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1. INTRODUCTION 
 

Consider Թ଻with its standard basis ሼ݁ଵ, . . . , ݁଻ሽ and dual basis ሼ݁ଵ, . . . , ݁଻ሽ. The 3-form 
 

߮଴ ൌ ݁ଵଶଷ ൅ ݁ଵସହ ൅ ݁ଵ଺଻ ൅ ݁ଶସ଺ െ ݁ଶହ଻ െ ݁ଷସ଻ െ ݁ଷହ଺ 
	

where ݁௜௝௞ ൌ ݁௜ ∧ 	݁௝ ∧ 	݁௞ is called the fundamental 3-form on Թ଻. The group ܩଶ is defined as 
 

ଶ:ൌܩ ሼ	݂ ∈ ,ሺ7ܮܩ	 Թሻ	|		݂∗߮଴ ൌ ߮଴	ሽ, 
	

where ܮܩሺ7,Թሻ		is the group of isomorphisms of Թ଻. The group ܩଶ is a compact, simple and simply 
connected 14-dimensional Lie group. A 7-dimensional manifold ܯ is called a manifold with 
 ଶstructure is equivalentܩ ଶ. The existence of aܩ ଶstructure if its structure group reduces to the groupܩ
to the existence of a 3-form on ܯ which can be locally written as	߮଴. This 3-form gives a Riemannian 
metric and a volume  form on ܯ (Bryant, 1987). 

 
Manifolds having ܩଶ structures were classified by Fernandez and Gray in (Fernandez and Gray, 

1982). There are 16 classes of ܩଶ structures depending on the space the covariant derivative of the 
fundamental 3-form ߮	belongs to. The defining relations for each of the 16 classes were given by 
Fernandez and Gray (Fernandez and Gray, 1982) and then an equivalent characterization was obtained 
by Cabrera using ݀߮ and ݀ ∗ ߮ in (Cabrera, 1996). This characterization is given in the Table 1. 

 
Note that  ∗ 	݀߮ ∧ ߮ ൌ െ	∗ 	݀ ∗ ߮ ∧∗ ߙ   ,߮ ൌ െ	

భ

ସ
∗ ሺ∗ 	݀	߮ ∧ ߮	ሻ,  ߚ ൌ െ	

భ

ଷ
∗ ሺ∗ 	݀	߮ ∧ ߮	ሻ and 

݂ ൌ
ଵ

଻
∗ ሺ߮ ∧ ݀߮ሻ (Cabrera, 1996). 

 
Let ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ be 7-manifolds with ܩଶstructures. If there exists a diffeomorphism 

ଵܯ:ܨ ሺ߮ଶሻ∗ܨ ଶ such thatܯ	⟶ ൌ ߮ଵ, then ܨ is called a ܩଶ-morphism and ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ are 
said to be ܩଶ-morphic (Cho, Salur and Todd, 2011). 

 
Let ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ be ܩଶ-morphic. Then ݀߮ଵ ൌ 0 iff ݀߮ଶ ൌ 0 since ݀ commutes with 

pullback maps (Cho, Salur and Todd, 2011). 
 

Table 1. Classification of ܩଶstructures 
 

࣪ ݀߮ ൌ 0 and  ݀ ∗ ߮ ൌ 0 

ଵࣱ ݀߮ ൌ ݇ ∗ ߮ and  ݀ ∗ ߮ ൌ 0 

ଶࣱ ݀߮ ൌ 0
ଷࣱ ݀ ∗ ߮ ൌ 0 and  ݀߮ ∧ ߮ ൌ 0 

ସࣱ ݀߮ ൌ ߙ ∧ ߮ and  ݀ ∗ ߮ ൌ ߚ ∧∗ ߮ 

ଵࣱ ⊕ ଶࣱ ݀߮ ൌ ݇ ∗ ߮ and  ∗ ݀ ∗ ߮ ∧∗ ߮ ൌ 0 

ଵࣱ ⊕ ଷࣱ ݀ ∗ ߮ ൌ 0
ଶࣱ ⊕ ଷࣱ ݀߮ ∧ ߮ ൌ 0 and  ∗ ݀߮ ∧ ߮ ൌ 0 

ଵࣱ ⊕ ସࣱ ݀߮ ൌ ߙ ∧ ߮ ൅ ݂ ∗ ߮ and ݀ ∗ ߮ ൌ ߚ ∧∗ ߮ 

ଶࣱ ⊕ ସࣱ ݀߮ ൌ ߙ ∧ ߮
ଷࣱ ⊕ ସࣱ ݀߮ ∧ ߮ ൌ 0 and ݀ ∗ ߮ ൌ ߚ ∧∗ ߮ 

ଵࣱ ⊕ ଶࣱ ⊕ ଷࣱ	 ∗ ݀߮ ∧ ߮ ൌ 0 or ∗ ݀ ∗ ߮ ∧∗ ߮ ൌ 0 

ଵࣱ ⊕ ଶࣱ ⊕ ସࣱ ݀߮ ൌ ߙ ∧ ߮ ൅ ݂ ∗ ߮ 

ଵࣱ ⊕ ଷࣱ ⊕ ସࣱ ݀ ∗ ߮ ൌ ߚ ∧∗ ߮
ଶࣱ ⊕ ଷࣱ ⊕ ସࣱ ݀߮ ∧ ߮ ൌ 0

ࣱ No relation 
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In the present paper, we show that ܩଶ-morphisms do not only preserve closed ܩଶstructures, but 

also other 15 classes too. We consider two ܩଶmorphic manifolds and prove that both belong to the 
same class of ܩଶstructures. 
 
