Ry, . .., R,, are von Neumann regular rings.
(13) = (1) : Let Ry, Ry, ..., R,, be von Neumann regular rings. Then by [5, Proposition 4]
R = Ry X Ry X -+ - X Ry, is a von Neumann regular ring. In this case, [ = I" = ¢,,([) for every
ideal I of RR. Thus, every every proper ideal of R is trivially an n-almost sq primary ideal. [

Theorem 6. Let [ : Y — Z be a ring homomorphism. Assume that § is an ideal expansion
of 1(Y), ¢ is a reduction function of 1(Y') and also v is an ideal expansion of 1(Z), 1 is a
reduction function of I(Z). Then f is said to be (8, @) — (7,v) homomorphism if o(f~1(J)) =
f7YW(J))) forevery J € [(Z). Let f : Y — Z be a (v, 1)) homomorphism.

(i) If J is a ¢-sq primary ideal of Z, then f~*(J) is a ¢-sq primary ideal of Y .

(ii) If I is ¢-sq primary ideal of Y containing Ker(f) and f is a surjective, then f(I) is a
¢-sq primary ideal of Z.

Proof. (i) : Let J be a ¢-sq primary ideal of Z. Take a,b € Y such that ab € f~'(J) —
é(f~1(J)). Then we have f(a)f(b) € J —1(J). Since is a ¢-sq primary ideal, (f(a))* € J
or (f(b))" € J which implies that a*> € f~(J) or 0" € f~1(J). So f~'(J) is a ¢-sq primary
ideal of Y.

(1) : Suppose that [ is a ¢-sq primary ideal of R containing Ker(f) and f is surjective. Let
mn € f(I) —(f(I)) for some m,n € S. Since f is surjective, f(a) = m and f(b) = n for
some a,b € R. This implies that f(ab) = mn € f(I), and this yields ab € I. Now, first note
that I = f~*(f(I)) since I contains Ker(f). Set J = f(I), then by (¢, ¢)-homomorphism, we
have f~'(¢(J)) = f~H(¥(f(1))) = ¢(f ' (f(1)))- Then we get [~ (1)(f(I))) = ¢(1). Since
f is surjective, we conclude that (f (1)) = f(¢(I)). If ab € ¢(I), then we have f(ab) =
mn € f(o(I)) = ¥ (f(I)) which is a contradiction. Thus we have ab € I — ¢(I). Since [ is a
¢-sq primary ideal of R, we get a®> € I or b € /I which implies that m? = f(a?) € f(I) or
n = f(b) € f(v/I) = \/f(I). Consequently, f(I) is a 1-sq primary ideal of S. O
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