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Abstract

This study presents the Gaussian generalized Ernst numbers as a new complex recursive number sequence. We also give Binet’s formula,
Simson’s formulas and generating function for this sequence and we touch on Gaussian Ernst and Gaussian Ernst-Lucas numbers. Besides,
we establish some identities and matrices associated with these sequence. This study’s contribution to the literature is the constructed of an
important generalization of generalized Ernst numbers that can be applied to different fields and the establishment of important equations
regarding these numbers.
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1. Introduction and Preliminaries

In the literature, there are lots of recent studies on the sequences of Gaussian numbers. Gaussian numbers were defined by Gauss in 1832. A
Gaussian integer is showed with z = a+ib, a,b € Z and the set of them is shown with Z[i]. The norm of this integer is its product with
its conjugate, therefore N(z) = a? + b2, see [10] for details. On the other hand, the concept of Fibonacci numbers have been carried out
to the complex sense by Horadam [16] in 1963 and the complex Fibonacci numbers called with Gaussian Fibonacci numbers have been
defined by him. Then Jordan [17], in 1965, considered the complex Fibonacci numbers {GF,} and the complex Lucas numbers {GL, }
called as Gaussian Lucas numbers by writing GF,, = F,, + iF,,_| where {F,} is the Fibonacci sequence and GL, = L,, +iL,,_ where {L,} is
the Lucas sequence, respectively. Here, {F,} and {L,} are given with F, = F, 1+ F, o and L, =L, |+ L, » with F; = 1, Fy =0 and
Ly =1, Ly =2 initial values, respectively. Later on, Harman [15] in 1981 and Pethe and Horadam [23] in 1986 presented several properties
of Gaussian Fibonacci numbers. Gaussian versions of the other sequences of numbers except Fibonacci were studied later. For example,
Asc1 and Girel [1], in 2013, worked on Gaussian Jacobsthal and Gaussian Jacobsthal-Lucas numbers. Next example is exhibited by Halic1
and Oz [13] in 2016, investigating Gaussian Pell and Gaussian Pell-Lucas numbers. For the complex sequences given with the third order
recurrence relation, we can see the work about Gaussian generalized Tribonacci and Tribonacci-Lucas numbers written by Soykan et. al.
[28] in 2018. They defined the Gaussian generalized Tribonacci numbers{GV ,} by

GVy=GV,_1+GV,, 2 +GV,_3 (1.1)
with the initial conditions
GVo=Vo+i(Va=Vi—=Vy), GV =V +iVy, GV, =V, + iV}
not all being zero where {V, } is a generalized Tribonacci sequence given with the relation from [24]
Vi=Va1+Vao+ Vi3 (1.2)

with initial conditions Vp, V| and V, arbitrary real numbers. (1.1) and (1.2) are third order linear recurrence relations. Equivalently, this
Gaussian sequence can be also defined by

GV =V, +iV,_y. (1.3)

Generalized Tribonacci numbers or (r,s,¢)-numbers have been worked by many authors, see [3, 4, 7, 9, 20, 24, 26, 27, 31, 36, 38]. Apart
from these, there have been several studies about Gaussian sequences which are defined recursively, see [2, 5, 6, 8, 11, 12, 14, 18, 19, 21, 22,
25, 32, 33, 34, 35, 37], however, considering the Ernst numbers, we see that Gaussian version of this series has not yet been defined. This
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study has been prepared to fill this gap. From this point of view, we establish Gaussian generalized Ernst numbers and construct the Gaussian
Ernst and Gaussian Ernst-Lucas numbers in its special situations. Then we present their properties such as Binet’s formula, summation
formulas, generating function, matrix formulation and identities. First of all, let us give the basic information necessary for the numbers we
will define.

A generalized Ernst sequence {W,, },,>0 = {W,,(Wo, W1, W) },>0 is defined with the third-order recurrence relation

Wy =2W, 1 +W,_2— 2VV,1_3, (1.4)
The initial values Wy, W1, W, are not all zero. You can refer to [29] for more detailed information on generalized Ernst numbers.