2. RELATIONS BETWEEN ࡳ૛-MORPHIC MANIFOLDS 
 

Take two ܩଶ-morphic manifolds ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ. Then there exists a diffeomorphism 
ଵܯ:ܨ ሺ߮ଶሻ∗ܨ ଶ such thatܯ	⟶ ൌ ߮ଵ. Let ݃ଵ and ݃ଶ denote the Riemannian metrics and Ωଵ, Ωଶ the 
volume forms determined by ߮ଵ and ߮ଶ respectively. Then for ݔ, ݕ ∈ ,	ᇱݔ ଵ andܯܶ	 ᇱݕ ∈  ,ଶܯܶ	
followings hold (Bryant, 1987) : 

 
ሺݔՑ߮ଵሻ ∧ ሺݕՑ߮ଵሻ ∧ ߮ଵ ൌ ݃ଵሺݔ,  ,ሻΩଵݕ

 
ሺݔᇱՑ߮ଶሻ ∧ ሺݕᇱՑ߮ଶሻ ∧ ߮ଶ ൌ ݃ଶሺݔᇱ,  ,ᇱሻΩଶݕ

 
where the symbol "Ց" denotes the contraction of the 3-form ߮. Now 
 

݃ଵሺݔ, ሻΩଵݕ ൌ ሺݔՑ߮ଵሻ ∧ ሺݕՑ߮ଵሻ ∧ ߮ଵ 
 

             ൌ ሺݔՑ	ܨ∗߮ଶሻ ∧ ሺݕՑ	ܨ∗߮ଶሻ ∧  ଶ߮∗ܨ	
	

             ൌ ൫ܨ∗ሺܨ∗ሺݔሻՑ߮ଶሻ൯ ∧ ൫ܨ∗ሺܨ∗ሺݕሻՑ߮ଶሻ൯  ଶ߮∗ܨ	∧
	

             ൌ ሻՑ߮ଶሻݔሺ∗ܨሼሺ∗ܨ ∧	ሺܨ∗ሺݕሻՑ߮ଶሻ ∧ ߮ଶሽ 
	

                                                            ൌ ,ሻݔሺ∗ܨሼ݃ଶ൫∗ܨ  ሻ൯Ωଶሽݕሺ∗ܨ
	

                        ൌ ݃ଶ൫ܨ∗ሺݔሻ, 	.Ωଶ∗ܨሻ൯ݕሺ∗ܨ
 
Take a local orthonormal frame ሼ݁ଵ, … , ݁଻ሽ on an open neighbourhood of q\∈  ଵ. Thenܯ	
 

݃ଵሺݔ, ሻݕ ൌ ݃ଵሺݔ, …,ሻΩଵሺ݁ଵݕ , ݁଻ሻ 
	

          	ൌ ݃ଶ൫ܨ∗ሺݔሻ, …,Ωଶሺ݁ଵ∗ܨሻ൯ݕሺ∗ܨ , ݁଻ሻ 
	

                       	ൌ ݃ଶ൫ܨ∗ሺݔሻ, ,ሺ݁ଵሻ∗ܨሻ൯Ωଶሺݕሺ∗ܨ … ,  ሺ݁଻ሻሻ∗ܨ
	

                                   ൌ ݃ଶ൫ܨ∗ሺݔሻ, ሻ൯ݕሺ∗ܨ ൬݀݁݃ݐଶ ቀܨ∗ሺ݁௜ሻ, ൫∗ܨ ௝݁൯ቁ൰
ଵ/ଶ

	 .	
 
Thus if ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ are ܩଶ-morphic, then 

 
ଶ݃∗ܨ݇ ൌ ݃ଵ	 

	

where ݇ ൌ ൬݀݁݃ݐଶ ቀܨ∗ሺ݁௜ሻ, ൫∗ܨ ௝݁൯ቁ൰
ଵ/ଶ

. 

 
Let Pଵ and Pଶ denote the two-fold vector cross products determined by φଵ and φଶ, respectively. 

