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Abstract: In the study, we first give an inequality that non-negative differentiable functions must satisfy
to be B~'-convex. Then, using the inequality, we show that the B™!-convexity property of functions is
preserved by Bernstein-Stancu operators, Szasz-Mirakjan operators and Baskakov operators. In addition,

we compare the concepts B~*-convexity and B-concavity of functions.
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1. Introduction and Preliminaries

Approximation to continuous functions with positive and linear operators is a useful method in
the field of approximation theory of mathematics. According to necessity, it may also be required
to preserve the convexity characteristics of functions in this type of approach. Therefore, it is
significant to determine which kinds of convexities of functions are preserved by positive linear
operators. There are many studies in this topic which is called shape preserving approximation: In
[6] and references therein, one can find many results in detail for various operators and convexities.

Similarly, the main purpose of working is to determine whether the following positive and

linear operators preserve the B~!-convexity property of the functions:

The Bernstein-Stancu operators which is generalization of the Bernstein operators, B&# on

C[0,1] are defined as follows [9]:

Jj+a

n+p

Bgﬁ(h;t):ipn,j(t)h( ) heClo,1],
3=0
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where p,, ;(t) = (?)tj(l -t)"J, neNand 0<a<pf.

In [10], for a function h on C[0,0), the Szdsz-Mirakjan Operators were defined by

$01) = 30,00 2)

e—nt (nt)j

, where s, ;(¢) = i and neN.

In [2], the Baskakov operators V;, were introduced as
Vi(h;t) = Z vnﬁj(t)h(‘?)
=0 "

on C[0,00), where v, ;(t) = ("J'j_l)ﬁ and neN.

We used the following notations throughout the study, for ¢ = (¢1,...,tx), s=(S1,-..,8k) €
Rk

tv s:= (max{ty, s1}, max{te, s2} ..., max{tg, sg}),
t A s:=(min{ty, s1}, min{ts, so} ..., min{tg, sg})-
RY := {t = (t1,t2,...,tx) € R¥ | t; > 0 for each i € {1,2,... k}},
RY, = {t = (t1,t2,...,t;) € R¥ | t; >0 for each i € {1,2,...,k}}.
Let us now recall the main definitions and theorems necessary for the following sections.
Definition 1.1 /3, 7] A set V cR” is called B-convex if \tvseV forall t,seV, Ae[0,1].

Remark 1.2 [13] B-convex subsets of R, are intervals which are open, closed or half-open.

Definition 1.3 [7] A function h : V c R¥ — R, is called B-convex function if the set V is

B -convex and the inequality

h(Atvs) < AR(t) v h(s)

holds for all t,s €V and A€ [0,1]. If V is B-convex and the inequality
h(Atv s) > Ah(t) v h(s)
holds for all t,s €V, A€[0,1], then h is called B-concave function.

For B-concave functions, the following expression was obtained in [11]:
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Theorem 1.4 [11] A function h:[0,1] > R, is B-concave if and only if the following conditions
hold:

(i) h isincreasing on [0,1],

(i1) The inequality h(At) > Ah(t) holds for all \,t € [0,1]. Also, let h be a differentiable
function. Then h is B-concave if and only if h is increasing and the inequality th'(t) — h(t) <0
holds for all t€[0,1].

Theorem 1.5 [12] For a B-concave function h:[0,1] - Ry, the continuity at t =0 is sufficient

for continuity on [0,1] of h.

The B-concavity and B-convexity preserving properties of functions by one and two dimen-

sional Bernstein operators were studied in recent years. Some results in the studies as follows:

o Bernstein operators with one variable do not preserve the B-convexity of functions, but

preserve the B-concavity of functions [11],
o Two dimensional Bernstein operators do not preserve both of the convexities [12],

o In [8], author presented a sufficient condition for Bernstein operators on bidemensional

simplex to be B-concave.

