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Abstract

Pantograph equations, which we encounter in the branches of pure

and applied mathematics such as electrodynamics, control systems and
quantum mechanics, are essentially a particular form of the functional
differential equations characterized with proportional delays.  This
study focuses on exploring the approximate solution to the Pantograph
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Lineer Olmayan Pantograf Diferansiyel Denklemleri Icin Pell Siralama Yaklasim

Yildiz Technical University, Oz
Department of Mathematics,

Istanbul, Tiirkiye Elektrodinamik, kontrol sistemleri ve kuantum mekanigi gibi teorik ve

uygulamali matematigin dallarinda karsilagti§imiz Pantograf denklemleri,
orantisal gecikmeli fonksiyonel diferansiyel denklemlerin 6zel bir tiiriidiir.
Bu calismada, Pantograf diferansiyel denklemin yaklagsik c¢oziimleri
izerine ¢alisilmistir. Bu denklem sinifi i¢in analitik ¢6ziim olmadigindan
sadece yaklasik ¢oziimleri bulunabilir ~ Bu amagla sayisal ¢6ziim
yontemlerinden biri olan Pell siralama yontemi secilmistir. Yontemin
denkleme uygulanmasi sonucunda bir cebirsel denklem sistemi elde
edilmis ve MATHEMATICA programi kullanilarak verilen baslangic
kosullart ile yaklasik ¢6ziim bulunmugtur. Bu yontem bazi test 6rneklerine
uygulanmis ve sonuglar hem grafiksel olarak hem de tablo olarak ifade
edilmigtir.  Hata analizleri bu yontemin dogru ve etkili calistigini

. .. Ostermistir.
This work is licensed under a gostermist

Creative Commons Attribution 4.0 Anahtar Kelimeler: Yaklagik ¢oziim, pantograf diferansiyel denklemi,
International License siralama yontemi
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Introduction

Many problems that we encounter in every aspect of our lives are modeled via mathematics and solutions
of the models are one of the main topic for the researchers. Differential equations take an important
place in these modeling. One of these differential equations is the Pantograph differential equation.
The Pantograph differential equation (PDE) is a special class of the functional differential equations.
Actually, Pantograph is a device that collects electric current from electric poles in vehicles such as
trains and trams. For the modelling of the problem, PDE was firstly mentioned in the study [1] by J.R.
Ockendon and A.B.Tayler in 1971. In this study, the Pantograph of the electric locomotive was modeled.
Later, many studies were conducted on this subject. Since the PDE equation does not have an exact
solution, only approximate solution can be found. To obtain the approximate solution, various numerical
methods such as homotopy methods, Haar wavelets, Legendre approximations, Sinc collocation method
can be considered. To get more information about these numerical methods, readers can be look into
[2-11]. In recent years different numerical approaches are applied to the PDE. For instance, Sedaghat
et. al. applied a numerical approach to find the approximate solution of the PDE with the help of
Chebyshev polynomials in [12]. In the work [13] Jafari et. al. provide an efficient transferred Legendre
pseudospectral method for solving PDE. M. M. Bahsi and M. Cevik resorted to the Perturbation approach
for Pantograph delay differential equation (PDDE) in [14]. R. Alrebdi and H. K. Al-jeaid in [15]
examined the PDDE with the help of the Laplace transformation, which is one of the integral transformations.
For more work related to PDE see [16-20].

In recent years, some collocation methods to solve the linear and nonlinear differential, integral and
pantograph equations have been presented in many articles. Such as Legendre-Gauss collocation method
[21], Chebyshev collocation method [22], Fibonacci wavelet collocation method [23], Hermite collocation
approach [24], Legendre spectral collocation method [25] and Lagrange-collocation method [26]. In
addition to these methods, there are also Pell collocation method and Pell-Lucas collocation methods.
These two collocation methods based on Pell and Pell-Lucas polynomials respectively. These polynomials
belong to families of orthogonal polynomials and are characterized by recursive expressions and satisfy
the following properties [27]: Pell polynomials, P, (x), are defined as follows

Prio(z) =22Py11(x) + Pu(x) , n>0
where Py(x) = 0, Pi(x) = 1. Pell-Lucas polynomials, Q),,(z), are defined by
Qn+2(2) = 22Qp+1(2) + Qulz) , n >0

where Qo(z) = 2, Q1(x) = 2z . There are many studies using methods based on Pell and Pell-Lucas
polynomials [28-32]. In our paper, we tried to obtain the approximate solution by applying the Pell
collocation method (PCM) to a class of nonlinear PDE (NPDE).
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Let us consider a class of NPDE defined as