Then 
 

݃ଶሺ ଶܲሺܨ∗ሺݔሻ, ,ሻሻݕሺ∗ܨ ሻሻݖሺ∗ܨ ൌ ߮ଶሺܨ∗ሺݔሻ, ,ሻݕሺ∗ܨ 	ሻሻݖሺ∗ܨ
             ൌ ߮ଵሺݔ, ,ݕ 	ሻݖ

                                                            ൌ ݃ଵሺ ଵܲሺݔ, ,ሻݕ 	ሻݖ
                                                                             ൌ ݃ଶሺ݇ܨ∗ሺ ଵܲሺݔ, ,ሻሻݕ  .ሻሻݖሺ∗ܨ
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for all ݔ, ݕ ∈ 	 ௤ܶܯଵ. Since ܨ∗ is an isomorphism and ݃ଶ is non-degenerate, we obtain: 
 

∗ܨ ଶܲ ൌ ∗ܨ݇ ∘ 	 ଵܲ. 
	

Note that the isomorphism ܨ∗: ଵܯܶ ⟶   ଶ induces an isomorphismܯܶ	
 

∗ܨ ∶ Λ௣ሺܶܯଶሻ∗ ⟶ Λ௣ሺܶܯଵሻ∗.	 
	

Now we extend the metrics ݃ଵ and ݃ଶ to spaces Λ௣ሺܶܯଵሻ∗ and Λ௣ሺܶܯଶሻ∗, respectively. 
 

Let ߙ and ߚ be 1-forms on ܯଶ. In this case ߙ∗ܨ and ߚ∗ܨ are 1-forms on ܯଵ. Let 	⋕	denote the 
metric dual of a given 1-form or a vector field. Take a local orthonormal frame ሼ݁ଵ, … , ݁଻ሽ on an open 
neighbourhood of a point ݍ of 	ܯଵ. Then for any vector 	ݔ ∈ 	 ிܶሺ௤ሻܯଶ, we have 

 
ሻݔሺߙ ൌ ݃ଶሺݔ,  ሻ⋕ߙ

	
                                                                     	ൌ ݃ଶሺܨ∗ሺሺܨ∗ሻିଵሺݔሻሻ,  ሻሻሻ⋕ߙሻିଵሺ∗ܨሺሺ∗ܨ

	
                                                                      ൌ ݇ିଵ݃ଵሺሺܨ∗ሻିଵሺݔሻ, ሺܨ∗ሻିଵሺߙ⋕ሻሻ 

	

                                                                      ൌ ݇ିଵ ቀሺܨ∗ሻିଵ൫ߙ⋕൯ቁ
⋕
ሺሺܨ∗ሻିଵሺݔሻሻ	

and thus  
 
																ሺߙ∗ܨሻ⋕ ൌ ݇ିଵሺܨ∗ሻିଵሺߙ⋕ሻ. 

 
This gives 
 

																	݃ଵሺߙ∗ܨ, ሻߚ∗ܨ ൌ ݃ଵሺሺߙ∗ܨሻ⋕, ሺߚ∗ܨሻ⋕ሻ 
	

                                                                          		ൌ ݇ିଶ݃ଵሺሺܨ∗ሻିଵሺߙ⋕ሻ, ሺܨ∗ሻିଵሺߚ⋕ሻሻ 
	

                                                                            ൌ ݇ିଶ݇݃ଶሺߙ⋕,  ሻ⋕ߚ
	

                                                                            ൌ ݇ିଵ݃ଶሺߙ,  ,ሻߚ
	

that implies 
																	݃ଶሺߙ, ሻߚ ൌ ݇݃ଵሺߙ∗ܨ,  	ሻߚ∗ܨ

	
for any 1-forms ߚ ,ߙ on ܯଶ. 

 
Now let ߙ ൌ ଵߙ ∧ …∧ ߚ ௣ andߙ ൌ ଵߚ ∧ …∧  ଶ. Thenܯ ௣ be p-forms onߚ
 

ሻߙሺ∗ܨ ൌ ଵሻߙሺ∗ܨ ∧ ሻߚሺ∗ܨ ௣ሻ andߙሺ∗ܨ	∧… ൌ ଵሻߚሺ∗ܨ ∧  ଵ. Thenܯ ௣ሻ are p-forms onߚሺ∗ܨ	∧…
 

                                ݃ଵሺܨ∗ሺߙሻ, ሻሻߚሺ∗ܨ ൌ ݃ଵሺܨ∗ሺߙଵሻ ∧ ,௣൯ߙ൫∗ܨ	∧… ଵሻߚሺ∗ܨ ∧  ௣ሻሻߚሺ∗ܨ	∧…
	

                                                              ൌ ,௜ሻߙሺ∗ܨଵሺ݃ݐ݁݀ ௝ሻሻߚሺ∗ܨ ൌ ݇ି௣݀݁݃ݐଶሺߙ௜,  ௝ሻߚ
 
                                                              ൌ ݇ି௣݃ଶሺߙଵ ∧ …∧ ,௣ߙ ଵߚ ∧ …∧ ௣ሻߚ ൌ ݇ି௣݃ଶሺߙ,  ,ሻߚ

	
which gives, 
 
																																																													݃ଶሺߙ, ሻߚ ൌ ݇௣݃ଵሺߙ∗ܨ, 		ሻߚ∗ܨ
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for p-forms ߚ ,ߙ on 	ܯଶ. Now since ݇ ൌ ൬݀݁݃ݐଶ ቀܨ∗ሺ݁௜ሻ, ൫∗ܨ ௝݁൯ቁ൰
ଵ/ଶ