B! -convex sets were introduced and studied in [1, 4]. One of the results in the studies was

obtained for the any subset of R,,. See the following theorem:

Theorem 1.6 Let W cR,,. W is B! -convex set if and only if \tAseW forall t,se W and
Ae[l,00).

Remark 1.7 [15] B™!-conver subsets of Ry, are intervals which are open, closed or half-open.

Then, in [7], B~!-convex functions were defined as the following theorem:

Theorem 1.8 If a set W c R, is B~ -convex and h: W — R, , then h is B~ -convex function
if and only if the inequality
h(At A s) < AR(t) A R(s) (1)

holds for all t,s €W and X €[1,00).
Corollary 1.9 [5] If a set W c R, is B! -convez, then h: W — R,, is B! -convex if and only
if the following conditions hold:

(i) h is increasing on W,

(1) The inequality h(A\t) < Ah(t) holds for all Xt e W, where t e W and X € [1,00).
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2. Preservation of B~!'-Convex Functions

In this section, an alternative way is given to determine whether the differentiable functions defined
on a subset of R,, are B~!-convex. Then using this, results are given regarding the positive linear

operators mentioned above preserve the B~!-convexity property of functions.

Lemma 2.1 Let W c R, be a B™! -convex set and h: W — R, be a differentiable function. Then,
h is B~ -convex function if and only if h is increasing on W and the inequality th'(t) — h(t) <0
holds for all t e W .

Proof Assume h is B7'-convex function. Let ¢t € W and ()\,) be a sequence in (1,00)

with limpoe An = 1 and A,t € W for each n € N. Due to the B~!-convexity of h, we have

h(Ant) < Aph(t) for all n e N. Then, we get

h(Ant) — h(t) < h(t) ~ W(1) = lim h(Ant) — h(t) < h(t)'

(A - 1)t t nooo (A -1t~ ¢

Therefore, the inequality th'(¢) — h(t) < 0 holds. Conversely, showing the second condition in

Corollary 1.9 is sufficient for the B~ -convexity of h. Due to the inequality th'(t) - h(t) <0, we
have ( @), <0, that is, (@) is decreasing on W . Finally, we get the inequality

h(At)  h(t)
——= < ——= = h(At) < AA(t
A0 MO oy <)
for all Mt € W, where t € W and X €[1,00). ]

Theorem 2.2 Let g:[0,1] - R,, be a function such that the restriction of g to (0,1] is B7-

convex. Then, BYP(g) is also B! -conver on (0,1] for all neN and 0<a<f.

Proof Let te(0,1] and n e N. Because of the equation (2), BY#(g;t) is increasing:

. nrilpn_l,j(t)[g(j;1+ a) _g(j +a)], 2)

720 +0 n+p

Also, considering the equation (2) and the following inequality

ByP(git) & Jta
s =t nj(t
/ gZ:OP g )g n+ 8

+5

L j+a
) pn,jw)g( ) 3)
j=1 n
n ol jrl+a
I — n— i(t - 5 b
DI G
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we obtain that:

n+ 5

B2 (g;t) - 7(‘(”) Z:: nu(t)[ +.1 (‘j;i;a)—g(ﬁa)].
For =0,
Og(;)—g(O)SO

and considering conditions in Corollary 1.9, we get the following inequality for 0 < j<n-1:

7+l [+« j+lji+a jra+1l
—g 29| —; 29\ —
Jj n+f j n+p n+f

and therefore,

[ji1g(j;1++ﬁa)_g(i:;)]go' 4)

Finally, since p,-1,;(¢) >0 for all ¢ € (0,1] and the ineqaulity (4) holds for each j (0<j<n-1),
we obtain that

tB'7(g;t) - B2P(g;t) <0

Theorem 2.3 Let g : [0,00) - Ry, be a function such that the restriction of g to (0,00) is

B! -conver, then S,(g) is also B! -convex on (0,00) for all neN.

