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sayilar1 olarak adlandirdigimiz Padovan ve Perrin sayilarimin yeni bir
versiyonunu tanitiyoruz. Ayrica bunlarin bazi 6zelliklerini de inceliyoruz.
Ek olarak, Binet benzeri formiiller, iirete¢ fonksiyonlari, kismi toplam
formiilleri ve binom toplam formiilleri de dahil olmak iizere bu yeni tiirleri
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Introduction

Numerous calculi with various features have been developed since Newton and Leibnitz established
modern calculus. As an alternative to Newton and Leibniz’s standard calculus, Grossman and Katz
created a new family of calculi known as non-Newtonian calculus, and, defined modern forms of integrals
and derivatives that converted addition and subtraction operations into multiplication and division opera-
tions [1]. In classical calculus, every property finds an analogue in non-Newtonian calculus. Non-Newto-
nian calculus offers a distinct approach to problems traditionally tackled by calculus. For certain scenarios,
such as those involving wage rates (in dollars, euros, etc.), proponents suggest employing bigeometric

calculus, a type of non-Newtonian calculus, instead of the conventional Newtonian approach [1-3].
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Duyar and Sagir aimed to generalize the traditional Lebesgue measure on real numbers to the context of

non-Newtonian real numbers. To achieve this, they introduced the concept of Lebesgue measure for both
open and closed sets in the non-Newtonian framework and explored its fundamental properties [4].
Erdogan and Duyar introduced non-Newtonian improper integrals and investigated their convergence
conditions. Additionally, key theorems such as the second mean value theorem and the intermediate
value theorem were proved within the non-Newtonian framework to provide convergence tests [5].
Degirmen and Duyar introduced one of these gains by introducing non-Newtonian Fibonacci and non-
Newtonian Lucas numbers. Additionally, they provide some formulas and identities such as the Binet
formula, d’Ocagne identity, Cassini identity, and Gelin-Cesaro identity, and find the functions that
generate these numbers [6].

Yagmur introduced a new type of Pell and Pell-Lucas numbers in terms of non-Newtonian calculus, and
studied some significant identities and formulas for classical Pell and Pell-Lucas numbers [7].

In this research endeavor, we commence by providing essential insights into non-Newtonian calculus.
Subsequently, we present the definition and certain properties of Padovan numbers, establishing their
connection with non-Newtonian calculus. We then delve into an examination of various identities
associated with these numbers. An injective function is called a generator, and its codomain is a subset
of R, and whose domain is R. There is precisely one arithmetic produced by each generator, and there
is exactly one generator that produces each arithmetic. We select the exponential function from R to the

set RT asa generator, in other words,

a:R—=RY, Ao al))=e* =y,
al:RT SR, A—altN)=lnp=A\

I is referred to as the unit function, whose inverse is oneself, if I(\) = A for all A € R. The definition

of the non-Newtonian real number set R(N) is as follows:
R(N) :={a()) : A € R}.

It is important to recognize that every concept in classical arithmetic has an inherent equivalent in

a—arithmetic. As an example, the a—integers shown to be as follows:
oy a(=3),a(=2), a(~1),a(0), a(1), a(2), a(3), . . .

For every integer m, we set 1 = a(m). Naturally, if 7 is an a—positive integer, then

=1+ 1.
N——
m terms
For a generator o with range A = R(N), which is a subset of the real numbers, a—arithmetic denotes

arithmetic operations defined on the domain A as follows: For any generator a and A, u € R(N),
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o — addition — Mp=a{a*(\) +a H(w)},

Q

o — subtraction — Ap=oafa"T(\) —a ()},
o — maltiplication —  Axp = afa 1 (\) x a ()},
. A
o — division  — M p=a{at(\) +a(p)) = EN,

a—order — Ap=afa'(\) <a N (p)})

Specifically, selecting a—generator I, which is the identity function o(t) =t forallt € R = o~ 1(t) =
t, makes it evident that a—arithmetic is indeed classical arithmetic. Assuming that the av—generator is
exp and that (k) = €* for k € R, a~!(k) = Ink, a—arithmetic transforms into geometric arithmetic

as follows:

Geometric addition — Mp = a{a ™ (A) +a H(p)} = elmAHuk — Xy

. A
Geometric  subtraction — A—p = afa ™ (\) —a  (p)} = elmAInet = " (u #0),

{InAxInp} )\lnp, — MlnA

)

Geometric multiplication — Axpu = afa ' (\) x a ™ (u)} =e

Geometric division — M p=a{a ' (\) = a ()} = elPAsond = \{snuk ) ),

These operations define a-arithmetic, where « is typically the exponential function in this context.
Now, we create the non-Newtonian real field R(N) and provide some associated characteristics.
Definition of the dual operations addition and multiplication for the set of non-Newtonian real numbers