, we have 

 
																																																															݇ଶ ൌ ,ሺ݁௜ሻ∗ܨଶሺ݃ݐ݁݀ ሺ∗ܨ ௝݁ሻሻ 

	
                                                     ൌ ሺ݁௜ሻ൯∗ܨଶሺ൫݃ݐ݁݀

⋕
, ൫ܨ∗ሺ ௝݁ሻ൯

⋕
ሻ 

	
																																																																				ൌ ,ሺ݇ିଵ݃ଵሺ݁௜ݐ݁݀ ௝݁ሻሻ 

	
                                                     ൌ ݇ି଻݃ଵሺ݁ଵ ∧ …∧	݁଻, ݁ଵ ∧ …∧	݁଻ሻ ൌ ݇ି଻. 
 

Thus we obtain ݇ଽ ൌ 1 which is possible only if ݇ ൌ 1. 
 
Therefore if ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ are ܩଶ-morphic, then 
 

							 *F ݃ 2 ݃ଵ,																																																																																																																																				ሺ1ሻ		
 

∗ܨ							 ଶܲ ൌ ∗ܨ ∘ 	 ଵܲ																																																																																																																															ሺ2ሻ 
 
Conversely, if ሺ1ሻ and ሺ2ሻ hold, then ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ are ܩଶ-morphic . 
 
Let ∗ଵ and ∗ଶ denote Hodge-star operators determined by metrics ݃ଵ and ݃ଶ, respectively. If ߙ 

and ߚ are p and 7-p forms on ܯଶ, then ߙ∗ܨ and ߚ∗ܨ are p and 7-p forms on ܯଵ. Take a local 
orthonormal frame ሼ݁ଵ, … , ݁଻ሽ on an open neighbourhood of a point ݍ of 	ܯଵ. We compute the 
following: 

 
݃ଶሺ∗ଶ ,ߙ ሻߚ ൌ ݃ଶሺߙ ∧ ,ߚ Ωଶሻ 

 
                                                                        ൌ ݃ଵሺܨ∗ሺߙ ∧ ,ሻߚ  Ωଶሻ∗ܨ

	
                                                                        ൌ ݃ଵሺߙ∗ܨ  Ωଵሻ݉,ߚ∗ܨ	∧

	
                                                                       	ൌ ݉	݃ଵሺ∗ଵ ,ߙ∗ܨ  ሻߚ∗ܨ

	
                                                                        ൌ ݉	݃ଵሺܨ∗ሺሺܨ∗ሻିଵ	ሺ∗ଵ ,ሻሻߙ∗ܨ  ሻሻሻߚ∗ܨሻିଵሺ∗ܨሺሺ∗ܨ

	
                                                                        ൌ ݉	݃ଶሺሺܨ∗ሻିଵሺ∗ଵ ,ሻߙ∗ܨ  ሻߚ

	
where ݉ ൌ ሺܨ∗Ωଶሻሺ݁ଵ,… , ݁଻ሻ. Therefore  
 

ሺ∗ଶ∗ܨ ሻߙ ൌ ݉ ∗ଵ  .ߙ∗ܨ
 

Now we use the formula ∗ ߮ሺݓ, ,ݔ ,ݕ ሻݖ ൌ
ଵ

ଷ
݃ሺݓ,्௫௬௭ܲሺܲሺݔ, ,ሻݕ  ሻሻ given in (Fernandez andݖ

Gray, 1982) for the Hodge-star ∗ of the fundamental 3-form ߮ of a manifold with ܩଶ	structure. There 
exist ݓ, ,ݔ ,ݕ ݖ ∈ 	 ௤ܶܯଵ such that ܨ∗ሺݓሻ ൌ ,ᇱݓ ሻݔሺ∗ܨ ൌ ,ᇱݔ ሻݕሺ∗ܨ ൌ ,ᇱݕ ሻݖሺ∗ܨ ൌ  ᇱ for anyݖ
,ᇱݓ ,ᇱݔ ,ᇱݕ ᇱݖ ∈ 	 ிܶሺ௤ሻܯଶ. Thus 
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∗ଶ ߮ଶሺݓᇱ, ,ᇱݔ ,ᇱݕ ᇱሻݖ ൌ∗ଶ ߮ଶ൫ܨ∗	ሺݓሻ, ,ሻݔሺ∗ܨ ,ሻݕሺ∗ܨ  ሻ൯ݖሺ∗ܨ

