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Abstract

In this article, the matrix algebra is well-known concept in mathematics, has been extended to sedenionic-coefficient
matrices using sedenions, which have many applications in recent years. Subsequently, sedenionic-coefficient matrices
have been obtained in their real, complex, quaternionic and octonionic forms. Based on these definitions, the arithmetic
operations of addition, multiplication, conjugation, transpose and conjugate transpose for sedenionic matrices and their
complex, quaternionic and octonionic variations have been established and their algebraic properties scrutinized. Lastly,
vector space over real and complex numbers and module structure over quaternions of sedenionic matrices has been
searched.
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Oz

Bu makalede matematikte iyi bilinen bir konu olan matris cebiri, son yiullarda pek ¢ok uygulamalaya sahip sedeniyonlar
kullamilarak sedeniyonik katsayili matrislere genisletilmigtir. Daha sonra sedeniyonik katsayili matrislerin, reel,
kompleks, kuaterniyonik ve oktoniyonik katsayil versiyonlart elde edilmistir. Bu tanimlar dogrultusunda, sedeniyonik
matrislerin ve diger varyasyonlarinin toplama, ¢arpma, eslenik, tranpoz ve eslenik transpoz islemleri tanimlanmig ve
cebirsel ozellikleri incelenmistir. Son olarak sedeniyonik matrislerin reel ve kompleks sayilar iizerindeki vektor uzaylari
ve kuaterniyonlar tizerindeki modiil yapist arastirimigtir.
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1. Introduction

In abstract algebra the term 'sedenion’ refers to any 16-dimensional algebra over the real numbers. The Cayley—
Dickson construction (Dickson, 1919) shows how octonions can be constructed as two dimensional algebra
over quaternions. If this doubling process applied to octonions, Cayley—Dickson sedenions are obtained.
Sedenions are non-commutative, non-associative, non-alternative, but power-associative algebra over the real
numbers. Unlike octonions, sedenions are not composition algebras or normed division algebras, because they
have zero divisors. The most fundamental and comprehensive source on sedenions is the study entitled
“Sedenionic algebra and analysis” (Imeada & Imeada, 2000). Carmody dealt with the investigation of circular,
hyperbolic quaternions, octonions and sedenions (Carmody, 1988). Moreno studied zero divisors of the
Cayley-Dickson algebras over the real numbers (Moreno, 1997) and also the most comprehensive study on
zero divisors of Cayley-Dickson sedenions has been conducted by Cawagas (Cawagas, 2004). The conjugacy
class of subalgebras in the domain of real sedenions is investgated by Chan and Dokovic (Chan & Dokovic,
2018). The application scope of sedenions can be demonstrated through various recent examples. For instance,
solving plasma physics’ Maxwell equations using sedenions can be cited as the most current application
(Sumer, 2022). The complex, quaternionic, and octonionic forms of sedenions, along with their matrix
representations, were obtained by Bektas (Bektas, 2021). Additionally, Bektas conducted research on fuzzy
sedenions and fuzzy sedenion-valued series (Bektas, 2023). Sedenions have recently emerged in number
theories in pure mathematics. Research in this field has been applied in computer science and combinatorics.
Some examples of these studies can be provided. Firstly, a new generalization of Fibonacci and Lucas
sedenions can be given (Kirlak & Kizilates, 2022). Akpinar and Tasyurdu investigated Perrin octonions and
sedenions (Tasyurdu & Akpinar, 2020). Catarino investigated modified pell and modified k-pell quaternions
and octonions (Catarino, 2016) and also k-pell, k-pell-Lucas and modified k-pell sedenions (Catarino, 2019).
The expansion of Mersenne and Mersenne-Lucas numbers through sedenions resulted in obtaining Mersenne
and Mersenne-Lucas sedenions (Devi & Devibala, 2021). Similar to Mersenne sedenions, Fibonacci and Lucas
sedenions and their generating functions and Binet’s formulas obtained by (Bilgici et al, 2017). These studies
showcase the diverse applications of sedenions in different fields. They highlight the role of sedenions not
only in mathematical theories but also in applied sciences, thereby indicating their relevance in
interdisciplinary research. In thispaper, we aimed to expand the scope of standard matrix algebra and its
properties within the context of sedenions. The article initially provided information about sedenions and their
general characteristics. Subsequently, based on this information, sedenionic coefficient matrices were defined.
Algebraic properties were examined through operations including addition, multiplication, conjugate,
transpose, conjugate transpose and trace. Finally, within this study, the vector space structures of sedenionic
matrix sets over real numbers and complex numbers and also the module structure over quaternions were
investigated.