1 1
= W) W n2) = 5 W n3)
is the negative index expansion of {W),},>¢ forn=1,2,3,.... So, for all integers n, recurrence (1.4) is valid .
The characteristic equation of {W,(Wy, Wi, W,)},>0 is defined by

B2 —x42=(x-2)(x+1)(x—1)=0. (1.5)
Here, o, 3, y are the roots of Equation (1.5) and oc =2, f = —1,77 = 1. Also, for every integer n, the generalized Ernst numbers W, (W, Wy,
W) is written in Binet’s form with
nao” p2p" p3Y"
W, = + + (1.6)
" (a=B)a=y) B-a)B-7 (r—a)(r-B)
_ pna"  pp" psy”
3 6 2
where
p1 = Wa=Wi(B+7y)+ByWo =W~ W, (1.7)
P2 = Wa—Wi(a+7)+ayW =W, —3W +2W,
p3 = Wa—Wi(a+B)+apWy=W,—W, —2W.
Then,
—Wo + W 2Wy —3W +W- —2Wy — W + W,
W, — 0 2 gn 4 2M0 1 2[3"— 0 1 2)/1
3 6 2
and
a+B+y = 2
af +ay+py = 1,
aﬁy = _27
o—p = 3.

We give two special cases of {W,} : W, (0,1,2) = E,, is the sequence of Ernst numbers and W, (3,2,6) = H,, is the sequence of Ernst-Lucas
numbers are given with the next relations

E, = 2E, +E, »—2E, 3,where E, =2.E|=1,E;=0,
H, = 2H, +H, »—2H, 3, where H, =6, H =2, Hy =3,

and the expansion to negative subscripts is done by the next description:

1 1

E, = EE—(n—l)'i'E—(n—Z)_EE—(n—3)7
1 1

Hon = SH ny+H (2= 5H (n-3)

On the other hand, since we know the p;, p> and p3 terms in the Binet’s formula of the generalized Ernst numbers from (1.7), then we get
the Binet’s formula of the sequences of Ernst and Ernst-Lucas numbers as follows:

2 1 1

E _ 7(1'1—* n__ -~

" 3 6ﬁ 2’
H, = a"+p"+1.

After giving the necessary basic definitions, we are now ready for the main part.
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2. Gaussian Generalized Ernst Numbers

Gaussian generalized Ernst numbers {GW, },>0 = {GW,,(GWy, GW;,GW),) },,>0 are defined by
GWyy = 2GW,_1 + GWy_y — 2GW,,_3, @.1)
with the initial conditions
GWo = Wy + i%(WO £2W, —Wa), GWy = W) +iWy, GWs = Wy + iW,

not all being zero. The sequence {GW,, },,> is extended to negative subscripts with defining

1 1
GW_, = EGW,@,I) +GW_(,2)— EGW,(n,3>
forn=1,2,3,.... So, for all integers n, (2.1) holds. Here, forn >0
GW, =W, +iW,_; 2.2)

and forn > 1
GW_, =W_,+iW_,_.

The first few generalized Gaussian Ernst numbers with negative and positive subscript are given in the next table:

n GW, GW_,

0 W()+l (Wo + 2w —Ws) W()+l (W0+2W1 W)

1 Wi+ iW %(WoJrZWl Wa) +i% (5Wo —Wa)

2 Ws +iW; 1(5Wo —Wa) +ig (SWo + 8W) — 5Wa)

3 —2Wo + Wy +2W; + iW, % (5Wo + 8W) — 5W5) + i1 (21W — 5W5)

4 iWp — (44 20)Wo+ (5+20) W; (21W()—5W2)+l'3*12(21W0+32W1—21W2)

5 — (10+4i) Wy + (10 + 5i) W, 3L(21W0+32Wl 21W,) + gy (85Wp — 21W3)

6 Wy — (20 + 100) Wy + (21 4 10i) W, a1 (85Wp — 21W5) + i i (85Wp + 128W; — 85W5)

7 — (424+200) Wy + (42 +210) W, LS(SSWO+128Wl 85Ws) + inre (341Wy — 85W5)

8 iW) — (84 +42i) Wy + (85 +421)W2 e (341Wy — 85W)) + i1y (341Wy + SI2W; — 341W;)

9 Wy — (170 + 84i) W + (170 + 85i) W5 ha (341WO+512W1 — 341Ws) + oz (1365W) — 341W5)
10 | iW; — (340 + 170i) Wy + (341 + 170i) W» Tz (1365Wp — 341Wa) + ingeg (1365W0 +2048W, — 1365W5)
11 — (682 -+ 340i) Wy + (682 + 341i) Ws % (1365Wy + 2048W; — 1365W2) + i s (5461W, — 1365W,)
12 | W — (1364 + 682i) Wy + (1365 + 682i) W» 105 (3461Wy — 1365W5) + i gy (5461Wp -+ 8192W) — 5461W5)
13 | Wy — (2730 + 1364i) Wy + (2730 + 1365i) W, %(5 61Wp + 8B192W; — 5461W5) + i ey (21845Wp — 5461W5)