33 Ryp(@)? (ap + Bsp (2)) ) (Aspz + 7p ()

s=0 p—O (1)
£33 Qupl@)el? (g + By (£)) 0 (i + 70 (1)) = (2, fora <z < b
s=1p=1
with the initial conditions
> v (0) + b (0)] = o5, j=0,1. )

s=0

Here, (9 (2) = v(x), v°(z) = 1. Also, v(z) is an unknown function; the functions Rgy (), Qsp(z)
and g(z) are continuous on [0, 1]; ajs, bjs, sp, Asp and 0; are constants. Additionally, 5, (z) and
vsp () are either appropriate constants or random variables. In our approach, we will consider the

approximate solution to be the truncated Pell series, represented as:

v(x) = Z em P (). 3)

In this series, P, (x) (1 <m < M + 1) are the Pell polynomials; ¢, are the coefficients to be found
and M € ZT(M > n). The first few Pell polynomials are as follows:

Po(x) =0,

Py(z) =1,

Py(z) =2,

Py(x) =42% + 1, 4)
Py(x) =823 + 4z,

Ps(x) =16z + 1222 + 1

Fundamental Relations

Let Eq. (3) be our approximate solution of Eq. (1). In order to obtain the approximate solution, we will
try to write Eq. (1) in matrix form according to the solution of Eq. (3).
i) If asp = Agp = 1, Bsp () = 7sp (x) = 0, Pell polynomials in Eq. (4) can be represented in matrix

format as

P(z) =T (x)N. (%)

169



Albayrak

Sinop Uni J Nat Sci 9(1): 167-183 (2024)

E-ISSN: 2564-7873

Here, P(z) = [P1 (z) P2 (z) -+ Py ()], T (z) = 1z 2? 2®..aM),C=(c1 ¢ -+ cpry1)” and

1 010 1 0 1
0204 0 6 0
004012 0 24 0 40
0008 0 32 0 8 0
000016 0 8 0 240
N=l0o o000 0 3 0 192 o0
0000 O 64 0 448
0000 O 0 128 0
0000 O 0 256

So, we can express Eq. (3) as
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In Eq. (8)
010 00 0 0 1 (1.0 0 0 0 0 0]
00200 0 0 01 000 O 0
00030 0 0 00100 0 0
00 004 0 0 00010 0 0
B = B’ =
00000 5 0o |’ 000O0T1 0 01’
00 000 O 0 000O0GO0 1 0
: M : 0
00000 O 0 | (00 000 O 1]
1 = x!
1 = oM
I'ip= .
1 :
1$M...x%

it) I op . Asp , Bsp (x) and 7y, () are either random constants or variables, then the approximate

solution using the Pell polynomials in Eq. (3) can be represented in the matrix format
v (AspT + Ysp (7)) Z var (Asp + Ysp (7)) = P (Aspz + 75p (7)) C. )
By considering Eq. (5) and Eq. (6) in Eq. (9), we get the matrix forms

v (AspT + Ysp (7)) Zoar (AspT + Ysp (7)) = P (AspT + 7sp (7)) C =T (Asp + 75p (¥)) NC,
v (Asp + Ysp (7)) =0 (Asp + vsp (7)) = Ty, ) (z) BNC,
V" (Nsp + vsp (7)) =0 (Asp + v5p (7)) = T, ) (2) B2NC, (10)

0 (Ap + 7 (2)) 205 (Aep + 7sp (2)) = T3, ) () B'NC.

Furthermore, the relationships between I' (Aspz + 74 ()) and its derivatives
T’ Asp® + Ysp (), T (Asp + Ysp (€))5es TG (Agp + 75p () are described as

r (AspT +vsp (7)) =T (AspT + 75p (7)) B,
r” (AspT +vsp (7)) =T (Asp + Vsp () B?,
T (Asp + Ysp (€)) =T (Asp + 75p (2)) B?, (11)

) ()\spx + Vsp (z)) =T ()‘sz)x + Ysp (z)) B?,
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r (Aspxo + Vsp (xO)) 1 )\spl'O + Vsp ($0) (Aspl'[) + Ysp (xO))M
r I (Aspz1 + Ysp (71)) L Agpr1r+9sp (x1) o (Asp1 + 7sp (1))
Ay — . = . .
! : 1 : :
L (Aspzas + Ysp (201)) L Agpmar +ysp (2ar) o (AspZar + Ysp ()™

With the help of Eq. (10) and Eq. (11), we find
0 Agpt + Ysp () = T (At + 7sp () BSNC.