Definition 1.1 (Imaeda & Imaeda, 2000) The sedenions are constructed over real numbers. Let
Eis ={¢ €S]i=0,1,2,..,15 } is canonical basis of sedenions, where ¢, = 1 is multiplicative scalar element
and ¢;’s (i = 1,2, ...,15) are imaginary units. Sedenions are written as a linear combination of E;. The set of
sedenions can be written in the form

15
Sz{xzzycie” xIEIR{,OSIS15 .

i=0

Sedenionic units are satisfy the following properties:

1. eg=1andeye; =ejeg=¢;, (i#0)

2. €i e = (ei )2 = —1, (1 * 0)
3. € e]- = —e]' €y, (1 * ])! (1'] * 0)
Let us first give some fundamental notions of sedenions. X is a Cayley-Dickson Sedenion, X = Y15, x;e; ,

Sy = xoeo = Re(X) is the real part of sedenion, V,c = Y15 xie; = Im(X) is the vectorial part of sedenion.
Thus, sedenions can be expression as

X = xpey + Zilflxiei =Sy + Vx.
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The sum of two sedenions is defined by

X +Y =215+ ydes = (Sx +S,) + (Ve +V,,).

The multiplication of two sedenions is defined by

XY= ( iljoxiei) : (Z%:So’y*iei)-
The multiplication of sedenionic unit basic elements are given in Table 1.

Table 1. Multiplication table of unit sedenion basic elements

€o €1 € €3 €4 €s €6 €7 €s €9 €10 €11 €12 €13 €14 €15
€o =21 €z €3 €4 €s €6 €7 €g €9 €10 €11 €12 €13 €14 €15
€1 —€ €3 —€; €s —€y —€y €6 €9 —€g —€11 €19 T€i13 €1 €15 —C1s
€ —€3 —€ e €6 €7 —€4 —€s €19 €11 —€g €y T4 —€15 €13 €13
€3 €z —€1 —€ €7 —€ €s —€; €11 —€ip & —€g —€15 €14 —€13 €1
€4 —€5 —€ —€; —¢€ =1 € €3 €12 €13 €14 €1s —€g €y —€19 —€11
€s €4 —é7 €6 —€ —€ —€3 €z €13 —€12 €15 €14 &g —€g €11 —€jo
€6 €y €4 —6 & €3 —€ T€1 €14 —€5 —€1p €13 €10 —€11 ~¢€g €9
€7 —¢€ €s €4 —€3 —é& €1 —€y €15 €14 —€13 —€12 €n €10 —€y €3
€g —€ €19 —€11 Tz “e13 —€y —€15 € €1 €3 €3 €4 €s €e €y
€9 €g —€11 €10 —€13 €12 €15 —€is —€6 —€ —é€3 € —€s €4 €y —€6
€10 €11 €g —€9 —€14 —€15 €12 €13 € €3 —€ —€é —€é € €4 €s
€11 €10 €9 €g —€15 €14 T€13 €13 Té3 6 21 —€ —¢€; €e —€s €4
€12 €13 €14 €1s €g —€y —€19 —€11 —€; €5 € €y —€ —€ —é €3
€13 —€12 €15 €1y €9 €g €11 —€i0 —€5 €4 €7 —€¢ €1 —€o €3 —€z
€14 —€15 €12 €33 €10 —€11 €g €9 —€ T€7 & €s ) —€3 —€ —€
€15 €14 €13 —€13 €11 €10 ) €g —éy € —€5 —é €3 €z —é1 —€

Additionaly, the multiplication operation can be defined as X - Y = Zil,js,kzl fi]-yﬁek, where e;, ej,ex € Eq,
fij = xiy;. y}‘j € {—1,0,+1}. y}‘j are called field parameter. The list of all triplets indices of the ordered triplets
(i,j, k) which provide the loops here, can be found in Table 2.

Table 2. Sedenionic triplets

(i,j, k)
(1,2,3) (1,4,5) (1,7,6) (1,8,9) (1,11,10) (1,13,12)  (1,14,15)
(2,4,6) (2,5,7) (2,8,10) (2,9,11) (2,14,12) (2,1513)  (34,7)
(3,6,5) (3,8,11) (3,10,9) (3,13,14) (3,15,12) (4,812)  (4913)
(4,10,14) (4,11,15) (5,8,13) (5,10,15) (5,12,9) (5,1411)  (6,8,14)
(6,11,13) (6,12,10) (6,15,9) (7,8,15) (7,9,14) (7,12,11)  (7,13,10)
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Let X = ({3, xie;) and Y = (X5, ¢ie;) be two sedenions. <, > ¢ operation is called sedenionic inner
product and it is defined as
<XY > =§(x~7j +Y - X) = x990 + X141 + - + X15Ys.