R(N) as follows, respectively:

R(N) xR(N) = R(N)

( p) = M= afa (A) + a7 ()}
RN) xRNV) = R(N)

(A1) — A = afa (A) x a~ ()}

It is demonstrable that (R(/\/ ), +, ><) is an complete field by normal checking, so we omit out the
specifics. Let A C R(N) be a set of integers in the extended real numbers [3].
The v—th a—power of A € R(N) for a given integer v is represented by

AN = AXAX .. LXA.
—_——

v terms

The a-factorial of a given positive integer v is represented by

Oy = ox (6-1) % (0-2) % . .. x2x1.
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The a-binomial of a given positive integer v and v is represented by

() -y
) O (U=0)

The a-binomial sum of a given integer A, i and w is represented by
A )™ =n Y <U> XN 5l e
v=0 N

The notation ﬁN will be utilized for s = a{y/a~1(\)} where every s is «—nonnegative integer. This
indicates that s2¢ = X is the only a—nonnegative integer whose a—square equals \. Additionally,
a(=\) = af—a (A} = “Aall A e R

The Padovan and Perrin sequences are defined as follows. The Padovan sequence { P, }vzo and Perrin

sequence { R, },~ are defined by the third order recurrences, respectively,

Pyy3=Pyi1+ Py, 2

Ryy3 = Ryy1 + Ry, 3)

with the initial conditions Py = P, = P, = 1 and Ry = 3, Ry = 0, Re = 2, respectively [8,
9]. The Padovan and Perrin sequences appear as sequences A000931 and A001608 on the On-Line
Encyclopedia of Integer Sequences (OEIS), respectively [10]. The first few values of these sequences are
1,1,1,2,2,3,4,5,7,9,12,16,21,28,37 and 3,0,2,3,2,5,5,7,10,12,17, 22, respectively. The unique

real root of the characteristic equation of these sequences is known as the plastic number:
P —t—1=0
with a value of

s/1 1 /23 51 1 /23
¢2+6V2'+¢2_6VC3N13MH&

By designating its roots as J, 1, and -, the subsequent equalities can be obtained

o+n+v=0,

on+ oy +ny=—1,

ony = 1.

In addition, the Binet-like formulas for the Padovan and Perrin sequences are as follows:

P, =ad’ +bn’ + ", “4)
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R, =0"+n"+7",

respectively, where

It is commonly known that the following identities are recognized based on [11, 12]:

Py 7= PS - PerlP'ufla

PU:PU—1+PU—57

Rv = Pv—lO + P’U-‘r17

Py 5Py 5+ Py 3P y 4+ Py 4Py 3=1,

Pv = Puflpv7u74 + Pu+1Pv7u73 + Pqu7u72>

U
va:Pu+5_37

u

> Ry=Ry5-5
v=1

1+
ZP‘E 12 _ 3

ZR‘T 1_1;2:6_353’

o0

v=0

P,
Z —Tﬂ;” = ae®® + bel + ce?®,
v!
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In recent years, numerous studies on Padovan numbers have been published. For further information,

please refer to the works cited in [13-19].

Some Properties of the Non-Newtonian Padovan and Non-Newtonian Perrin Numbers

This section provides a novel interpretation of the definitions of a non-Newtonian Padovan number and a
non-Newtonian Perrin number from a different perspective. Along with dealing with the non-Newtonian
versions of various formulas and identities, we also demonstrate their links by comparing them in an

analogy with several well-known identities and formulas for their classical equivalents.
Definition 1. The non-Newtonian Padovan and non-Newtonian Perrin numbers are defined by
NP, =P,=a(P,) and NR,=R,=a(R,),

respectively, where the v—th Padovan and Perrin numbers are P, and R, respectively. The NP and
N R represent the set of the non-Newtonian Padovan and non-Newtonian Perrin numbers, respectively.
That is,

Regarding classical arithmetic, we obtain Padovan and Perrin numbers if we utilize the generator [
specified by a(z) = « for any = € R.
Additionally, by selecting the generator exp, which is defined as a(x) = e” for any z € R, we may

derive the following Padovan and Perrin numbers in terms of geometric arithmetic:

NGP = {a(P,) : v e N}
= {el" : v e N}

1 1.1 .2 2 3 4 5 7 9 12 16 P,
={e,e,e e e e’ et e el e’ et e, et L)

and

NGR = {a(R,) : v € N}

= {ef ;v €N}

_f.3 .0 .2 .3 2 5 5 7 10 12 17 22 R
={e’,e’ e e’ e e’ e’ el et et e et et Lt

Now, we emphasize on a few relations concerning non-Newtonian Padovan and non-Newtonian Perrin

numbers, as well as their respective relationships.
Theorem 1. For v, u > 0, the following identities valid:

iy NP,+NP, 1 = NP,,3,
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i) NP,_1+NP,_5 = NP,

iii) NR,+NRyt1 = N Ry,

iv) NP,_10+NP,;1 = NR,,

V) NP2-NP, 1 xNPyy1 = NP 1,

Vi) NPy sXxNP_y 54NP,_3xNP_y_4+NPy yxNP_, 3=1,
vii) NP, 1 XxN Py + NPy 1 XN Py oy 1 +NPyx NPy 0 = NP,.