	
                                                               ൌ

ଵ

ଷ
݃ଶሺܨ∗ሺݓሻ, ्௫௬௭ ଶܲሺ ଶܲሺܨ∗ሺݔሻ, ,ሻሻݕሺ∗ܨ  ሻሻሻݖሺ∗ܨ

	
                                                               ൌ

ଵ

ଷ
݃ଶሺܨ∗ሺݓሻ, ्௫௬௭ ଶܲሺܨ∗ሺ ଵܲሺݔ, ,ሻሻݕ  ሻሻሻݖሺ∗ܨ

	
                                                               ൌ

ଵ

ଷ
݃ଶሺܨ∗ሺݓሻ, ्௫௬௭ܨ∗ሺ ଵܲሺ ଵܲሺݔ, ,ሻݕ  ሻሻݖ

	
                                                               ൌ

ଵ

ଷ
݃ଵሺݓ,्௫௬௭ ଵܲሺ ଵܲሺݔ, ,ሻݕ  ሻሻݖ

	
                                                               ൌ∗ଵ ߮ଵሺݓ, ,ݔ ,ݕ  ,ሻݖ

	
i. e. we get 

 
ሺ∗ଶ∗ܨ                  ߮ଶሻ ൌ∗ଵ ߮ଵ. 

 
Put ߙ ൌ ߮ଶ in the equation ܨ∗ሺ∗ଶ ሻߙ ൌ ݉ ∗ଵ ݉ to observe that ,ߙ∗ܨ ൌ 1. Hence we get the 

equation 
 

ሺ∗ଶ∗ܨ ሻߙ ൌ∗ଵ  ሺ3ሻ																																																																																																																																ߙ∗ܨ
	

for any p-form ߙ on ܯଶ. 
 
 ૛STRUCTURESࡳ ૛-MORPHIC MANIFOLDS AND CLASSES OFࡳ .3
 

Let ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ be ܩଶ-morphic manifolds. There exists a diffeomorphism         
ଵܯ:ܨ ሺ߮ଶሻ∗ܨ ଶ such thatܯ	⟶ ൌ ߮ଵ. Assume ࣯ is one of the sixteen classes of ܩଶ structures. In this 
section, we show that ܯଵ ∈ ࣯ iff ܯଶ ∈ ࣯. We use the characterization of Cabrera in (Cabrera, 1996). 
We investigate each class separately. We use relations ሺ1ሻ, ሺ2ሻ and ሺ3ሻ	we found in the previous 
section. 
 
The class 	च: Let ܯଵ ∈ ࣪. Then ݀߮ଵ ൌ 0 and ݀ ∗ଵ ߮ଵ ൌ 0. Thus 
 
																										0 ൌ ݀߮ଵ ൌ ଶ߮	∗ܨ݀ 		ൌ  ଶ߮݀∗ܨ

	
and 0 ൌ ݀ ∗ଵ ߮ଵ ൌ ݀ሺܨ∗ሺ∗ଶ ߮ଶሻሻ ൌ ሺ݀∗ܨ ∗ଶ ߮ଶሻ. Since ܨ∗ is an isomorphism, we get ݀߮ଶ ൌ 0 and 
݀ ∗ଶ ߮ଶ ൌ 0. 
 
The class ड૚: Let ܯଵ ∈ ଵࣱ. Then ݀߮ଵ ൌ ݐ ∗ଵ ߮ଵ and ݀ ∗ଵ ߮ଵ ൌ 0 for ݀߮ଵ ് 	0. It is enough to 
show the first condition. For ݐ ് 	0 we have ݀߮ଵ ൌ ݐ ∗ଵ ߮ଵ, which is equivalent to 
 
݀ሺܨ∗߮ଶሻ ൌ ሺ∗ଶ∗ܨሺݐ ߮ଶሻሻ. Since ݀ commutes with pullback maps, we have ܨ∗ሺ݀߮ଶሻ ൌ ݐሺ∗ܨ ∗ଶ ߮ଶሻ. 
This implies ݀߮ଶ ൌ ݐ ∗ଶ ߮ଶ since ܨ∗ is one-to-one. Since ݀߮ଵ ് 	0 and  
is an isomorphism, we get ݀߮ଶ ∗ܨ ് 	0. Thus ܯଶ ∉ 	࣪. 
 
The class ड૛: Let ܯଵ ∈ ଶࣱ. Then ݀߮ଵ ൌ 0 for ݀ ∗ଵ ߮ଵ ് 	0. Here it is enough to see that ܯଶ can 
not belong to the class ࣪. Assume that ܯଶ ∈ ࣪. Then ݀ ∗ଶ ߮ଶ ൌ 0 which implies that  
݀ሺሺܨ∗ሻିଵ ∗ଵ ߮ଵሻ ൌ ሺܨ∗ሻିଵሺ݀ ∗ଵ ߮ଵሻ. Thus ݀ ∗ଵ ߮ଵ ൌ 0 which is a contradiction. Thus 	ܯଶ ∉ 	࣪. 
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The class ड૜: Let ܯଵ ∈ ଷࣱ. Then ݀ ∗ଵ ߮ଵ ൌ 0  and ݀߮ଵ ∧ ߮ଵ ൌ 0 for ݀߮ଵ ് 	0. It is enough to see 
the second condition. Since 
 