Hence, the norm of the sedenion X denoted by || X|| = VX - X = /Ziljo(xi)z. If |IX|| = 1, then X is called
the unit sedenion. The inner product and norm operations mention above provide the following properties:

<X, Y>,=<Y,X >q

<X, X>,=|X]*=0,

<X Y Z>=<Y,X -2Z>=<X,2-Y >,
I +yll < lxl+ Iyl

locll = ll—2ll = 11Xl = I-X1,

1212 + Y12 = S Alx + Y12 + 11 = Y112,
1o -yl =Ny - xll = 11X - yll = llx - Gl

N o aprwbdE

X is called conjugate of sedenion and it is defined by
X = Xop€09 — Zilflxiei = Sx - Vx.
X non-zero sedenion, inverse of sedenion is defined by

X

Xt =—0,
llocli2

(11l = 0).

2. Material and method

In this section, we will investigate properties of sedenionic matrices. Firstly, we define real, complex,
guaternionic and octonionic coefficient combination of sedenionic matrices. According to definition of basic
matrix algebra operations are defined for each combination. These operations can be listed as follows:
Addition, multiplication, conjugate, transpose, conjugate transpose and trace operation of sedenionic matrices.
Finally, algebraic structures on sedenionic matrices set are investigated.

Definition 2.1 Sedenionic matrix is defined by A = [dg]mxn, Where 3, = Yi5,alie; €S, al, €R,
(1 <s<m,1<t<n ). The setof sedenionic matrices denoted by M, (S). If m=n the set of sedenionic
square matrices denoted by M, (S).

Lemma 2.1 (Bektas, 2021) The algebras obtained through the construction known as the Cayley-Dickson
doubling process always contain a sub-algebra. Therefore, there exists a relationship between these sets such
RcCcHcOcSc-- that every sedenion can be expressed as a linear combination of octonions,
guaternions, and complex numbers.

i. Let Zl = Xo + Xlel, ZZ = XZ + X3e1, Z3 = X4_ +X561, Z4_ = X6 +X7el, Zs = X8 + Xgel, Z6 = X10 + Xllel,
Z; = X1 + X13€1, Zg = Xq4 + Xy5€; € Cand X = Y15 x;e; € S be given. Sedenion X can be written linear
combination of 8 complex numbers as follows:
X =274 + Zye5 + Z3€4 + Z4€6 + Zgeg + Zg€19 + Z7€12 + Zg€14.
ii. Let q; = X + Yo, Xi€ =x, + 2 xi€ = xg + 2% x;€

. d1 0 i=1Xi€, 42 4 i=5Xi€i—4, 3 8 i=8 Xi€i-7,

Qs = X12 + 23,1 Xei_10 EH and X = Y15 xe; €S be given. Sedenion X can be written linear
combination of 4 quaternionic numbers as follows:

X =q1 +qz€4 +qzeg + qu€q2.

iii. Let 04 = Xo + X/_1 Xj€j, 0, = Xg + X2 X;e;_g € O be given and X = Y15 x;e; € S be given.
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Sedenion X can be written linear combination of 2 octonionic numbers as follows:
X == 01 + 0298.

Theorem 2.1 Let A = [44] = [X{2,al.e;] be given. The sedenionic matrices can be written as real, complex,
guaternionic and octonionic coeffecient matrix as follows:

1. A=[i] = [Zi5,ale;] = [ad] + [al]e; + [aZ]e, + -+ + [alf]ess a sedenionic matrix is written as a
linear combination of 16 real matrices as follows

A=Ay +Aje; +Aze, + -+ Ajsess,

where Ay = [a%],..., Ays = [alf]ers € Mpyn (R).

2. A=Y Aje;, asedenionic matrix is written as a linear combination of 8 complex matrices as follows
A=30 Ajesi_, = Ay + Rye, +Azey +Ageq + Ageg + Agerg + Aser, + Ageqy,

Where A1 = AO + Alel, AZ = AZ + A3e1, A3 = A4 + A5e1, A4 = A6 + A7el,
As =Ag+ Agey, Ag = Ajg + Ajreq, Ay = Ay + Agzeq, Ag = Ags + Agser € My (€).