Proof. The proofs of 4, it, iii, tv, v and vi are obvious based on the addition and subtraction properties
of non-Newtonian real numbers by using expressions (2), (7), (3), (8), (6) and (9), respectively. The
proof of equality vii is shown by using expression (10) as follows:

NP, 1 XNPy_ g+ NPyi1 XN Py 1+ N Pyx NPy 12

= a(Py_1)X(Py_y)Fo(Pyr1) X a(Py—yi1)Fa(Py)xa(Py_yi2)

=a{ata(Py_1) x a ta(Py_y)} Fa{a T a(Pyy1) x o ta(Py_vi1)}

Fofata(P) x a a(Py_vio)}

=afata{ata(Py_1) x a ta(Py_y)} + a ta{a a(Pyy1) X a ta(Py_yvi1)}}
+ofata(P,) x a ta(Py_ypi0)}

= a{atofatafa a(Pyy) x ata(Py_y)} + o taf{ata(Pyyy) x o ta(Py_yi1)}}
+ata{ata(P,) x ata(Py_vi2)}}

= a(Py_1Py—v + Poy1Pyvi1 + PyPy_yy2)

Remark 1. The non-Newtonian characteristic equation of the recurrence relation in the i-th item of the

above theorem is as follows:

3N = {41. (17
If N'P, = £V is taken in the recurrence relation in the i-th

03N — oty o

is obtained.

Thus, we get the result by simplifying the £%V’s.

Theorem 2. For all v > 0, the Binet-like formulas for N’ P, and N R,, are given by

NP, = axd"N Fbxn'N 4-¢x VN (18)
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and
NRy = 6" Fi™N 447, (19)
respectively, where

Fii)x (31 Fii)x(n-i
w/\/’ and ¢ = M/\/ :
(=0)x(7—=%) (3=0)x (=)
Also, 4, 7 and  are roots of the characteristic equation 3~ —f -1 = 0.

Proof. By using the equation (4) for Padovan numbers, we obtain

ax "N Fhx NN FexAUN

=afa™(@) x " (a{(a7 1 (0) HHafa™ () x o~ af(a™ (7))}
+afa”l(¢) x a7 (e{(a (1) D}

= Oé{a_l(a{a_l(') aHa{(a™H(9)"})
+a N afa H(¢) x a Haf(a (1) H1)}
= af{a"!(a) x (04_1( )" +a”t(b) x (' ()" +a (&) x (a7 (9))"}
= o{ad’ +bn" + "}

=o{P,} = NP,.

B +aHafa (b)) x a” af(a ()" D}

On the other hand, by performing the equation (5) for the Perrin numbers, one can easily observe that

0"N 1N 44N = af(a ()"} Ha{(a™ ()} HFa{(a™(9))")
= afa” (oo (af(a™!(8))")) +a  Ha{(a @) H}) +a  af(a™ (9) 1)
= a8+ 77477
= a{R,} = NR,.

Theorem 3. The generating functions for NP, and N/ R, are as follows, respectively,

L

> 14¢
P y tvN —_
ii.
§ W) = 5
N 12 g

where the notation s ) -~ denotes the non-Newtonian real number series as elaborated in [20].
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Proof.  i. Let gap(t) =n Yoo o(N Py xt"™N). We have

o
np(t) = LHH £ 3P e)

v=3
oo oo

LR Y WP S NPyt
v=3 v=3

o0
PN s gnp(t) =n Z NPt WFIN) = 428 3 N (NP xt™Y)
v=0 v=3

W X gup(t) = Y (NP3t V) =3 N (NP _5xt™Y)
v=0 v=3

Therefore, it follows that

(=27 ZV) xgnp(t) = garp ()t X gnp (8) 1> X gnrp (1)
=14t

14t
Thus, we obtain the function gnrp(t) = ﬁ/\/’ as the intended outcome.

11. The proof can be obtained in a manner similar to the proof above.
Theorem 4. The exponential generating functions for N'P, and N R, are, respectively,
i.