Table 1: Some values of the generalized Gaussian Ernst numbers with negative and positive subscripts

We give two special cases of GW,, : GW, (0, 1,2+ i) = GE, and GW, (3 + %i,2 + 31,6+ 2i) = GH, are the sequences of Gaussian Ernst and
Gaussian Ernst-Lucas numbers. Gaussian Ernst numbers are defined with

GE, =2GE,_1+GE,_,—2GE,_3 (2.3)
with the initial conditions
GEy=0,GE; =1,GEy =2+1i
and Gaussian Ernst-Lucas numbers are defined with
GH, =2GH,_| +GH,_» —2GH,,_3 2.4)
with the initial conditions
GHy = 3+%i,GH1 =243i,GH, = 6+2i.
Note that forn > 1
GE_,=E_,+iE_, 4
and
GH_,=H_,+iH_,_;.

In Table 2, a few values of Gaussian Ernst and Gaussian Ernst-Lucas sequence are listed.
Next, for Gaussian generalized Ernst numbers, we give Binet’s formula which is a way of writing the terms of the sequence in terms of the
roots of the characteristic equation (1.5).
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n GE, GE_, GH,, GH_,
0 0 3+73i

1 1 —Ti 2+3i T+ai

2 2+i —z—1 6+2i 1t

3 512 S 8+ 6i g i

4 10+ 5i -3 - i 18+ 8 B+ i

5 21+ 10i - =i 32+ 18i o

6 424 21i -2 -2 66+ 32i 2+ ol

7 85+42i EPIg oY 128 + 66i g + =ai

8 170+ 85i [ S 258+ 128i 33 + =151
9 341 + 170 — 2 — i 512 +258i o7+ 195
10 682 +341i — 3 L 1026 +512i 8+ ol
11 1365 + 682i — o — 422 2048 + 1026i yor + J00a
12 | 2730+1365i — 302 — i 4098 +2048i S0% + g
13 | 5461 +2730i — Do el 8192+ 4098i T s
14 | 10922454617 | —330 — 87 | 16386+8192i | 32090 4+ - 1i
15 | 21845+10922i | — o0l — 2I885, 1735768 4 16386 | 7yieg + oo

Table 2: Some positive and negative subscript values of Gaussian Ernst and Gaussian Ernst-Lucas numbers

Theorem 2.1. The Binet’s formula with regards to Gaussian generalized Ernst numbers is

pra” p2B" p3Y" . pra! P! 3y
W ((wﬁ)(aw) TB-wB-n " (wa)(y—ﬁ)) i ((wﬁ)(aw) TB-wB-n (y—a)(y—ﬁ))
where py,ps and p3 are as in (1.7).
O

Proof. The proof is obtained from (1.6) and (1.7).

From Theorem 2.1, the next results are obtained as specific situations:

Corollary 2.2. The Binet’s formulas of the Gaussian Ernst and Gaussian Ernst-Lucas numbers are given by

B an+l ﬁn+l ,yn+l . OC” ﬁn ,}/l
Gbn = ((a—ﬁ)(a—ﬂ+(ﬁ—a)(ﬁ—7)+(7—a)(7—ﬁ))+ ((a—ﬁ)(a—v)+(B—a)(ﬁ—7)+(7—a)(7—ﬁ))

and
GH, = (Bn +a" +')/1) +i<ﬁn71 + at! +)/171>

respectively.
Now, we will give a theorem about the generating function of Gaussian generalized Ernst numbers.
Theorem 2.3. The generating function of Gaussian generalized Ernst numbers is defined with
> GWy + (GW) —2GWp)x + (GW — 2GW; — GWp)x>
=) GWx"= .
Faw, (x) nz::O nt 1—2x—x2+243

Proof. Let fow, (x) = Lo GWpx"
be the generating function of Gaussian generalized Ernst numbers. So, we use the definition (2.1) and substract 2xfew, (x), x> fow, (x) and