                       0 ൌ ݀߮ଵ ∧ ߮ଵ ൌ ݀ሺܨ∗߮ଶሻ ∧ 	ሺܨ∗߮ଶሻ ൌ ሺ݀߮ଶሻ∗ܨ ∧	ሺܨ∗߮ଶሻ ൌ ሺ݀߮ଶ∗ܨ ∧ ߮ଶሻ  
 
and ܨ∗ is an isomorphism, we get ݀߮ଶ ∧ ߮ଶ ൌ 0. We can use the arguments we used while showing 
ଶܯ ∉ 	࣪ in the previous class here to see that ܯଶ ∉ 	࣪ similarly. 
 
The class ड૝: Let ܯଵ ∈ ସࣱ. Then ݀߮ଵ ൌ ߙ ∧ ߮ଵ and ݀ ∗ଵ ߮ଵ ൌ ߚ ∧∗ଵ ߮ଵ for ߙ, ߚ ് 	0. The 
condition ݀߮ଵ ൌ ߙ ∧ ߮ଵ is equivalent to ݀ሺܨ∗߮ଶሻ ൌ ߙ  ଶ. We can write this equation as߮∗ܨ	∧
ሺ݀߮ଶሻ∗ܨ ൌ ሻߙሻିଵ∗ܨሺሺ∗ܨ ଶ߮∗ܨ	∧ ൌ ߙሻିଵ∗ܨሺሺ∗ܨ ∧ ߮ଶ	ሻ and since ܨ∗ is an isomorphism, we have 
݀߮ଶ ൌ ሺܨ∗ሻିଵߙ ∧ ߮ଶ. In addition, ݀ ∗ଵ ߮ଵ ൌ ߚ ∧∗ଵ ߮ଵ means ݀ሺܨ∗ ∗ଶ ߮ଶሻ ൌ ߚ ∗ܨ	∧ ∗ଶ ߮ଶ. Hence 
 
ሺ݀∗ܨ                       ∗ଶ ߮ଶሻ ൌ ሻߚሻିଵ∗ܨሺሺ∗ܨ ∧ ∗ܨ	 ∗ଶ ߮ଶ ൌ ߚሻିଵ∗ܨሺሺ∗ܨ ∧∗ଶ ߮ଶሻ 

	
and similarly we get 
 
݀ ∗ଶ ߮ଶ ൌ ሺܨ∗ሻିଵߚ ∧∗ଶ ߮ଶ. Note also that ݀߮ଶ ് 	0 and ݀ ∗ଶ ߮ଶ ് 	0. Thus  ܯଶ ∈ ସࣱ. 
 
The class ड૚ ⊕ड૛: Let ܯଵ ∈ ଵࣱ ⊕ ଶࣱ. Then ݀߮ଵ ൌ ݐ ∗ଵ ߮ଵ and 
 
ሺ∗ଵ ݀ ∗ଵ ߮ଵሻ ∧∗ଵ ߮ଵ ൌ 0 for ݀߮ଵ ് 	0 and ݀ ∗ଵ ߮ଵ ് 	0. It is enough to show the following: 
 

0 ൌ ሺ∗ଵ ݀ ∗ଵ ߮ଵሻ ∧∗ଵ ߮ଵ 
	

                                                                 ൌ∗ଵ ݀ሺܨ∗ ∗ଶ ߮ଶሻ ∧ ሺ∗ଶ∗ܨ	 ߮ଶሻ 
	

                                                                 ൌ∗ଵ ሺ݀∗ܨ ∗ଶ ߮ଶሻ ∧ ሺ∗ଶ∗ܨ	 ߮ଶሻ 
	

                                                                 ൌ ∗ܨ ∗ଶ ሺ݀ ∗ଶ ߮ଶሻ ∧ ሺ∗ଶ∗ܨ	 ߮ଶሻ 
	

                                                                 ൌ ሺሺ∗ଶ∗ܨ ݀ ∗ଶ ߮ଶሻ ∧∗ଶ ߮ଶሻ. 
	

This gives ሺ∗ଶ ݀ ∗ଶ ߮ଶሻ ∧∗ଶ ߮ଶ ൌ 0. Similar to previous classes we can see that ܯଶ can not belong to 
subclasses of ଵࣱ ⊕ ଶࣱ. 
 
The class ड૚ ⊕ड૜: Let ܯଵ ∈ ଵࣱ ⊕ ଷࣱ. Then ݀ ∗ଵ ߮ଵ ൌ 0 for ݀߮ଵ ് 0. Here it is enough to 
show that ܯଶ can not be an element of subclasses of ଵࣱ ⊕ ଷࣱ and this can be seen again by using 
that ܨ∗ is an isomorphism. 
 