The Pell collocation points are defined by

(b—a)i
M

T, =a-+ ,0=20,1,..., M.

If we substitute these grid points into Eq. (12), we get

v A\pi + 7sp (21)) = T, (25) BSNC, 5 =0,1,...,n
and the closed form of the Eq. (14) can be stated as:

v =1, _B*NC, 5 =0,1,...,n.

Here

o) (>‘pr0 + Ysp (%0))

v vl (Aspz1 + Vsp (21))

v(®) ()‘SPxM +Ysp (Tar))
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N -\ ()
In addition, the matrix forms of <V>p V) and (V) 8 V() which emerges in Eq. (1) are

vP (Oésp-ro + /Bsp (xO)) 'U(s) ()‘prﬁ + Ysp (x()))
(V>p v — oP (aspfl?l + Bsp (z1)) ?)(S) ()‘Sle + Vsp (z1))

P (asprmr + Bsp (2ar)) o) (Aspras +ysp (Tar))

vP (aspx() + /Bsp (370)) 0 v
B 0 vP (aspxl +65p (1’1)) 0
0 0 e 0P (Oéspl'M + ,Bsp (:CM))

v(®) (Aspzo + vsp (70))
v(s) ()‘spxl + 781) (xl))

() (AspTans + vsp (T01))

o) (048105”0 + Bsp (w0)) () ()‘pro + Vsp (w0))
(p) (s)
(\7) (p) Vv — v\ (agpr1 + Bsp (xl)).v (AspT1 + Ysp (1))

(16)

v (spznr + Bsp () o) (AspTar + vsp (Tar))

o) (agyo + Bep (0)) 0 0
0 v®) (agprr + Bsp (71)) ... 0
0 0 U(p) (aspo +ﬁsp (J,‘M))
’U(S) ()\5p$0 + Vsp (330))

’U(s) ()\spxl + Vsp (1’1))

) ()‘sz)xM + Ysp (war))

N C, (17)

r ()\spfrO + Vsp (x())) 0
A 0 L (Aspr1 +7sp (21)) - 0
I‘)\’»y = . . . ’
0 0 I‘()\SPLUM+'75p (LEM))
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B 0 .. N 0 0 C o0
N 0 .. 0 - 0 N 0 N 0 C 0
B: , N: . . C:

0 0 B 0 0 N 0 0 C

By alternating the grid points given in Eq. (13) into Eq. (16), the following equation system is obtained
n m
Z Z Rp(@i)v? (spwi + Bsp (i) U(S)()‘SP@"Z' + Ysp (i)

s=0 p=0

303 Qupl@av® (g + Bup () v Ay + 7 (7))

s=1 p=1

(18)

= g(zi),
which can be represented using Egs. (14) and (16) as

n m R n m R ( )
> YRy (V) VL3300, (V)" V=6, (19)
s=0 p=0 s=1 p=1

where

R, = diag [Rep(x0) Rsp(x1) ... Rsp(zar)],
Qsp = diag [Qsp(z0) Qsp(21) ... Qspam)],

G =gl o) - glanr) ]

By substituting the relations (15) and (17) into Eq. (19), the fundamental matrix equation is achieved as

S Ry (Fay K E) T BN Y S QR (B) NETLBN C-G (o)
s=0 p=0 s=1p=1

Briefly, Eq. (20) can also be shown as,

WC =G or [W;G], (21)
where
W3S Ry (B NE) Ty BNE Y S Qb (B) K€ Dy BYN.

s=0 p=0 s=1 p=1

Here, Eq. (21) represents a system comprising (M + 1) nonlinear algebraic equations involving (M +
1) unknown Pell coefficients. Utilizing Eq. (15) for the values a and b, we formulate the matrix

representation of the conditions stated in Eq. (2) as
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n—1
{Z [a;.T (0) + b, (0)] (B)® N} C=96;,j=01,2,...,n—1
s=0

alternatively, this can be expressed as

UJ’C: [5J] or [Uj;5j]; j:0,1,2,...,n—1 (22)
Here

n—1
U; =Y [a;sT(0) + 0T (0)] (B)) N = [ujo uji wjo ... ujn] .-

s=0

Hence, through the substitution of the condition matrices in (22) with the n rows of the augmented matrix

in (21), the new augmented matrix is achieved as

woo wWo1 wo2 s WoM ; g(xo)
w10 w11 w12 s w1M ; 9(951)
w20 w21 w22 s Wan ; 9(902)
5
7 A Wp— WM-—n)1 WM-n)2 ° WM-——)M > JTM-
[W; G} _ | Wm0 W1 W) (-nyns 3 9(EM—n) (23)
U0o uo1 Uo2 e UoM ; o
U1 U1l Uu12 e (83 ; 01
U20 U1 U2 e UM ; 02
5
Unp-10  Un-1)1  Un-1)2 °°  Un-1)M On—1 |

Thus, the determination of the unknown Pell coefficients ¢,,, m = 1,2,..., M + 1 is achieved through
the solution of the system outlined in Eq. (23). Next, the coefficients are inserted into Eq. (3) to derive

the approximate solution.

