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ABSTRACT

ARTICLE INFO

In this paper, we apply Laplace-Padé Series method to solve linear and non-linear differential-
algebraic equations (DAES). Firstly, The basic properties of the Laplace-Padé Series method are
given. Secondly, we calculate the arbitrary order power series of differential-algebraic equations
(DAEs), then convert it to the series form Laplace-Padé. Then, the three differential-algebraic
equations (DAEs) are solved by Laplace-Padé Series method. It was seen that the method gave
effective and fast results. Therefore, the method can be easily applied to linear and non-linear
differential-algebraic equations (DAEs) problems in different fields.
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1. Introduction

Today, there are many mathematical models that can be
expressed with differential-algebraic equations (DAES). It is
very difficult to solve such models analytically. Recently,
researchers have begun to work on numerical solutions of
systems of differential-algebraic equations (DAESs). Circuit
analysis, computer aided design and real-time simulation of
mechanical systems, power systems, chemical process
simulation and optimum control are some of these systems in
many fields. Researchers have developed some numerical
methods using Backward Differentiation Formula (BDF) [1-
5] and implicit Runge—Kutta methods [6] methods to solve
these systems. This type of method is suitable for problems
with small indexes and have a special structure. Many
problems are solved by these methods. However, more
general methods are needed. Many methods have been
proposed by researchers[9-14], and so on[16-21]. In this
article, we presented a new method for solving differential-
algebraic equations (DAEs). We have applied the method to
three examples. the first of the examples is linear, the second
is non-linear, and the third is a physically modeled differential
algebraic equations(DAEs). The difference of our method
from other methods presented in the references in solving
problems modeled as differential-algebraic equations (DAES)
in science and engineering is that the method we present gives
fast results.

2. The Method

A system of general non-linear differential
equations with initial conditions is denoted
G(t,y,y’)=0, Y(t)=}’0 (1)
where G € R",y € R" and t € R.

Let us assume that the solutions of equation (1) are of the form

y=Y,+at, )
where a is a vector function. Equation (2) and its
derivatives are substituted in equation (1), and if higher
order terms are neglected, equation

Ma =N, 3)

is obtained. Where M and V" are constant matrixes. The
a values are found by solving equation (3). Then, by
applying the above process to higher order terms,
arbitrary order power series of equation (1) are
obtained[7,8].

algebraic

3. General Power Series Solution for Differential-
Algebraic Equations(DAES)

Now let's define another kind of power series in the form
following:

f@®) =fo+ fit+ f2t2+---+(fn +

g.a1+... +qma)t" (@)
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Where q4, ¢, **, g, areconstants. a,,a,, -, a,, are bases of
vector a. Let's represent each element with the Power series
in (4). Then
Vi = Yio + Yiat + yiot? .. +ait" ®)
is also generally of the form. Substituting equation (5) into
equation (1), we get the following:
fi= (fm + qi,1a1+...+qi‘mam)t"‘1 +
o(t™I*h, (6)
If (1) have Yy, j is 0. If (1) not have Y', j is 1. From
equation (6) and (3), we get the linear equation following:
M= Pij

(7
‘N‘i = _fi,n' (8)
When the linear equation (7) and (8) is solved, a;

(i =1..., m) is obtained. Substituting a; in equation (5),

we get Y, (i =]1..., m) polynomials of degree N . If these

process are repeated from equation (5) to equation (8),
arbitrary order power series are obtained for equation (1).

4, Padé Series

The Padé series, in the form of a rational function,
is defined as following:

ag+ax+-+apyxM

In equation (9), if the cross-multiplication
multiplication is done, we have
(cotax+cx>+- )1 +bx+-+bx)=ag+

ax + -+ ayx™ (10)

From the coefficient equality of both sides in equation (10),
We have

e+ Xk =a; (1=0,+,M) (11)

(&} + Z]lé=1 Cl—kbk =0 (l =M+ 1,"‘,M + L)(12)

By solving the linear equation (12), we get b, (k = 1,--+,L).
And if we substitute b, in equation (9), we get a, (Il =
1,---,M) [7,8].