[e.e]
NZ(NPUXQ';M/)/@!N — C.L>.<é6xi'N—i—b>'<éﬁXj3N—i—c'>.<é;7Xj3N’
v=0
1l

o0
NZ(NRvkx”N)/@!N _ é‘SX"’;"N-i-éﬁXf”N_i_éWibN,

where the notation s > .-, denotes the non-Newtonian real number series as elaborated.

Proof. 1. Using the identity (15), we get
0 .
N Y _(NPxit™) [l
v=0

=N Z Py)xa{(a”!(#))})/!
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= afa™ (afa™ (efa™H(a(P)) x a” (of(a7H(a(2)))")}) + o~ H(a(0))})

+a Hafa  afa T a(P)) x a”Ha{(a T a(@))' H}) + o Ha(1)})

+a Hafa T afa T a(R)) x a7 Ha{(aTH a(@))* D)) + o Ha2))}) +... }
=a{(Ppx2®)+ (P xa) + (P xa?)=2+...}

=af> (Pa’) + 0!}
v=0

= afae®® + b + ¢’}
= a{a{a_l(a(a)) x af(a _1(a(e)))"‘{0‘ (a(0 ))Xa_l(a(w))}}}

+afa"t(ab)) x af(a" (a(e))) e (o) ‘W”}}}
+afa" (a(e) x af(a" (a(e)))le (@ xa  a@)hipy
)a 1(5 1(:1: }}}

= afa"1(a) x af(a7}(e))e
tafa™l(b) x a{(a" (&) e X @y
tafa”l(e) x af(a7t(e) e DxeT @y

= axVEN Lhx eMXEN Jax g VXEN

1¢. The proof can be obtained in a manner similar to the proof above by using the identity (16).

Theorem 5. The partial sum formulas for A’ P, and N R, are, respectively,

i.
NZNPU :NPU+5;37

v=1
ii.

NZNR’U - NRU+5;5,

v=1

where the notation Y . _, represents a finite sum based on a—arithmetic, and v is a non-negative

integer.

Proof. 1. Using the formula (11), we find

u u
NZNPU =\ Za P,
v=1 v=1

= afa™H(a(Py)) + a7 (a(P2)) + -+ a7 (a(P)}
:Oz{P1+P2+--~—|—Pu}

= a{z P,}

e Oé{Pu_H’) - 3}
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= ofa N (a(Puys)) — o H(a(3))}
= NP, 5-3.

12. The proof can be obtained in a manner similar to the proof above by using the formula (12).

Theorem 6. The binomial sum formulas for NP, and N R, are, respectively,
i.
(i
DS () SNPy = NPy,
—o \V/ N
v=0
ii.
= (U
NZ () XNR, = N Rz,
—o \Y/ N
v=0
where the notation nr >, represents a finite sum based on o—arithmetic, and v is a non-negative
integer.

Proof. 1. Using the equalities (18), (17) and (1), we obtain

v=0 N
= axNUZu::O <Z>N>'<5”N+bx/\[vzu:_o <Z>N>'<n”N+cxN§ ( )NX’YUN
=3 (3) gl @) (5) st i)
tein > (1) satla @)}
v=0 N

% {8 by 2:) (Z)Nm{nvmw; <Z>Nm{7v}

%afdU 1 b S (“) %afy 1m0}
v
v=0 N
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. L. al u . _ . v _ S\ U—v

de Y (1) xal@ ) x (@ D))
v=0 N

:Mi@ n@mu—vubwi(?) e
v=0 v N v N

v=0
e
+C><./\/'Z <> X,wixluva
v=0 v N
= aX (04 1) b (1) "N Frex e (341)
= aX N OPN FhX NN e AP
= NPSu

1t. The proof can be obtained in a manner similar to the proof above by using the the equalities (19),
(17) and (1).

Conclusions

In this work, we have introduced a novel perspective on Padovan and Perrin numbers, termed as non-
Newtonian Padovan and non-Newtonian Perrin numbers. We have explored various properties of these
new numbers and provided a range of identities and formulas. These include Binet-like formulas,
generating functions, partial sum formulas, and binomial sum formulas.

Important conclusions from our research include:

Recurrence relations and recursive formulations for non-Newtonian Padovan and non-Newtonian Perrin
numbers. Derivation and proof of several formulas applicable in the analysis of these new numbers.
In-depth investigation into the analytic and combinatorial properties of these numbers. In conclusion,
this study aims to enhance understanding of the mathematical structures of non-Newtonian Padovan and
non-Newtonian Perrin numbers, potentially opening new avenues for advanced mathematical research
and applications. Future work could explore further applications of these new numbers in different fields
and investigate extended properties.

By contributing an innovative perspective to the classical theories of Padovan and Perrin numbers, this
work encourages further exploration and utilization of these new types within those working in this
field.
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