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Research Article

Abstract − In this paper, we define a spacelike ac-slant curve whose scalar product of its
acceleration vector and a unit non-null fixed direction is a constant in Minkowski 3-space.
Furthermore, we give a characterization depending on the curvatures of the spacelike ac-slant
curve. After that, we get the relationship between a spacelike ac-slant curve and several dis-
tinct types of curves, such as spacelike Lorentzian spherical curves, spacelike helices, spacelike
slant helices, and spacelike Salkowski curves, enhancing our understanding of its geometric
properties in Minkowski 3-space. Finally, we used Mathematica, a symbolic computation
software, to support the notions of an ac-slant curve with attractive images.
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1. Introduction

The motion of the object has a route that looks like a curve in space. The position of the object
at time t is represented by the position vector of the curve at parameter t in the space. The first,
second, and third derivatives of the curve are represented by the object’s velocity, acceleration, and
jerk vectors at any time t, respectively.

In kinematics and classical mechanics, which deal with the motion of bodies, the physical vector
quantities are significant. The magnitude of velocity is known as speed. The rate at which velocity
changes is called acceleration. The direction of acceleration is determined by the total force applied
to the object. Newton’s Second Law was first articulated in the seventeenth century by the English
mathematician and scientist Sir Isaac Newton, who also described the magnitude of acceleration.
Additionally, the jerk is the acceleration’s rate of change [1–3].

In Euclidean 3-space, a regular curve α is said to be a helix if the tangent vector of α makes the fixed
angle ϕ with a fixed direction which is the axis of helix where ϕ ∈ (0, π) \π

2 . Moreover, the ratio τ/κ

is a constant if and only if it is a general helix [4, 5]. A regular curve α is called a slant helix if its
principal normal vector of α makes the fixed angle ϕ with a fixed direction which is the axis where ϕ

is a constant [6]. If a regular curve α has nonconstant torsion τ but constant curvature κ, then α is
called a Salkowski curve [7].

In Minkowski 3-space, A curve is called a helix (resp. slant helix) if the scalar product of its tangent
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(resp. principal normal) vector and fixed direction is constant [8, 9]. Furthermore, Ali [10] modified
the definition of spacelike Salkowski curves with spacelike or timelike principle normal in this space
with an explicit parametrization. These special curves are studied in different ambient spaces by some
authors [11–17].

The plan of this paper is as follows: In section 2, we review the fundamental theory of curves in
Minkowski 3-space. In section 3, we define a spacelike ac-slant curve whose scalar product of its
acceleration vector and a non-null fixed direction is a constant. First, we provide a characterization
based on the torsion and curvature of a spacelike ac-slant curve. Later, we get to the conclusion
that when the ac-slant curve is a helix, either the acceleration vector is orthogonal to its axis or
the magnitude of its velocity vector is a linear function. Later on, a unit speed curve with constant
magnitude acceleration is an ac-slant curve if and only if it is a slant helix. Moreover, a unit speed
curve is only a spacelike ac-slant curve if and only if it is a Salkowski curve when the magnitude of
the acceleration is equal to one (i.e. κ = 1).

2. Preliminaries

In this section, we provide basic facts for Minkowski 3-space. For more detail and background,
see [8, 18,19].

Let E3
1 =

(
R3 (t, x, y) , g

)
be a Minkowski 3-space where g = −dt2 + dx2 + dy2 denotes the standard

metric and (t, x, y) is the connanical coordinates in 3-dimensional real vector space R3. A vector u in
E3

1 is called spacelike if g (u, u) > 0 or u = 0, timelike if g (u, u) < 0, and null if g (u, u) = 0 and u ̸= 0,
respectively. Moreover, the norm of u is defined by ∥u∥ =

√
|g(u, u)| . Furthermore, u is a unit vector

if g (u, u) = ±1.

A curve α(t) is called spacelike, timelike, or null if velocity vector v = α′(t) of α(t) are spacelike,
timelike, or null in E3

1 for each parameter t, respectively. Denote by {T, N, B} the moving Frenet-
Serret frame along the curve α in E3

1. Then, T , N , and B are the tangent, the principal normal, and
the binormal vector fields, respectively. Besides, Frenet-Serret formulae are provided as follows:

T ′ = ενκN, N ′ = −νκT − εντB, B′ = −εντN (1)

where κ and τ are curvatures of the curve α and
g T N B

T 1 0 0
N 0 ε 0
B 0 0 −ε

such that ε = ±1.