Error Estimation

To determine the accuracy of the proposed method, we define the error function E;(x) as following
Ey(z) = vy (z) — v(z)]. (24)

Here, vjs(x) is the approximate solution and v(x) is the exact solution of Eq.(1).

Ilustrative Example

This section provides four numerical examples to showcase the effectiveness of the proposed method.
By using the error function Ejs(x), the method has been tested on these problems. The numerical results

obtained have been displayed through tables and graphics.
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Example 1. Let us examine the differential equation:

4 3 2

" 1ex f)_2<£):_£ r_r z 1 2
U(x>+“(4)“(5 U3 6750 2 2th (25)

with the initial conditions

Eq. (25) is the second-order nonlinear pantograph differential equation and the function v(z) = 22+ 1 s
the exact solution of this equation. The solution v(x) approximated by the Pell polynomials is obtained
as

M+1
v(x) = Z Cm P ()

m=1
where M = 2, R20 (l’) = 1, o) = 1, ﬁgo = 0, R11 (IL‘) = 1, a11 = %, 511 = 0, )\11 = %, Y11 =
0, Ro1 (z) = —1, aor = &, for =0, Aot = 3, 701 = 0, and g (x) = — % + £ — 2" + £ 4 1. Thus,
for M = 2 the set of obtained collocation points by Eq. (13) are computed as

1
.T[):O, x1:§7 1'2:1

From Eq. (20), we obtain

{Raol1B?N + Riul'y (NCT (BN + Rou ', (N CTy (N} C =G
57 47 27 PR
where
W = Ryl 0B*N + Ry;I'1 (NCT': (BN + Ry (NCT (N
57 4 29 PR
100 -1 0 0
Ry = Ru=|01 0|, Ru= -1 0 |,
00 1 0 -1
T (0) 10 0 r@o o0 0
Pio = D= |T() | =|1 4 [ Fo=| o T3 o |
T (1) 11 1 T (1)
10 0 Lio(0) 0
I 1
F%,o - 1 % TIG ,I‘%ﬁ: F%,o(é) 0
L3 3 0 0 Tyo(D)
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(1.0 0 Li,(0) 0 0
I 1
I‘i,o - 1 % % ,I‘%D: Fi,o(i) 0
R 0 0 Ti,(1)
1 0 0 ', (0) 0
3 1
o = |1 7% ﬁﬁ » Tio= 0 F%@(é) 0
1§ % 0 0 Tyy()
(1 0 1] N 0 0
N =1]020[,N=|0 N 0],
| 0 0 4 | 0 0 N
[0 1 0] B 0 0 C 0 0 1
B=|002|,B=l0Bo0o|C=|0cCo0| G=|Dnu
L0 0 0] 0 0 B 0 0 C 383

From Eq. (22), the matrix representation of the initial condition is
[U0;50]Z[101;1],[U1;51]:[020;0].
Hence, the resulting augmented matrix [W, G] is obtained as following
—a—c 2a+2c 8—c—a ; 1
(W;G] = 1 0 1 ;1
0 2 0 ;0

The matrix of Pell coefficients C is established by solving this system:

3 117
“[404]

Then, for M = 2, the solution approximated using the Pell polynomials is
vy (x) = 2% + 1.
Example 2. Consider the following differential equation

V(@) — v(z) + %ﬁ(%) —0; v(0)=0,0/(0) = 1.