3. A=Y} Aje, asedenionic is written as a linear combination of 4 quaternionic matrices as follows
- .~ -~ ~ ~
A=Y Ajesig = Ay + Azey + Azeg + Ageyy,

where A; = Ag + Xi_; Ajej, Ay = Ay + X5 Ajei_s, Az = Ag + XiJgAjei s,
Qs = Az + X211 Ajei_10 € My (H).

4, A= Zilfo A;e;, a sedenionic matrix is written as a linear combination of 2 octonionic matrices as follows

~

>

= K1 + K298,
where K1 = Ao+ X1 Ajey, K2 = Ag + 225 Aiei_g € Mpyyn (0).
Proof: It can be obtained easily from lemma 2.1.

Definition 2.2 Let & = [3], B = [bst] € Mpmxn (S) be sedenionic matrices. If &, = by, then it is called A is
equal to B and written A = B.

Remark 2.1 According to sedenionic matrix definition, if two sedenionic matrices are equal then their real,
complex, quaternionic and octonionic coeffiecient matrices are equal.

Definition 2.3 Let A = [4..] be given. V 3, € S, if 45, = 0, then it is called sedenionic zero matrix and written
as A = O,¢n. In case of m = n, it is called sedenionic zero square matrix and it is written as 0,y = Op,.

Definition 2.4 Let A = [d4], B = [bst| € Minyn(S), (1 <s<m,1 <t <n ) be sedenionic matrices. The
addition operation of sedenionic matrices can be written as follow:

dj; + by d2 +byy dip + by
ADB = [d5 + be| = dz1 :‘"b21 dzz +:b22 dan ‘t‘bzn
dm1+bm1 dmz + by Smn + Dmn mxn
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Remark 2.2 The symbol @ is defined as sedenionic matrix addition operation. Addition of sedenionic matrices
can be written in the term of matrices with real, complex, quaternionic and octonionic coefficient respectively

A®B = Y12, (A;+B))e;,

A@B = 218=1(Ai + Ei)ezi—z,
A@B = Z?=1(Ki + Ei)e4i—4,
ADB=2A, +B, + (ZZ + ﬁz) eq.

el

Corollary 2.1 (Mpn(S), ®) is an Abelian group. Opy, iS unit element of My, (S). The inverse of
A = Y15, Aje; according to the addition operation is —A = — %12, Aje;.

Definition 2.5 Let A = [&5] € Minun(S), B = [ber] € Mpyp(S) (1 <s<m,1<t<n,
1 < r < p) be sedenionic matrices. The multiplication of two sedenionic matrices can be define as follows:

A X B= [Z?=1 dgt - Btr]

mxp’

The symbol ® is defined as sedenionic matrix multiplication operation. If Y, 3 by = & (1 <s < m,
1 <r < p), then we can write

- _ n ~ = _x o ~ o ~ 1
€11 = Xteqdqp - by = d1q - byg + 355 - byg + -+ a5y - by,

v _ n ~ = o x 7 ~ 7 v

€12 = Nteqdqp - by = d1q - byp + 3815 - by + -+ a1y - by,
N~ — n v N — v g v o v o
C1p = Xfeqdg - by = d11 byp +d1p - byp + -+ dqp - byp.

On the other hand, the multiplication of sedenionic matrices can be written as

A1t A vt dAit A1t Azt ot dit
%o | A1 A o dge dpjp dge v Ay _ (% _
A ® B = : : . : : : . : - (Cmp) =C.
dir A1t A1t/ gy N1 die 7 A1t/ pyp

Remark 2.3 Let A = %15 Aje; € Mipen(S), B = Y12, Bie; € My (S), 1 <s<m,1<t<n,
1 <r < p) be two sedenionic matrices. For each i = 0,1,2...,15, let A; € M, (R) and B; € My, (R) real

coefficient matrices. Then, the multiplication operation in terms of real combination of two sedenionic matrices
can be define as follows:

= (AoBp —A1B; —A;B; —A3B3; —AyBy — AsBs — AgBg — A;B; — AgBg
—AgBg —A19B1g —A11B11 — A12B13 — Ai3Bi3 — Ag4Bis — AisBis)e
+(A0B1 + A;By +A;B; — A3By, + AyBs — AsB, — AgB; + A;Bg + AgBg
—AgB; —A1oBy1 + A11B1g — A13B13 — Ay3Bg — A14Bis — AisBiade;
+(A0B2 —A{B; +A;Bg + A3B; + Ay Bg + AsB; — AgBy — A;Bs + AgByp
+AgB1; —A19Bg — A11Bg — A12B1s — A13Bis + A14Biz + AgsBis)e;
+(A0B3 +A;B, —A;B; + A3By + AyB; — AsBg + AgBs — A;B4 + AgByy
—AgB1g + A1oBg —A;1Bg — A13B1s + A13Biy — Ag4Bis + AgsBys)e;
+(AyBs —A;Bs —A,B, — A3B; + AuBy + AsB; + A¢gB, + A,B; + AgBy,
—AgBi3 + A1oB1s +A11B1s — A1pBg — A3Bg — A14Big — AgsBig)ey
+(AyBs + A;B, —A,B, + A;By — AyB; + AcBy — A¢B; + A,B, + AgBy5
—AgB1y + A1oBis —A11B1s + A1pBg — Ag3Bg + AguBig — AgsByg)es
+(AyBg + A;B; + A,B, — A3Bs — AuB, + AcB; + A¢By — A,B; — AgBy4
—AgB1s —A1oBiz + A11B13 + A1pBig —Ag3Big — A14Bg + AjsBg)eg
+(AyB; — A;Bg + A,Bs + A;B, — AyB; — AcB, + AgB; + A,By + AgBys
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+AgB14 —A1oBi3 + A11Bi; + Ag3B1q +Ag3B1g — A4Bg — AjsBgle;

+(A¢Bg —A;Bg —A;B1g — A3Bg — AyBi; — AsBy3 — AgBiy — A7Bys + AgBy
+AgB; +A1oB; + A11B3 + A1;By + Ay3Bs + A4Bg + AisBr)eg

+(A¢By + A1Bg — A;B11 + A3Big — AyBy3 + AsByp + AgBis — A;Byy — AgB;
+AgBy —A1oBs + A;1B; —Ay3Bs + A3B, + A1uB; — AgsBeeg

+(A¢B1o + A1Byy + A;Bg — A3Bg — AyByy — AsBys + AgByp + A7Bg3

—AgB; + AgB3 + A1oBy —A1B; — A1;Bg — A13B; + A14By + AjsBs)ey
+(A¢B1; —A1Big + A;Bg + A3Bg — AyBys + AsByy — AgBi3 + A7By; — AgB; — AgB;
+A10B; + A11Bg — A12B; + A13Bg — A14Bs + AgsByleqy

+(A¢B12 + A1By3 + AyBys + A3Bys + AyBg — AsBg — AgBig — A7By; — AgB,
+AgBs + A19Bg + A11B; + A1;By — Ag3B; — AuB; — AgsBsley,

+(A¢B13 —A1By; + AyBis — A3Biy + AyBg + AsBg + AgBy; — A;Bg — AgBs
—AgBy + A1oB; — A11Bg + A13B; + Ay3By + AuBs — AgsBj)ess

+(AoB1s — A1Bys — ABy; + A3Bi3 + AyBig — AsByy + AgBg + A;By — AgBg
—AgB; —A19By + A;11Bs + Aj3B; —Ag3B3 + A1uBg + AjsBr)eqs

+(A¢Bys + A1Biy — AyBi3 — A3Byp + AyByg + AsBig — AgBy + A;Bg — AgB;
+AgBs — A1oBs — A11By + A13B; + Ag3B; — ABy + AgsBoess.

Remark 2.4 Sedenionic matrix set, unlike other matrix algebras, none of the properties of multiplication
operation is not safisfied in general.

Definition 2.6 Let A = [ds] € Mpyn(S), (1 <s<m,1 <t<n) be given. A is define as conjugate of
sedenionic matrix of A and written as follow:

A= m = [ Il=50 aistei] = [agt - 211=51 aistei]'

Remark 2.5 The conjugate of sedenionic matrices can be written in terms of matrices with real, complex,
guaternionic and octonionic coefficient respectively

1. A=Ay -3 A,
2. §:A1 21 zA €2i-2;
3. K:Al Z Ae41 4
4, A=A, —Aye

Definition 2.7 Let A € S be given. The multiplication of a sedenion and a sedenionic matrix is defined as
follow:

Os: S X Mpgn(S) — Mpyn (S)
(LA) 5205 A =20s [Hse] = [A- &gl

Dueto A € S and 3 € S it can be written as A - 3. € S and A Og A € M,,4n (S). The scalar multiplication
operation is scalar operation.

Theorem 2.2 Let A, B € M4, (S), C € M,,,(S) and A € S be given. Then, the following properties are
safisfied.