23 fow, (x) from fgw, (x) we have

(12— +20) fow,(x) = Y GWux"=2x Y GWp" —x* Y GWp" +227 Y GWux”

n=0 n=0 n=0 n=0

= Y W' —2Y 6wt = Y 6wt 42 Y Gwt?
n=0 n=0 n=0 n=0

= Y GWu"-2Y) GW,_1x" =) GW, X" +2 ) GW,_3x"
n=0 n=1 n=2 n=3

= (GWo+GWyx+ GWax?) — 2(GWox + GWia?) — GWox® + Y (GWy — 2GW,,— — GWy_p +2GW,_3)x"

n=3

= GWy+GWix+ GWax® — 2GWox — 2GWyx* — GWox?
GWp + (GW| —2GWy) x+ (GW, — 2GW| — GWp)x>.
If we rearrange the above equation, we have

Fow () = GWy + (GW; —2GWy)x + (GW5 — 2GW; — GWy)x?
W) = 1 —2x—x2+2x3 '
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From Theorem 2.3, the following result can be obtained.
Corollary 2.4. The generating functions of Gaussian Ernst numbers and Gaussian Ernst-Lucas numbers are defined with

X+ ix?

for, ) =15 —aian

and

—(1+3i) x> — (4—2i)x+3+%i

feH, (x) = 1—2x—x212:3

respectively.

3. Sum Formulas

In the next theorem, some sum formulas for the Gaussian generalized Ernst numbers are given.

Theorem 3.1. We have the following sum formulas for Gaussian generalized Ernst numbers:

@) Y1 GWy = —(3n+1)GWyio + 5 (n+3)GWy i1 + (n+3)GWy, + GWs — 3GW; — 2GW.

(b) Yi_oGWor = — L (n+1)GWay 2 + % (n+2)GWa,, + GW> — 3GW.

(© Lp_gGWas1 = =3 (n+1)GWayya + § 3n+7) GWany1 + 3 (n+ 1) GWay + FGWa — $GW) — FGWp.

(d) X7 GW_ = L (= (n+1)GW_ps2 +nGW_p i1 +2(n+1) GW_,, + GW).

(€) Xi_oGW_op = £(8(n+1)GW_3,_2 —2(n+2)GW_3, +2GW>).

) L7 GW_nii1 = L(4(n+2) GW_py_2 +2(3n+2) GW_2,_ — 4 (n+2) GW_, +4GW2 +2GW; —4GWj).

Proof. Once we take r =2,5 = 1,t = —2 in [30] we obtain the sum formulas of generalized Ernst numbers. Then, if we modify the sum
formulas to the Gaussian version, we get the sum formulas above of Gaussian generalized Ernst numbers. O

As special cases of Theorem 3.1, we have the following corollary.

Corollary 3.2. Forn > 1, we have the following sum formulas for Gaussian Ernst and Gaussian Ernst-Lucas numbers:
(@) LI, GEy = S (n+3)GEyi3 — (n+4) GEyip — 2 (n+3) GE,y — 1 —2i).

(b) Yi_ | GEppiy = & (6n+20)GEyy1 + 5 (n+2) GEpy — 3 (1+2) GEypn + 4 + %i

(©) X} GEy = $GEz, (n+3) — $ (n+2)GEypin+ 5 (241).

(d) Y7, GHy = GHyy (n+3)+ 5 (n+4)GHyyp — § (n+3) GHy 3 — 3 — 1.

(€) Yi_ GHypy1 = g (6n+20) GHayy1 + 5 (n+2) GHyy — 3 (n+2) GHay 2 — § — 5i.

() L) GHy = 3GHa, (n+3) = 3GHayy2 (n+2) =5 — 4.

4. Some Identities Between Gaussian Ernst and Gaussian Ernst-Lucas Numbers

In this section, we give some identities with regards to Gaussian Ernst and Gaussian Ernst-Lucas numbers.

Lemma 4.1. For all integers n, a few basic relationships between {GEy} and {GH,} can be defined as follows:
(a) GE, = §GH, 42— tGH,.1 — §GH,.

(b) GE, = BGH,.1 — $GH, — §GH,_,.

(¢) GE, = YGH, — tGH,_, — $GH,_,.

(d) GH, = }GE, 15 +2GE, 1| — 3GE,.

(¢) GHy =3GE,+| —AGE, — GE,_,.