In here, ν = g (α′ (t0) , α′ (t0)) is called speed of α at t0 ∈ I. Moreover, if ν = 1, for all t ∈ I, then α

is a unit speed curve. Lorentzian unit sphere is S2
1 =

{
x ∈ E3

1 : g (x, x) = 1
}
. A curve that lies on the

Lorentzian unit sphere is called a Lorentzian spherical curve.

From a physical point of view, the motion of particle P along the curve α at time t is correspond
to the position vector of α. Then, it is widely known that the first, second, and third derivatives of
α concerning time determine the velocity vector v(t), acceleration vector a(t), and jerk vector j(t),
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respectively. These vectors are determined by Equations 1 as follows:

v = α′ = νT

a = α′′ = ν ′T + εν2κN

j = α′′′ =
(
ν ′′ − εν3κ2

)
T +

(
3εν ′νκ + εν2κ′

)
N − ν3κτB

(2)

3. Spacelike Ac-Slant Curves with Non-Null Principal Normal

This section provides new curves, called spacelike ac-slant curves in Minkowski 3-space. Additionally,
we characterize these curves.

Definition 3.1. A spacelike curve α is called a spacelike ac-slant curve whose inner product of a unit
non-null fixed direction u, called axis of spacelike ac-slant curve, and acceleration vector a of the curve
is constant, i.e., g (a, u) = c, in Minkowski 3−space.

Remark 3.2. Let α be spacelike curve in E3
1. Then, α is a spacelike ac-slant helix if and only if the

jerk vector of α is orthogonal to its axis u, i.e., g (j, u) = 0.

Theorem 3.3. Let α be a spacelike curve with Frenet apparatus {T, N, B, κ, τ} in Minkowski 3−space.
Then, α is a spacelike ac-slant curve if and only if

η2
1 + εη2

2 − εη2
3 = ϵ (3)

such that

η1 =
1
ν

(
ε τ

κ − f
)

−
(

1
εντ

(
1

ν2κ

)′
)′

+
(

1
εντ

(
ν′

ν3κ

))′

f ′ + ν′

ν

(
ε τ

κ − f
) (4)

η2 = 1
ν2κ

− ν ′

ν2κ
η1 (5)

and
η3 = fη1 + 1

εντ

(( 1
ν2κ

)′
− ν ′

ν3κ

)
(6)

where c is a nonzero constant, ϵ = ±1, and

f = κ

τ
− 1

εντ

((
ν ′

ν2κ

)′
− (ν ′)2

ν3κ

)
Proof.
Assume that α is a spacelike ac-slant curve with timelike or spacelike axis u. By Definition 3.1, there
exist a constant c = g (a, u) and differentiable functions λi such that

u = λ1T + λ2N + λ3B (7)

By using Equation 2 and 7,

λ2 = c

ν2κ
− ν ′

ν2κ
λ1 (8)

After differentiating of Equation 7 and using Equation 8,

λ′
1 − c

ν
+ ν ′

ν
λ1 = 0 (9)

ενκλ1 + c

( 1
ν2κ

)′
−
(

ν ′

ν2κ

)′
λ1 − ν ′

ν2κ
λ1

′ − εντλ3 = 0 (10)

and
λ3

′ − ε
c τ

νκ
+ ε

ν ′τ

νκ
λ1 = 0 (11)
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By substituting Equation 9 in Equation 10,

fλ1 + c

εντ

(( 1
ν2κ

)′
− ν ′

ν3κ

)
− λ3 = 0 (12)

where

f = κ

τ
− 1

εντ

((
ν ′

ν2κ

)′
− (ν ′)2

ν3κ

)
After differentiating of Equation 12, by using Equations 9 and 11,

λ1 =
c
ν

(
ε τ

κ − f
)

−
(

c
εντ

(
1

ν2κ

)′
)′

+
(

c
εντ

(
ν′

ν3κ

))′

f ′ + ν′

ν

(
ε τ

κ − f
) (13)

Clearly, from Equation 12,

λ3 = fλ1 + c

εντ

(( 1
ν2κ

)′
− ν ′

ν3κ

)
(14)

Hence, by using Equations 8, 13, and 14, it is clear that there exist differentiable functions ηi = 1
c λi

which is satisfying Equation 3, for i ∈ {1, 2, 3}

Conversely, let α be a spacelike curve with Frenet apparatus {T, N, B, κ, τ}. Assume that there exists
a unit non-null fixed direction u provided by Equation 7 where differentiable functions λi are presented
by Equations 4-6. Then, it is observed that the scalar product of acceleration vector a is given by
Equation 2 of α, and u is equal to a nonzero constant c. Thus, α is an ac-slant curve with the axis u.