~

= A,

>

O D>(|'
:(>(|
Il

IJ><| >

Os
(AGBB) DB,
. B0 +#AQC

A WM P

Proof: (1), (2), (3) can be easily shown. Then, we will prove the condition of (4).
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(4) (K b2 C) = AoCp — 11:51Aici
—(AoC; +A;Cy+ A,C3 —A3C, + AuCs — AsCy — AgCy + A,Cy + AgCy
—AgCy —A1oCqq +A11C10 —A12C13 — Ay3Co — Ag4Cis — AysCigdey

—(A¢Cys +A1C1q —AyCi3 — A3Cyp + AyCyy + AsCip — AgCo + A;Cg — AgCy
+AgCs — A1oCs —A11Cs + A12C3 + A13Cy — Ag4Cy + Agscodes,
and

AQ® C=A,Co— X5 A
—(AyC; + A1Co+ AyC3 —A3C, + AyCs — AsCy — AgCy + A,Cy + AgCo
—AgCy —A19Cq1 +A11C10 —A12C13 — Ay3Co — Ag4Cis + Ag5Ci)ey

—(A¢Cyi5s —A;C14 —AyCi3 — A3Cyp + AyCyy + AsCyip — AgCo + A;Cg — AgCy
+AgCs — A1oCs —A11C4 + A15C3 + Ay3C; — A14Cy + Agsco)ess.

Then, it is obtained that (A ® C) = A ® C.

Corollary 2.2 Let A= Ay — Y15 Aje; € M (S) be given. As a result of theorem 2.2, it can be written the

following expression: (K)Z * (KZ).

Definition 2.8 Let A = [3g] € Myuxn(S), (1 <s<m,1 <t<n) be sedenionic matrix. The transpose of
sedenionic matrix of A is defined as A® = [ds] € Mpxm (S).

Remark 2.6 The tranpose of sedenionic matrices can be written in terms of matrices with real, complex,
guaternionic and octonionic coefficients, respectivly as follows

At 15 t
At = Yi20Ai e,
- ~t
t — 8
A= Zi:lAi €2i-2,
~ ~ t
t — 4
A" = D=1 Aj €454,
t

-~ =t =
At:Al +A2 €g.

> wbnhPE

Theorem 2.3 Let A, B € M5n(S), C € M,1(S) and A € S be given. The following properties are safisfied.

(A@B)' = AteB,
(&) =%

(A Os K)t =21 Qs A,
(A®C) # @A

Moo e

Proof: (1), (2) can be easily shown. Then, we will prove the last two conditions.
(3) (A Os &) = A Os [Hse)' = A+ dis] =1 Os [Hes] =2 Os A"

~ - t
(4) (A ® C)t = (( 20 Aiei) ® ( 20 Ciei))
= CotAot - 211:50 CtA*
+(COtA1t + CltAOt + CZtA3t - _C15tA14t)el
+(Co'Ars" — C1" A" — . +Ci5" A0 )eys

and
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CRA = ( 2 Citei)( ilzsoAitei)
=Co'Ap' — 211:50 C'A*
+(C0tA1t + CltAOt + CztA3t _ —C15tA14t)61
+(C0tA15t + CltA14t + ... +C15tA0t)615.

Based on obtained results, it can be written (A ® €)" # Ct ® A,

Definition 2.9 Let A = [H] € Mpuen(S), (1 <s <m,1 <t < n) be given. Then, the conjugate traspose of
~ Tt —_—
Kisdefineas (A) = [Es]" € Mpxm (S).

Remark 2.7 The conjugate tranpose of sedenionic matrices can be written in terms of matrices with real,
complex, quaternionic and octonionic coefficients, respectively as follows

1 (&) = At - T Ale,
-t —~

2 (A) = A1t - Z?:z Aitezi—Z’
-t ~

3. (A) = A1t - Z?:z Aite4i—4’
—<t =~ t =~ t

4 (A) = Al - AZ eg.

Theorem 2.4 Let A, B € M4, (S), C € Mp(S) and A € S be given. The following properties are safisfied.

SN w N =
~—
>>(
@D
o
Il
~— |
>
~
®
~—
o
~

Proof: (2), (3), (4) can be easily shown. Then, we will prove condition of (1).