Proof Let te€(0,00) and neN. As a result of the following statements,

S0 =3, sn,ju)[g("”) —g(j)] 5)

n n

and

S 550 2)
> ¢! isn,j(t)g(i) (6)

L1 i ”J(t)g(]+1),

we see that S, (g;t) is increasing from (5) and we get the following inequality by using (5) and

(6):
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Sn(g;t) o J_[i+1 J
Sl (g;t) - 2P < ni (O —=—=gl — -9l Z ]|
n(g7 ) t njgoshj( ) ]+1g g n
Due to B~!-convexity of g, we get the following inequalities: in case j =0,
A1
0g' —)-9(0)<0
n
and for each j e N
j+1 (3 j+1ly j+1
— 9 )29\ =9\ — |
J n i n n
Thus, from the above expressions, we obtain the following inequality for each j € Ny:
. o1 .
el o))
7j+1 n n

Moreover, considering s, ;(¢) >0 and (7), we obtain that

tS;,(g;t) — Sn(g;t) <0.

Theorem 2.4 Let g:[0,00) = R, be a function which is B~ -convez on (0,00). Then V,,(g) is

also B~ -convex on (0,00) for all neN.

Proof The proof can be easily seen by using the following inequality and similar operations in

Theorem 2.3.
Va(git) ~ (n+j) & j+1 j
VI ) — n ) — , (¢ _ 7
n(ga ) t 1+t Z%Uh]( ) g n g n
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_(n+)) ivn’j(t)lg(w)

I+t 5 Jj+1 n

_(n+7) _ S A B
=173 ;)UH’J(t)[jJ"lg( n ) g(n)]

8

3. Comparison of B~!-Convexity and B-Concavity of Functions Defined on a Subset

of R,,

In this section, it is shown that there is no difference between B! -convex functions and B-concave
functions on subsets of R, .
It is clear that, the statement in Teorem 1.4 can be expanded into any B-convex set in R,

as follows:

Lemma 3.1 For a B-conver set V c R, , the function h:V — R, is B-concave if and only if
(i) h is increasing on 'V,
(i1) The inequality h(X\t) > Ah(t) holds for all Xt € V', where teV and M€ [0,1].
If h is a differentiable function on V', then h is B-concave function if and olny if h is

increasing on V' and the inequality th'(t) — h(t) <0 holds for all te V.

Proof The technique of the proof is the same as the proof of Theorem 1.4. O

Remark 3.2 According to Remarks 1.2 and 1.7, B! -convezr sets in R,. are also B-convex
sets. Then, considering Lemma 2.1 and Lemma 3.1 , B~ -convezity and B-concavity have the
same inequality for differentiable functions defined on a B~!-convex set W c R,,. Therefore,

B! -convezity of a differentiable function is equivalent to B-concavity. Moreover, the following

corollary shows that this is remain true even if a function is not differentiable.

Corollary 3.3 Let W c R,, be a B'-convex set. Then, for a function h: W — R,,, B™!-

convexity of h is equivalent to B-concavity of h.

Proof The property of increasing is common for both convexities. Let h be a B~!-convex
function. Then we have h(At) < Ah(t) for all Xt € W, where t € W and A € [1,00]. Given
we(0,1] and t € W with ut € W, we obtain

h(t) = h(ult) < Lhou).
p)m
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Conversely, let h be a B-concave function. Then we have h(ut) > ph(t) for all pt € W, where
teW and pe[0,1]. Given A€ [1l,00) and t € W with At € W, we obtain

h(t) = h()\it) > %h()\t).

O
Based on the Corallary 3.3, we conclude the following corollaries:
Corollary 3.4 If a function h:(0,1) - R, is B™' -convez, then h is continuous on (0,1).
Proof The proof can be seen from Theorem 1.5. O

Corollary 3.5 According to algebraic operations in Theorems 2.2, 2.3 and 2./, it is clear that the

theorems are also valid for B-concavity property of functions.
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