The class ड૛ ⊕ड૜: Let ܯଵ ∈ ଶࣱ ⊕ ଷࣱ. Then ݀߮ଵ ∧ ߮ଵ ൌ 0 and ሺ∗ଵ ݀߮ଵሻ ∧ ߮ଵ ൌ 0 for       
݀߮ଵ ് 	0 and ݀ ∗ଵ ߮ଵ ് 	0. It is enough to see followings: 
 

0 ൌ ሺ∗ଵ ݀	߮ଵሻ ∧ ߮ଵ 
 
                        	ൌ∗ଵ ݀ሺܨ∗߮ଶሻ ∧  ଶ߮∗ܨ	

	
                        	ൌ∗ଵ ሺ݀߮ଶሻ∗ܨ ∧  ଶ߮∗ܨ	

	
                                 		ൌ ሺ∗ଶ∗ܨ ݀߮ଶሻ  ଶ߮∗ܨ	∧

	
                                  		ൌ ሺሺ∗ଶ∗ܨ ݀߮ଶሻ ∧ ߮ଶሻ. 

	
This implies ሺ∗ଶ ݀߮ଶሻ ∧ ߮ଶ ൌ 0. We can also show similarly that ܯଶ can not be in the subclasses. 
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The class ड૚ ⊕ड૝: Let ܯଵ ∈ ଵࣱ ⊕ ସࣱ. Then ݀߮ଵ ൌ ߙ ∧ ߮ଵ ൅ ݂ ∗ଵ ߮ଵ	and  
 
݀ ∗ଵ ߮ଵ ൌ ߚ ∧∗ଵ ߮ଵ for a nonzero function ݂, ݀߮ଵ ് 	0 and ݀ ∗ଵ ߮ଵ ് 	0. We should see the 
following: 
 

݀߮ଵ ൌ ߙ ∧ ߮ଵ ൅ ݂ ∗ଵ ߮ଵ, 
	

                                                      ݀ሺܨ∗߮ଶሻ ൌ ߙ ଶ߮∗ܨ	∧ ൅ ሺ∗ଶ∗ܨ݂ ߮ଶሻ, 
	

ሺ݀߮ଶሻ∗ܨ                                                       ൌ ሻߙሻିଵ∗ܨሺሺ∗ܨ ଶ߮∗ܨ	∧ ൅ ሺ∗ଶ∗ܨ݂ ߮ଶሻ	 
	

                                                                      ൌ ߙሻିଵ∗ܨሺሺ∗ܨ ∧ ߮ଶ ൅ ݂ ∘ ଵିܨ	 ∗ଶ ߮ଶሻ, 
	

which implies ݀߮ଶ ൌ ሺܨ∗ሻିଵߙ ∧ ߮ଶ ൅ ݂ ଵିܨ	∘ ∗ଶ ߮ଶ. We can also show similarly that ܯଶ can not be 
in the subclasses. 
 
The class ड૛ ⊕ड૝: Let ܯଵ ∈ ଶࣱ ⊕ ସࣱ. Then ݀߮ଵ ൌ ߙ ∧ ߮ଵ for 	݀߮ଵ ് 	0. We showed that the 
condition ݀߮ଵ ൌ ߙ ∧ ߮ଵ is equivalent to the condition ݀߮ଶ ൌ ሺܨ∗ሻିଵߙ ∧ ߮ଶ. We can see that ܯଶ can 
not belong to the subclasses similar to previous classes. 
 
The class ड૜ ⊕ड૝: Let ܯଵ ∈ ଷࣱ ⊕ ସࣱ. Then ݀߮ଵ ∧ ߮ଵ ൌ 0 and ݀ ∗ଵ ߮ଵ ൌ ߚ ∧∗ଵ ߮ଵ for 
݀߮ଵ ് 	0 and ݀ ∗ଵ ߮ଵ ് 	0. We saw that this is only possible if ݀߮ଶ ∧ ߮ଶ ൌ 0 and 
 
݀ ∗ଶ ߮ଶ ൌ ሺܨ∗ሻିଵߚ ∧∗ଶ ߮ଶ. We can eliminate the subclasses of ଷࣱ ⊕ ସࣱ similarly. 
 