@ (*0sA) = (R0s1) = (%) 0si

Definition 2.10 Let A = [d] = Y15, Aje; € M, (S) be given. The sum of the elements of sedenionic square
matrix A on principal diagonal is called the trace of matrix A and denoted by tr(K).

tl’(:&) = Z{}=1 app = Z?=1(211=51 5rri)
= Zi"l:l(érro + 5rrl + ot 5rr15)
= Ir’lzl(érro) + Z?:l(érrl) + - +er1:1(5rr15)'

On the other hand tr(A) can be written in terms of matrices with real coefficient as:
tr(A) = 215, tr(ApDe; = tr(Ay) + tr(Ae; + tr(Ay)e, + -+ + tr(Ags)es.

Theorem 2.5 LetA = Y% Aje;, B = Y% Bie; € M, (S) and A € S be given. The following properties of trace
operation are safisfied.

1. tr(A@®B) = tr(A) + tr(B),
2. tr(A®B) = tr(A) - tr(B),
3. r(A®B)#tr(BRA),
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4. tr(AQsA) # tr(A) - Aortr(A Os A) # A - tr(A),
5. tr(AY) = tr(A).

Proof: (1), (3), (4), (5) can be easily shown. Then, we will prove condition of (2).

2 tr(A® B) = tr(AoBy) — tr(X{2; A;B;)
—tr(AgB; + A;By 4+ A,B; — A3B, + A,Bs — AsB, — AgB, + A,Bg + AgBs
_A9B1 - A10]311 + A11]310 - A12]313 - A13]39 - A14Bls - AlSBl4)el

—tr(AoBys + A1B1sa — A;By3 — A3Bi; + AyByg + AsBig — AgBg + A;Bg — AgB,
+AgBg — A1oBs — A;11Bs + A13B3 + A13By — A14By + AjsBolegs
and

tr(K) . tr(E) = tr(AyBy) — tr(Ziljl AiBi)
—tr(A0B1 + A1B0 + A2B3 - A3B2 + A4B5 - A5B4_ - A6B7 + A7B6 + Ang
—AgB; —A19B11 + A11B1o — A12B13 — A13Bg — A14Bis — AgsBiadeg

—tr(AgBys + A1B1y — A;By3 — A3Byy + AyByg + AsBig — AgBg + A;Bg — AgB;
+AgBg —A19Bs — A11By + A13B3 + Aj3B; — A1yBg + AisBgless.

The properties of trace of real matrix is tr(A - B) # tr(A) - tr(B), so the results are not the same and it is
obtained tr(A ® B) # tr(A) - tr(B).

Definition 2.11 Let A = [35] € M4, (S) and A € R be given. The multiplication of a real number and a
sedenionic matrix is defined as follows:

O: R X Mpyn(S) — My (S)
(LA) 5 AOQA =20 [Hs] = [A- gl

Due to A € R and 3 € S it can be written as A- 35 €S and A O A € M4, (S). The scalar multiplication
operation is scalar operation.

Theorem 2.6 Let A, B € M4 (S) and A4, A, € R be given. Following properties of the scalar multiplication
are safisfied.

MO BeB)=) 0A0N OB,

M +2) OA=2 O ADA, OA,

(7\17\2) © A= MO (7\2 © K),

1, is the unit element of R field, 1, © A = A.

HAwbd e

Proof: (1), (2), (4) can be easily shown. Then, we will prove condition of (3).

(3) (7\17\2) © A= [(7\17\2) '5st]
= A (A7 - &0)]
=140 [(}\2 ' 5st)]
=M 0 (7\2 © [\gést)])
=1 O (2, OA).

Corollary 2.3 Due to (M40 (S),®) being an Abelian group and from theorem 2.6, it is concluded that
{M1xn (S), ®, R+,-,O} is vector space.
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Definition 2.12 Let A = [dg] € Mpxn (S), where 3, = Y15, ale; € S be given.

djp  dg dip
A= dp1  dzz dzn
éml 5m2 éimn mxn
1 0 0 e, O
=290 0 Ol 441,10 0
0 0 0 0 0
0o 0 .. 1 0
+otady (909w Of4at,[?
0 0 0 0
0 0 07 0
potaly |00 v Owal, |9
1 0 0 e
0 0 07 0
0
+otafn 000 o Ok, |
0 0 1 0
Considering this expansion,
1 0
Mmsn (S) = Sp{S,} = sp{ [0 O
0 0
0 0
00
0 0
0 0
900
L1 0
0 0
00
0 0

o

1

o ’_“o eee

is written more explicitly as follows:

0 €15 0 0
0 + o+ als 0 :0 . 0
0o 0 .
€1 0 0 €15
Mtras? O 9
04 0 0 .. 04
. 0 0 0 .. 0
(:) +tam 0 0; 0
0] e;s O 0
0] 0 0 0
MHevas|? O - 9
€4 ] 0 0 €15
€1 0 0 €15 0 0
00 of |9 0 0
0 0 0 0 0 0
0 0 €17 0 0 €157
00 01,10 0 0
L0 0 04 0 0 04
0 0 0 0 0 0
0 0 0 0 0 0
e; O 0] e;s 0 0
[0 0 0] 0 0 0
0 0 0 0 0 0
0 0 ey 0 0 €15

thus, S; is obtained. If S; system linearly independent, it is obtained that S; is the base of M., (S) vector

space over field R. Let q11, q12,---5 d1n, 921+ d22>---> A2ns Am1s Amz»++ > Amns F11 F125-+5 Fino F215 T2250--5
rzn’ rml, rmz’...’ rmn, tll, tlz’...’ tln, t21, t22,..., tzn, tml, tmz,..., tmn E ]R and

10 .. 0] e, 0
d11 0 0 0 + T1q 0 0

0 0 0- L0 0

0 0 17 0 0
potan]0 0 o Oan,|0 0
0 0 . 0 0

0 0 0 0 0

0 0

+o Qe [§ 9 Frm |
10 0 e, 0

07 es 0 .. 0
(:) +otty |00 0
0 00 . 0
€1] 0 0 €15
] PO (I
0l 00 .0

. 0 0 0 0

N+-ttm|? O 0 F
6 e;s 0 0
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0 0 0 0o 0 .. 0 0o 0 .. 0
+"'+qu(:) O (:)+rmn(-) O O +'"+tmn(‘) 0 0 =6mxnbegiven.
00 .. 1 0 0 . e 0 0 . e
In that case, q11, 912,---» d1n» 921> 922>--+> A2ns Am1s Am2s---> Amns F11> F125++-» F1ny T215 T225--+> T2ns Tm1,

T'm2s-++> Fmns 11y 125+ Ty €215 £225+-05 tony tm1s tmzs---» tmn = O iS Obtained. This result tells us S; system
is linearly independent. Due to M ,4n (S) = Sp{S;}, S; matrix system is M5, (S) vector space’s standart base
and it is obtained dim(M,, (S)) = 16mn.

Remark 2.8 The relationship between the number setssuchRc Cc Hc O c S c --- is known from lemma
2.1. Similar to definition 2.11, it can be define the scalar multiplication operation involving complex numbers
or quaternionic numbers with sedenionic matrices as follows:

Let A = [dg] € Mpmxn(S) and Ay, A, € C, A3, A, € H be given.
i. The multiplication of a complex number and a sedenionic matrix is defined as follow:
Oc: CX Mpyn(S) — Mpyn(S)
(M.K) — A Oc A= A Oc [5st] = [7\1 ’ 5st]-
ii. The multiplication of a quaternion and a sedenionic matrix is defined as follow:
Om H X Mpxn(S) = Mpyn(S)
(7\3.K) — A3 Ou A =23 Oy [Es] = [A3 - 3]

Considering these two scalar operations and given that sedenions are non-commutative, property number (4)
in theorem 2.6 can be expressed as follows for complex numbers and quaternions, respectively

1. (M22) Oc \A;i A (A2 Oc¢ Kv),
2. (k) Ou A # 23(A On A),

Corollary 2.4 {M,xn(S), ®, C, +,,O¢} is not left (right) vector space.
Corollary 2.5 {M,xn (S), @, H, +,, O} is not left (right) module.
4. Discussion

Taking into account the evolving technology and current conditions, it has become inevitable to explore new
areas mathematically and create various alternatives. In the 21st century, the application areas of sedenions are
increasingly expanding. Its usage is widespread in fields such as robotic movements, quantum mechanics and
prediction of time series. In this study unlike the known matrix algebra, matrices with sedenionic coefficients
have been defined and their algebraic properties have been investigated and contributed to the literature.
Considering the applications of standard matrix algebra, it can be stated that this study opens a new area in this
field.

5. Conclusions

The exploration of sedenions and their algebraic operations in the first section are given. Sedenionic algebra
properties are used for on defining sedenionic coefficient matrices. This definition extends to real, complex,
guaternionic and octonionic coefficient sedenionic matrices, followed by the comprehensive definition of
various essential operations tailored for each type of sedenionic matrix. Addition, multiplication, conjugate,
transpose, conjugate transpose, trace operation of sedenionic matrices are defined for each combinations. The
vector space of M, (S) over R field and dim(M,,, (S)) = 16mn is obtained.
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