Thus, we conclude the following Corollaries from Theorem 3.3.

Corollary 3.4. Let α be a unit speed spacelike non helix curve with curvatures κ and τ in E3
1. Then,

α is a spacelike ac-slant curve if and only if((
τ
κ

)
m(

τ
κ

)′
)2

+ ε
1
κ2 − ε

(
1
ετ

(1
κ

)′
+ m(

τ
κ

)′
)2

= ϵ

where m = 1 − ε
(

τ
κ

)2 + ε τ
κ

(
1
τ

(
1
κ

)′
)′

.

Corollary 3.5. Let α be a unit speed spacelike ac-slant curve with curvature κ = 1 in E3
1. Then,

τ (t) = ±

√
c2

c2−ϵε
t√

1 + ε c2

c2−ϵε
t2

where c is a nonzero constant.

Example 3.6. The curve

α(t) =
(1

4(t + 2)2,
1
4(t + 2)2 sin t,

1
4(t + 2)2 cos t

)
is a spacelike curve in E3

1 since g (α′ (t) , α′ (t)) = 1
16(t + 2)4 > 0, for t ∈ R. Moreover, the curve α lies

on the surface y2 + z2 = x2, and its acceleration vector is

a(t) =
(1

2 ,
sin t

2 + (t + 2) cos t − 1
4(t + 2)2 sin t,

cos t

2 − (t + 2) sin t − 1
4(t + 2)2 cos t

)
in E3

1. Furthermore, α is a spacelike ac-slant curve with the timelike axis u = (1, 0, 0) such that c = −1
2

(see Figure 1).
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Figure 1. A spacelike ac-slant curve lying on the surface y2 + z2 = x2

Example 3.7. The curve

α(t) =
(

log(cos t), t2

2
√

3
, log

(
sin t

2 + cos t

2

)
− log

(
cos t

2 − sin t

2

))

is a spacelike curve in E3
1 since g (α′ (t) , α′ (t)) = 1

3
(
t2 + 3

)
> 0, for t ∈ R. Moreover, the acceleration

vector of α is
a(t) =

(
−sec2t,

1√
3

, tan t sec t

)
in E3

1. Furthermore, α is a spacelike ac-slant curve with the spacelike axis u = (0, 1, 0) such that
c = 1√

3 (see Figure 2).

Figure 2. A spacelike ac-slant curve

Lemma 3.8. Let ν be a constant function and c = 0. Then, γ is a spacelike ac-slant curve if and
only if

λ2
1 − ελ2

3 = ϵ and λ2 = 0 (15)

where λ1 and λ3 are nonzero constants.

Proof.
Assume that α is a spacelike ac-slant curve with timelike or spacelike axis u. By Definition 3.1, there
exist a constant c = g (a, u) and differentiable functions λi such that

u = λ1T + λ2N + λ3B (16)
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By using assumption ν is a constant function and c = 0, we obtain λ2 = 0 by using Equation 2. After
differentiating of Equation 16 and using the fact of λ2 = 0, we have following differential equations

λ′
1 = 0

ενκλ1 − εντλ3 = 0

and
λ′

3 = 0

It can be observed that Equation 15 is satisfied since u is a unit fixed direction.

Conversely, let α be a spacelike curve with Frenet apparatus {T, N, B, κ, τ}. Suppose that there exists
a unit fixed direction u presented by Equation 16 where differentiable functions λi are provided by
Equation 15. Then, it is clear that g (a, u) = 0 where ν is constant function.

Remark 3.9. It can be observed that u is not exist if c = 0 and ν is a nonconstant function.

In the light of [20], we can provide following Corollary.