©)

Co+ x4+ cx? + o =

5. Laplace-Padé Series Method (LPSM)

The following steps are done for the Laplace-Padé series
method [15].

1. The Laplace transform is applied to the obtained power
series.

2. In the resulting equation, s is replaced by 1/x.

3. We convert it from order [I\/I / L] to Padé series. M
and L are arbitrarily chosen, but they should be of smaller
value than the order of the power series.

4. 1/'s is written instead of x.
5. Finally, the inverse laplace transform is taken.
Thus, the exact or numerical solution of the given equation is obtained.

6. Applications

In this section, we have solved the three differential-
algebraic equations (DAES) with the the Laplace-Padé series
method (LPSM).

1. We consider the following linear differential-algebraic
equation [15]:

i+ Y= XYy +Y, =0,

Yo = Yot Y, = X*Y5 + Xy, =0,
Y3 =Xy, + XY, =¥, =0,
Xy, =Y, +Xy; -y, =0,

and initial values
¥1(0)=y,(0)=1
Y> (0) =Y, (O) =0,
The exact solution is
y, (X)=exp(-x),
¥, (X)=xexp(-x),
Y3 (X) = exp(x),

Ys (X) = xexp(X).
From initial values, the solutions of (13) can be supposed as
yl(x) = Yo taX= yl(X):1+a1X
Y, (X) = Yo, +@,X = Y, (X) =a,X
ys(x) = Yozt X= ys(x)=1+a3x
Ya (X) =Yo4 THX=Y, (X) =a,X

Substitute (14) into (13) and neglect higher order terms, we
have

(13)

(14)

a,+1+0(x)=0
a,—-1+0(x)=0

(15)
a,—-1+0(x)=0

(2-a,-a,)x+0(x*)=0

These formulas correspond to (6). The linear equation
corresponding to (7) and (8) can be given as:

Ma=N (16)
Where
1
1 0 0 0 1
(0 1 0 o |~
M=o 0 1 o V= 1
0 -1 0 -1
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e

QD
I\

a= 17)

v o

4
From equation (16), we have linear equation

1 0 0 O & -1
0 1 0 O a,
. = (18)
0 01 O a,
0 -1 0 -1)\a, -2
Solving equation (18), we have
-1
a= . (19)
11
and
y; (x)=1-x,
X)=X,
Y (X) 20
Y5 (X) =1+,
¥, (Xx)=x.
From (17) the solutions of (13) can be supposed as
Y, (X)=1-x+ax’
X)=x+a,x’
Y, (X) 2 2
Y (X) =1+ Xx+a,x°

¥, (X)=t+a,x%
In like manner, substitute (18) into (13) and neglect higher
order terms, then we have

(23, -1)x+0(x*)=0
(2a,+2)x+0(x*)=0
(23,-1)x+0(x*)=0
(-a,-a,)x" +0O(x*)=0.

(22)

Where
2 0 0 0 1
(0 1 0 0 -1
M‘o 0 2 O’N_ 1
0 -1 0 -1 0

5N e o

QD

4

from (19) we have linear equation
2 0 0 O a 1

01 0 0f|a]| |1
. = (23)
0 0 2 0]|a, 1
0 -1 0 -1 (a, 0
Solving equation (23), we have
0.5
az| (24)
] o5
1
Therefore
Y, (x)=1-x
Y, (X)=x
) (25)
Y5 (X)=1+x+0.5x
Y, (X)=x+x°
Repeating above procedure we have
1 2 X3 X4
X)=1l-X+——-——+—,
% (%) 2 6 24
3 X4
yz(x):x—x2+?—€,
2 3 4 (26)
X X

Then, Laplace transformation is applied to (26)
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s s s s
y (s) 1+1+1+1+1
L s s 5 st s
Yia(9) 1,2,3,2
H s s* st s
r.
and then — is written in place of s.
X
1 2 3 4 5
Y| = [=X=X"+X =X"+X,
X
1 2 3 4 5
Y| = [=X —2X +3X" —4x°,
X
1 2 3 4 5
Y| = [=X+X +X +X +X
X
1 2 3 4 5
Y| = [=X+2X°+3X" +4X°.
X