The class ड૚ ⊕ड૛ ⊕ड૜: Let ܯଵ ∈ ଵࣱ ⊕ ଶࣱ ⊕ ଷࣱ. Then ∗ଵ ݀߮ଵ ൌ 0 or 
 
∗ଵ ݀ ∗ଵ ߮ଵ ∧∗ଵ ߮ଵ ൌ 0 for ݀߮ଵ ് 	0 and  ݀ ∗ଵ ߮ଵ ് 	0. If ∗ଵ ݀߮ଵ ൌ 0, then 
 
0 ൌ∗ଵ ݀߮ଵ ൌ∗ଵ ݀ሺܨ∗߮ଶሻ ൌ∗ଵ ଶ߮݀∗ܨ ൌ ሺ∗ଶ∗ܨ ݀߮ଶሻ,  
 
so we get ∗ଶ ݀߮ଶ ൌ 0. If ∗ଵ ݀ ∗ଵ ߮ଵ ∧∗ଵ ߮ଵ ൌ 0, then 
 

0 ൌ∗ଵ ݀ ∗ଵ ߮ଵ ∧∗ଵ ߮ଵ 
 
            ൌ∗ଵ ݀൫ܨ∗ሺ∗ଶ ߮ଶሻ൯ ሺ∗ଶ∗ܨ	∧ ߮ଶሻ 

	
                                 ൌ∗ଵ ሺ∗ଶ݀∗ܨ ߮ଶሻ ∧ ሺ∗ଶ∗ܨ	 ߮ଶሻ 

	
                                  ൌ ∗ܨ ∗ଶ ݀ሺ∗ଶ ߮ଶሻ ∧ ሺ∗ଶ∗ܨ	 ߮ଶሻ 

	
                                   ൌ ሺ∗ଶ∗ܨ ݀ሺ∗ଶ ߮ଶሻ ∧∗ଶ ߮ଶሻ 

	
and this implies ∗ଶ ݀ሺ∗ଶ ߮ଶሻ ∧∗ଶ ߮ଶ ൌ 0 since ܨ∗ is an isomorphism. We can see that ܯଶ can not 
belong to the subclasses similarly. 
 
The class ड૚ ⊕ड૛ ⊕ड૝: Let ܯଵ ∈ ଵࣱ ⊕ ଶࣱ ⊕ ସࣱ. Then 
 
݀߮ଵ ൌ ߙ ∧ ߮ଵ ൅ ݂ ∗ଵ ߮ଵ  
 
for a non-zero function ݂ and ݀߮ଵ ് 	0. It is enough to see that ܯଶ is not an element of a subclass. 
This can be done by using that ܨ∗ is an isomorphism. 
 
The class ड૚ ⊕ड૜ ⊕ड૝: Let ܯଵ ∈ ଵࣱ ⊕ ଷࣱ ⊕ ସࣱ. Then ݀ ∗ଵ ߮ଵ ൌ ߚ ∧∗ଵ ߮ଵ for ݀߮ଵ ് 	0 
and ݀ ∗ଵ ߮ଵ ് 	0. It is enough to see that ܯଶ is not an element of a subclass. This can be done by 
using that 	ܨ∗ is an isomorphism. 
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The class ड૛ ⊕ड૜ ⊕ड૝:  Let ܯଵ ∈ ଶࣱ ⊕ ଷࣱ ⊕ ସࣱ. Then ݀߮ଵ ∧ ߮ଵ ൌ 0 for ݀߮ଵ ് 	0. It is 
enough to see that ₂ܯ is not an element of a subclass. This can be done by using that ܨ∗ is an 
isomorphism. 
 
The class 	ड: Let ܯଵ ∈ ࣱ. Then ܯଶ is in the same class, too. All subclasses can be eliminated by 
using that ܨ∗ is an isomorphism. 
 
 
4. CONCLUSION 

 
We observe that for two ܩଶ -morphic manifolds ሺܯଵ, ߮ଵሻ and ሺܯଶ, ߮ଶሻ, if ܯଵ belongs to ࣯, then 

 ଶ-morphic is an equivalence relation. Thusܩ ଶ is in the same class too. We can easily see that beingܯ
ଵܯ ∈ 	࣯ iff ܯଶ ∈ 	࣯. That is, the classes of ܩଶ structures are preserved under ܩଶ-morphisms. The 
converse may not be true. That is, if there are two diffeomorphic manifolds which are in the same 
class of ܩଶ structures, they need not to be ܩଶ-morphic. An example of two diffeomorphic manifolds 
which are not ܩଶmorphic are the Aloff-Wallach spaces. These are spaces ܯ௞,௟: ൌ ܷܵሺ3ሻ/ܷሺ1ሻ௞,௟	 for 
݇ ് േ	݈, where ܷሺ1ሻ௞,௟ is the subgroup of ܷܵሺ3ሻ generated by the elements of the form 
݁ௗ௜௔௚ሺ௜௞,௜௟,௜ሺି௞ି௟ሻሻ. Note that a diffeomorphism ܯ:ܩଵ ,ଵܯଶ between Riemannian manifolds ሺܯ	⟶ ݃ଵሻ 
and ሺܯଶ, ݃ଶሻ is called a homothety iff ܩ∗݃ଶ ൌ ܿ݃ଵ for some nonzero constant ܿ (O’Neill, 1983). It is 
known that  ܯ௞,௟ admits two non-homothetic ܩଶstructures in ଵࣱ (Cabrera, Monar and Swann, 1996) 
and since these ܩଶstructures are not homothetic, they are not ܩଶmorphic. Hence, the classification of 
manifolds with structure group ܩଶaccording to ܩଶmorphisms is finer than the classification of 
Fernandez and Gray in (Fernandez and Gray, 1982). 
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