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terms of those sequences.

Abstract: In this study, we give some matrices whose powers consist of the terms of
generalized Fibonacci and Lucas sequences. Then we give some identities concerning the

Matris Yontemleriyle Genellestirilmis Fibonacci ve Lucas Sayilan ile Ilgili Bazi Ozellikler

Anahtar Kelimeler
Genellestirilmis
Fibonacci dizisi,
Genellestirilmis
Lucas dizisi

elde edilecektir.

Oz: Bu ¢alismada kuvvetleri genellestirilmis Fibonacci ve Lucas dizilerinin terimlerinden
olusan bazi matrisler verilecektir. Daha sonra bu dizilerin terimlerine iliskin baz1 6zdeslikler

1. INTRODUCTION

Let k, t be nonzero integers with k? + 4t > 0 and k > 0.
Generalized Fibonacci and Lucas sequences (U, (k,t))
and (V,(k, t)) are defined by U,(k,t) =0, U, (k,t) =1,
Volk,t) =2,Vi(k,t) =kand U, (k, t) = kU, (k,t) +
tUp_1(k,t) , Vppi(k,t) = kV, (k, t) + tV,_1(k,t) for
n = 0. These sequences are defined firstly by Lucas in
[1].

For n < 0, we define

Up(k,t) = =(=)"U_,
and

Valk,t) = (=t)"Vp.

Then it is well known that

a™-

U,(k,t) =

2 V) = a4

am
for every integer n, where

k—kZ+4at
1 ﬂ = 2

o= k+Vk2+4t

2

are the roots of the characteristic equation
x2—kx—t=0.

The above formulas are known as Binet’s formulas. If
k =t =1, we get Fibonacci sequence (F,) and Lucas
sequence (L) respectively. For k = 2, t = 1, we get Pell
and Pell-Lucas sequences (B,) and (Q,,), respectively.

For briefly, we will write U,, and V;, instead of U, (k,t)
and V,(k, t). For more information and applications these
sequences one can consult [2] and [5], respectively.

Many identities concerning the terms of these sequence
can be proved by using Binet’s formulas. Also, matrices
can be used to obtain these identities. The most known

matrix is (’; (t)) and it is well known that
(k t)n — (Un+1 tUn )
10 Uy tUn—1

for every integer n (see [3,4]).
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The most known identities are given below as (see [2] or

[4])

Vn = Un+1 + tUn—l'
(kz + 4‘t)Un = Vn+1 + tVn—ll
— (k2 + 4)V2 = 4(—t)™

In this study, we give some matrices whose powers
consist of the terms of the above sequences. Then we will
give some identities concerning the terms of these
sequences. As we did not run into these identities in the
literature, we think that these identities are new.

2. MAIN THEOREMS

k —a 0 «a
Theorem 1. Let A = (/3 0 ) and B = <—ﬁ k) .
Then

U, —aU tU aU,
An — < n+1 n) and Bn — < n-1 n)
ﬂUn tUn—l _BUn Un+1

for every integer n.

Proof: It can be seen easily that eigenvalues of the matrix

A are a and B. Eigenvectors related to « are of the form
t .

(gt) for t # 0. And eigenvectors related to 8 are of the

a 1

form (z) fort #0. LetP = (ﬁ 1

can write

). As detP # 0, we

_ 1 _(a O
A =PDP ,whereD—(0 ﬂ)'

Thus, it is easily seen that A" = PD™P~! and therefore

An:ﬁ(g 1)(03 ﬁo">(—1ﬁ <)

n+1 ﬂn+1 _a(an _ Bn)
a—pf a—pf
pla™—p") —afla™' ="
a—=p a—p

— (Un+1 _aUn>
BUn tUn_1/)

The proof for the matrix B is similar with the matrix A.
Therefore we omit the details.
Now we can give our main theorems.
Theorem 2. Let n be a natural number. Then

Q) Unes =t 550 () (D" KUy,

b) Un=—-37(}) D" KUy,

Q) tUnoy = X () 1" WUy,

d) V=30 (1) DM KV,

Proof. Let the matrices A and B as in Theorem 1. Then,

sinceA+B=<Z, _a)+(0ﬁ k) kI, we get A =

—B + kI and therefore

A"=( B+ kD" =37y (") (~B)" Ik =
o () (-1 g

Thus, it is seen that

(Un+1 _aUn) —
BUn tUn—l
oo (3) GO W Unsay @ 2o () GO IRV

BT () Oy Tieo (5) GO U

Then we get
Unsr = tz, o( ) DM U, (2)
= -3, () D" KU,
tU_y = z;-zo (1) O KU ()
If we add (1) to (2) and use V, = U, + tU,_;, then we
get

Vo =2 (1) GO Vi

Theorem 3. Let n be a natural number. Then
a) k=00 (}) (~6) Unozjun,
b) k"= th=0 (1) (_t) Un—2j—1!

0 0=31(}) -0 Unosy,
d) 2k" =20 (1) (<6 Vo

Proof. Let the matrices 4 and B as in Theorem 1. As A +
B = kI and AB = BA = —tI, we get

n

k"l =(A+B)" = Z <7) AVIBJ
DIHERT

=370 () 4 (—tn) = ;; (M) -ty ar?
Therefore
(kon kon) -
To (M) COUnsrcg) —a B0 () (~0) Uy
B (1) VU tX0 () (-6 Vs

Then the proof follows.
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