Afterwards, Padé approximant of order [2/ 2] is applied

J’1,[2,2](x) = 1+ x
x2
Y22 =
X
V312,21(X) = 11—’
xZ
Yaf2,21(x) = pramr

T .
and — is written in place of X for each variable

S
1) 1
Yir22) g —m’
y 1) 1
20221 | — 21
s) (s+1)
1 1
Y1221 g :ST].,
y 1 1
apee1l |17 2"
s) (s-1)

Finally, by using the inverse Laplace transformation,

¥, (X)=x-exp(x).

We obtain the exact solution for (13).

2. We consider the following linear differential-algebraic
equation[15]:

Y =2Y,Y,2,2,,
Yy =—Y1Y,Z5,

le = ( Yi¥Yo + 2122)u1 (27)
2, = —Y,y57Z3u,
y1y22 =1.

and initial values
yl(o) =Y, (O) =1
Z (O) =17 (0) =1,
u(0)=1.

where prime denotes derivative with respect to x.
Applying the above method to Equation (27)

yl(x):1+2x+2x2+§x3+§x4,

1 1 1
X)=1-X+=x"—=x*+—x*,
¥ () 27 6 24

3

zl(x):1+2x+2x2+gx +&x4, (28)

174
zz(x):l—x+%x2—%x3+:—;x4,
, 1 . 25,

1
Then, Laplace transformation is applied to (28) and then — is
X
written in place of S . Afterwards, Padé approximant of order
1
[2/2] is applied and = is written in place of X for each
S

variable. Finally, by using the inverse Laplace transformation,
we obtain the exact solution for (27).
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(29)

3. Physical Problem

Consider the linear circuit given in Figure 1. The modified
nodal analysis leads directly to the system

€ 9 | |51 &

e |G O v

Fig. 1. Linear circuit with a time-dependent capacitance.

1 -1 B,(t)k, (t)
0 1 +

0 0 JB,OkO+BOKO)
H 0 0)(k(t) 0

0 0 —1|ky(t)|=| O

0 1 oJljty) (we

Choosing

B, (t) =1+0.25(sin(t) +cos(t)), B, =1 H=2

(31)

And input voltage

W (t) = 4sin(t) +0.25sin(2t). (32)
Substitute equation (31) and (32) into equation (30), we can
get the following

k, (t)=sin(t)+cos(t),

k, (t)=4sin(t)+0.25sin(2t),
j(t)=3cos(t)+0.5cos(2t)+sin(t)
For the consistent initial values

k (0)=1k,(0)=0, j(0)=35.

Equation (33) is form of equation (1).
Applying the above method to equation (33), we have

k,(t) =1+t —0.5t* —0.1666666667t° + 0.04166666667t",

k,(t)=4.5t—t°,

j(t)=3.5+t— 2.5t* —0.1666666667t° +0.4583333333t".

(34)

Then, Laplace transformation is applied to (34) and then i— is
written in place of s. Afterwards, Padé approximant of order
[2/2] is applied and % is written in place of t for each

variable. Finally, by using the inverse Laplace transformation,
we obtain the exact solution for (30).

k,(t)=sin(t)+cos(t),
k, (t)=4sin(t)+0.25sin(2t),
j(t)=3cos(t)+0.5cos(2t)+sin(t).

Conclusion

This work presented Laplace-Padé series method as a
combination of the classic series method and method based on
the Laplace and Padé series. By solving three problems, we
presented the Laplace-Padé series method as a useful tool with
high potential to solve linear/non-linear differential-algebraic
equations. The Laplace-Padé Series Method(LPMS) is used for
rapid convergence of solutions or to find exact solutions. The
proposed method possesses a straightforward procedure,
suitable for science and engineers. The method presented in
our next work will be applied to different problems modeled
as linear and non-linear differential-algebraic equations
(DAEs).
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