(26)

We know that the exact solution of Eq. (26) is found by v(x) = xe™?. Table 1 provides the error function

values and offers a numerical comparison between the proposed method and the modified differential

transform method (MDTM) [33] for M = 8 and M = 11. Figure 1 depicts a visual comparison between

the approximate and exact solutions derived using the proposed method for M = 3,4, 5.
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Table 1. The numerical results of the error function Ey; are provided for different values of M for

Example 2

x Eg(MDTM) EH(MDTM) Eg EH
0.1 3.56812 x 10712 3.59265 x 10712  2.21233 x 1079  3.60961 x 10~ 13
0.3 4.67857 x 10710 4.52835 x 10712 6.10001 x 1072 9.75359 x 1013
0.5 4.58254 x 1078 5.85598 x 10~ 7.06047 x 1079  1.14569 x 1012
0.7 9.28161 x 10~7 2.78563 x 10710  5.60762 x 1072 1.11228 x 1012
09 872761 x 1076  6.64594 x 1079 8.19878 x 1019 1.40254 x 1012
04}
0al 03}
02l 02r
01r — Exact o1 — Exact
“‘0‘2“‘0‘4‘“0‘6“‘0‘8“‘1‘0 “‘0.‘2“‘0‘.4‘“0‘6“‘0‘8“‘1‘0
(a) M = (b) M =
03}
0.2 _
01 - Exact
0.‘2 0‘.4 016 0.‘8 1‘.0
(c) M =5

Figure 1. Graphical comparison illustrating exact and approximate solutions for Example 2 at M =
3,4,5

Example 3. Let us consider following differential equation [34]

1'3
Ul/(x) + 2U($) - U2($) + 'U(g) = g(x)7 U(O) — 07,01(0) -1 (27)
where
: .9 . a8
g(ﬂ?) =sInx — sin“ xr + sin (?)

v(x) = sin z is the exact solution of Eq.(27). Values of the error function specified in Eq.(24) for Eq.(27)
are displayed in Table 2, for M =9, 10, 11. Figure 2 depicts the graphical representation of the estimated
error function for M = 2,3 and 4.
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Table 2. The numerical results of the error function Fy; are provided for M = 9,10, 11 for Example 3

"y

Ey

Eqo

Eq

0.1
0.3
0.5
0.7
0.9

4.49765 x 10713
1.83259 x 1012
3.08087 x 10712
4.14413 x 10712
6.41098 x 10712

4.39510 x 10~ 14
1.69309 x 1013
2.83495 x 10713
3.87912 x 1013
9.74887 x 10713

5.55112 x 1016
2.05391 x 10715
3.38618 x 10715
4.55191 x 10719
8.88178 x 10716

0.8

0.6

0.4+

0.2

-
R
-
-
"3
-
a

-
-
-
-

0.8

0.6

-~
s
z

Approximate

Exact

0.4 -

0.2

Approximate

Exact

L
0.2

I I I
0.4 0.6 0.8

(a) M =2

0.8
0.6
0.4+

02+

L L L L L
0.2 0.4 0.6 0.8 1.0

()M =3

Approximate

Exact

L
0.2

L L
0.4 0.6

(c) M =4

L L
0.8 1.0

Figure 2. The graphical comparison illustrating exact and approximate solutions for Example 3 at M =

2,3, 4

Example 4. Let us consider the following differential equation

T

zv' (S)v?(z) + v”(4

T

2

)+ <7> +v'(x —0.5) =g(z); 0<z<1; v(0)

1, v'(0) =0 (28)

g(x) = —sin(z — 0.5) + cos(z/2) — cos (x/4) — xsin (x/2) cos? () .

v(x) = cos(x) is the exact solution of Eq.28. For M = 5,7,9 ; values of the error function specified in

Eq.(24) for Eq.(28) are showed in Table 3. The graphical representation of the estimated error function
for M = 3,4, 5 is depicted in Figure 3.
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Table 3. The numerical results of the error function Ey; are provided for different values of M for

Example 4
T E5 E7 Eg
0.1 391136 x 1077 3.34594 x 102 1.23668 x 10~
0.3 281310 x 1076 2.21417 x 10~® 6.88932 x 101!
0.5 3.83995 x 107° 2.74960 x 107 6.02225 x 10~ 10
0.7 2.73856 x 10™* 1.41557 x 1076 2.76425 x 10~
0.9 1.17411 x 1073 2.09302 x 107% 2.20612 x 108

0.9+

08
Approximate

Approximate

0.7 -

Exact

0.6

L L L L L L L L L L
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

(b) M =4

08 Approximate

0.7 |
Exact

0.6

I I I I I
0.2 0.4 0.6 0.8 1.0

() M =5
Figure 3. Graphical comparison illustrating exact and approximate solutions for Example 4 at M = 3,
4,5

Conclusion

This study utilized the Pell collocation method to solve a class of nonlinear Pantograph differential
equations. The method’s efficiency and accuracy are demonstrated through four distinct examples. The
approximate and error results obtained are compared with those obtained using the modified differential
transform method. From these comparisons, it can be inferred that the method is notably effective in

acquiring approximate solutions for nonlinear Pantograph differential equations.
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