Corollary 3.10. Let α be a spacelike Lorentzian spherical curve with radius r ∈ R+ in Minkowski
3−space. Then, following equations are satisfied:(1

κ

)2
−
( 1

ντ

(1
κ

)′)2
= εr2

and
τ

κ
= 1

ν

( 1
ντ

(1
κ

)′)′

Theorem 3.11. Let α be a unit speed spacelike spherical curve with radius r ∈ R+, not a helix in
S2

1. Then, α is a spacelike ac-slant curve if and only if(
1(
τ
κ

)′
)2(

τ2

κ2 − ε

)
− 2

1
τ

(
1
κ

)′

(
τ
κ

)′ = 1 − r2

c2 (17)

where c is a nonzero constant.

Proof.
Let α be a unit speed spacelike spherical curve in S2

1. Then, Corollary 3.10 is satisfied. Assume that
α is a spacelike ac-slant curve with a non-zero constant c = g (a, u). Then, by using Corollary 3.10
join with Equations 4-6, there exist differentiable functions λi such that

u = λ1T + λ2N + λ3B

where
λ1 = c

τ
κ(
τ
κ

)′
λ2 = c

1
κ

and
λ3 = c

(
1
ετ

(1
κ

)′
+ 1(

τ
κ

)′
)

Using Corollary 3.10, since u is a unit fixed direction, we obtain Equation 17. Conversely, the proof
is clear.

Moreover, we get the following characterization for ac-slant curves from Lemma 3.8.
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Remark 3.12. The curve α is a spacelike ac-slant curve with the non-null axis u satisfying Equation
15 if and only if α is a helix with the same axis u.

The proof is straightforward from Equation 15.

Theorem 3.13. Let α be a spacelike helix with axis u in E3
1. Then, α is a spacelike ac-slant curve

with the axis u if and only if the magnitude of the velocity, i.e., |v| = |α′| = ν, is a linear function
concerning parameter of α.

Proof.
Let α be a spacelike curve with the Frenet apparatus {T, N, B, κ, τ} in E3

1. We assume that α is a
spacelike helix with axis u. Then, there exists a constant c1 such that

g (T, u) = c1 (18)

After differentiating of Equation 18 and using Equation 1,

g (N, u) = 0 (19)

Suppose that α is a spacelike ac-slant curve with the same axis u which is provided by Equation 16.
Then, λ1 = c1 by using Equations 18 and 19. By using Equation 8,

λ2 = 1
ν2κ

(
c − ν ′c1

)
= 0

Therefore, ν ′ is a constant.

Conversely, suppose that α is a spacelike helix with axis u in E3
1 and ν is a linear function with respect

to the parameter of α. Then, there exists a constant c1 such that u = c1T +
√

1 − εc2
1B. Thus, by

using Equation 2, g (a, u) = ν ′c1 = const. Hence, α is a spacelike ac-slant curve with the axis u.

Example 3.14. The curve

α(t) =
(

t cosh t − sinh t, t sinh t − cosh t,
t2

2

)
is a spacelike curve in E3

1 since g (α′ (t) , α′ (t)) = 2t2 > 0, for t ∈ R. Moreover, the curve α lies on the
surface y2 − x2 + 2z = 1, and its acceleration vector is

a(t) = (sinh t + t cosh t, t sinh t + cosh t, 1)

in E3
1. Furthermore, α is an ac-slant curve with the spacelike axis u = (0, 0, 1) such that c = 1 (see

Figure 3).

Figure 3. A spacelike ac-slant helix lying on the surface y2 − x2 + 2z = 1
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Moreover, tangent vector field of α(t) is

T =
(sinh t√

2
,
cosh t√

2
,

1√
2

)
Then, α(t) is a spacelike helix since g (T, u) = 1√

2 and τ
κ = 1. Furthermore, Theorem 3.13 is satisfied,

i.e., |v(t)| =
√

2t is a lineer function.

Example 3.15. The curve

α(t) =
(
t2, t2 sin

(
log

(
t2
))

, t2 cos
(
log

(
t2
)))

is a spacelike curve in E3
1 since g (α′ (t) , α′ (t)) = 4t2 > 0, for t ∈ R. Moreover, the curve α lies on the

surface y2 + z2 = x2, and its acceleration vector is

a(t) = (2, 6 cos(2 log(t)) − 2 sin(2 log(t)), −2(3 sin(2 log(t)) + cos(2 log(t))))

in E3
1. Furthermore, α is an ac-slant curve with the timelike axis u = (1, 0, 0) such that c = −2 (see

Figure 4).