(f) GH, = 2GE, +2GE,_| — 6GE,_».
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Proof. Now, we can show (a) by writing
GE,, = aGH, 1, +bGH, | +cGH,
and solving the system of equations

GEy = aGH, +bGH, + cGH)
GE| = aGH3 +bGH;, + ¢cGH,
GE, = aGHy +bGH3 4 cGH;.

So, we determine a = %,b = —é,c = —%‘ Others can be obtained in a similar way. O

5. Special Identities

In this section, we will exhibit some identities for Gaussian generalized Ernst numbers, Gaussian Ernst numbers and Gaussian Ernst-Lucas
numbers such as Simson’s identity, Catalan’s identity, d’Ocagne identity, Gelin-Cesaro identity and Melham identity. Firstly, we give the
Simson’s formula as follows.

Theorem 5.1. (Simson’s identity)For all integers n, we have

GWn+2 GWn+] GWn
GWyr1  GWo  GWy | = (=2)"2(2+1) (Wo — Wa) (—2Wp — Wy +Wa) (2Wo — 3W; + W2).
GW, GW,_1 GW,_»

Proof. We use the strong induction over n. For n = 1 it is true. Now, let the identity be true for n = 1,2, ..., k. Then we have the next identity:
GWir2 GWipr GWi s
GWirr  GWp  GWiy | = (=2)"2(2+1) (Wo — W) (—2Wp — W) + Wa) (2Wp — 3W) + Wh).
GW; GWr1 GWi»

Now, we must show that the identity is also correct for n = k4 1.We get the required result as follows using the recurrence of the sequence,
induction hypothesis and the determinant.

GWis  GWio GWiyg 2GWiy2 + GWyy g —2GW, GWig2 GWieyy
GWiso  GWiyg GW;, = 2GWiy1 +GWy —2GW—y  GWpyq GW,
GWit1 GW, GW,_4 2GW +GWy_1 —2GW;,_» GW; GWr_q
2GWiys  GWipn GWiyg GWir1 GWiyn GWpy —26Wy  GWiyo  GWiy
= 2GWiy1  GWiyq GW, |+| GWy GWiyr  GWr |+ —2GWi1 GWipy GW,
2GW;, GW, GW,_ GWj_y GW;, GWy_y —2GW;_» GW, GW,_
—26W;  GWiyo  GWpy GWr  GWira GWiyy
= —2GWi—1  GWiyq GW, | =-2| GWp—1 GWyy GW;,
—2GW;_» GW, GW,_y GW;_» GW;, GWj_y

GWia GWirr  GW
2| GWeey  GWi  GWi_,
GW, GW,_1 GWi_,

= (=2 Q24i) (Wo — Wa) (—2Wo — Wy +Wh) (2Wo — 3W) +Wh).

So, the identity is also correct forn = k+ 1. O

We can immediately reach the next corollary using Theorem 5.1.

Corollary 5.2. For all integers n, the Simson’s identity of Gaussian Ernst and Gaussian Ernst-Lucas numbers are given as

GEn+2 GEn+1 GEj,
GE,.1 GE, GE,_; |=(-2""12+1i)
GE, GE,_; GE,_»

and

GHn+2 GHnJrl GH,
GH,., GH, GH, | |=9(=2)"(2+i)
GH, GH,., GH, ,

respectively.

The next identity is Catalan’s identity which will be demonstrated for only Gaussian Ernst and Gaussin Ernst-Lucas numbers.
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Theorem 5.3. (Catalan’s identity) Let n and m be any integer. In this case, the following identities for the Gaussian Ernst numbers and
Gaussian Ernst-Lucas numbers, respectively, hold:

GEHmGEn,m—GE,% = %(—1)” (2” ((1 - %z)) + (%(—1)*’”— 1)) + (%Jri) 2" (1 — % (2’"+2*’"))

1 1
+e (=1 (1 —2" (1 - gi) (2""+2’”))
and
2 3 L. nan ma—m —m Am n m —m
GH,1mGHy—p — GH;;, = (E_El) (—1) 2 ((—1) 2 +(—1) 2 )+2(—1) ((—1) +(—1) —2)

42" (% (1+3i) (27" +2") = ((3—i) (—1)”+(1+3i))) .

Cassini’s identity is a special case of Catalan’s identity. Therefore, the following corollary can be given as a result of Theorem 5.3.