Figure 4. A spacelike ac-slant helix lying on the surface y2 − z2 = x2

Moreover, tangent vector field of α(t) is

T = (1, sin(2 log(t)) + cos(2 log(t)), cos(2 log(t)) − sin(2 log(t)))

Then, α(t) is a spacelike helix since g (T, u) = −1 and τ
κ = 1√

2 . Furthermore, Theorem 3.13 is satisfied,
i.e., |v(t)| = 2t is a lineer function.

Corollary 3.16. Let α be a unit speed spacelike curve with a constant magnitude of acceleration,
i.e., with constant curvature, in E3

1. Then, α is a spacelike ac-slant curve if and only if α is a slant
helix.

Proof.
Suppose that α is a unit speed spacelike curve with nonzero constant curvature κ = κ0. Then,
a = εκ0N . Hence, the proof is clear.

Example 3.17. The curve

α(t) =
(
t2,
√

t4 + 1 cos t,
√

t4 + 1 sin t
)

spacelike curve in E3
1 since g (α′ (t) , α′ (t)) > 0, for t ∈ (1, ∞). Moreover, the curve α lies on the
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Lorentzian sphere y2 + z2 − x2 = 1, and its acceleration vector is

a(t) =



2,

−4
(
t4 + 1

)
t3 sin t −

(
t8 − 2t6 + 2t4 − 6t2 + 1

)
cos t

(t4 + 1)3/2 ,

4
(
t7 + t3) cos t −

(
t8 − 2t6 + 2t4 − 6t2 + 1

)
sin t

(t4 + 1)3/2


in E3

1. Furthermore, α is an ac-slant curve with the timelike axis u = (1, 0, 0) such that c = −2 (see
Figure 5).

Figure 5. A spacelike Lorentzian spherical ac-slant helix lies on the surface y2 + z2 − x2 = 1

Moreover, Corollary 3.10 is satisfied since α is spacelike Lorentzian sphere.

In the light of [10], we can provide the following lemma.

Lemma 3.18. Let α be a unit speed spacelike curve with non-null principal normal vector field with
κ = 1. Its normal vector N makes a constant hyperbolic angle ϕ with a fixed straight line in E3

1 if and
only if τ(s) = ± s√

ε(s2−tanh2ϕ)
.

Corollary 3.19. Let α be a unit speed spacelike curve with non-null principal normal vector with
κ = 1. Then, α is a spacelike ac-slant curve if and only if α is a Salkowski curve.

Proof.
Assume that α is a unit speed spacelike ac-slant curve with κ = 1. Then, α is a Salkowski curve by
Corollary 3.16 and Lemma 3.18. Conversely, α is a unit speed spacelike Salkowski curve with κ = 1.
Then, α is a spacelike ac-slant curve by Lemma 3.18 and Corollary 3.4.

Example 3.20. The curve

α(t) =



t2 − 3
8 ,

−
4t

(√
3 − 2

√
3t

√
3 − 4t2 + 3t

√
2
√

3t + 3
)

+ 3
√

2
√

3t + 3

15
√

2
,

t212
√

3 − 2
√

3t − 4t
√

2
√

3t + 3
√

3 − 4t2 + 3
√

3 − 2
√

3t

15
√

2


is a unit speed spacelike curve in E3

1 since g (α′ (t) , α′ (t)) = 1 > 0, for t ∈ R. Moreover, the curve α
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lies on the surface x + 9
8√

15
2
√

2

2

− y2

2 − z2

2 = 6
25

and α is a spacelike ac-slant curve with timelike axis u = (1, 0, 0) since g (a, u) = −2 (see Figure 6).

Figure 6. A spacelike ac-slant helix, Salkowski and slant helix lying on the surface
(

x+ 9
8√

15
2

√
2

)2

− y2

2 − z2

2 =
6
25

Moreover, g (N, u) = 2. Thus, α is also a spacelike slant helix. Furthermore, since κ = 1, Corollary
3.16 is satisfied. Hence, α is a Salkowski curve. Further, Corollary 3.5 is satisfied and τ(t) = − 2t√

3−4t2

4. Conclusion

Acceleration helps us understand the motion state of an object and aids in controlling that motion.
Moreover, acceleration is a fundamental parameter for comprehending object interactions and explain-
ing physical events. This comprehensive study contributes to the theoretical foundation of spacelike
ac-slant curves and demonstrates their connections to well-known curves in Minkowski 3-space. We
believe further investigation of spacelike ac-slant curves applies to other spaces.
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