Corollary 5.4. (Cassini’s identity )Let n be any integer. Then, for the Gaussian Ernst and Gaussian Ernst-Lucas numbers the following
identities are true;

GE,+\GE,_| —GE? =2"~ 2((3—1’)(—1)”—(%+i)>—%(—l)"

and
GH,1GH, | —GH2 =2""2((1+43i) —9(3—i) (—=1)") —8(—1)".
The last identities which we will present are the identities for Gaussian Ernst and Gaussian Ernst-Lucas numbers as follows.

Theorem 5.5. Let n and m be any integers. Then for the Gaussian Ernst and Gaussian Ernst-Lucas numbers the following identities are
true:

(a) (d’Ocagne identity )

GEps1 GEy — GEnGEns (% - él) (12" — (—1)"2") + % (=1)" = (1)) + (é + %;) (2" —2m)
and
GHypo\GHy — GHnGHyry = (g - gl) (=1)" 27 — (—1)"27) 44 ((=1)" — (~1)") + (% 4 %l) (2" —2").

(b) (Gelin-Cesaro identity)

GEy12GEy\GE,\GE, —GE, = 2"(%(17§)7 (77%> 22n( 7%%))
() 30 (5))
(G

117 81, 99 143,
GHy+2GHy\GHy - GHy > — GH} = —2™" (<3—2 4 37) (—1)"+ (?2 - 371))

o ((% _ % ) (1) ((18+24i)2”+ (?Jr%i)))

2% (% - %1) —-32.

~.

and

(¢) (Melham identity)

1 , 28 100 1
GEy+1GEy12GEy 6 —GES 5 = g(I=i=2"=(1- 2i) 422" — 5 (1=7)—3
26 4
+2"3(—1)"(2+i)—22"§(—1)"(7+i)

(=" (1 +1)

and

8((1+i) (—1)"—14+i)+2"2(13(2+i) (—1)" — 34 (1 —2i))

GHn+1GHn+2GHn+6 - GH3+g (
229 (7 +0) (—1)" =25 (1 = 7i)).
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6. Matrix Formulation of GW,,

We get some important identities for the special sequences with the matrix method. The third-order square matrix C is defined as:

2 1 =2
C= 1 0 O
01 0
such that detC = —2. Note that
Eni1 En—2E,_; —2E,
M, = E, E,1-2E, o —2E, 6.1)
Enfl En72 - 2En73 _ZEn72
and
Mn = Cn’
ie.,
21 -2\" Eni1 E,—2E, —2E,
"= 1 0 O = E, E,—-2E,, —2E,
0O 1 0 E, E,»—2E, 3 -—-2E,»

Also we have

[ 8Hni3 —3Hup2—14Hy —O6Hpy0 +9H, | +6H, —16H, 5+ 6H, | +28H,
"= | 8Huva—3Huoi —14H,  —6H,y1 +9H, +6H, 1 —16H,. | +6H,+28H, |
8H,.1 —3H, — 14H, |  —GHy,+9H, | +6H, » —16H,-+G6H, | +28H, »

Consider the matrices Yz, Ng defined by as follows:

1 i 0
Y = 0 1 i ,
S R
L + 51
GE, 1, GE,, —2GE,_; —2GE,
Ng = GE, GE,_| —2GE,_» —2GE,_,

GE,_, GE,_»—2GE,_5 —2GE,_»

The following theorem shows the relationships between C", Yg, and Ng.

Theorem 6.1. For every integers n, we get

C"Yg = Ng.
Proof. Itis clear from the matrix multiplication. O
We define matrices Yy, Ny by as follows:
1 i 0
Yy = 0 1 i
—Li i Lt
1 8GH, 43 —3GH, 4+, —14GH,+, —6GH,,+9GH,1+6GH, —16GH, >+ 6GH, | +28GH,
Ny = s 8GH,,, —3GH,+ —14GH, = —6GH, 1 +9GH,+6GH,_; —16GH, |+ 6GH, +28GH,_
8GH, .| —3GH, — 14GH,,_, —6GH, +9GH,_| +6GH,,_, —16GH,+6GH,_|+28GH,,_,

The following theorem shows the relationships between C", Yy and Ny .

Theorem 6.2. For every integers n, we have
C"Yy = Ny.
Proof. Itis clear from the matrix multiplication. O
7. Conclusion
The important properties of the Gaussian version of the generalized Ernst numbers having been newly introduced to the literature are

investigated. In this context, it can be evaluated as a considerable source for those who will work with special sequences. In this work,
matrices, important equations and formulas have been acquired and they include important results that can be applied to daily life problems.
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