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Abstract

Our motivation for this study is to define two new and particular sequences. The most essential feature
of these sequences is that they are spinor sequences. In this study, these new spinor sequences obtained
using spinor representations of Pell and Pell-Lucas quaternions are expressed. Moreover, some formulas
such that Binet formulas, Cassini formulas and generating functions of these spinor sequences, which
are called as Pell and Pell-Lucas spinor sequences, are given. Then, some relationships between Pell and
Pell-Lucas spinor sequences are obtained. Therefore, an easier and more interesting representations of
Pell and Pell-Lucas quaternions, which are a generalization of Pell and Pell-Lucas number sequences, are
obtained. We believe that these new spinor sequences will be useful and advantageable in many branches
of science, such as geometry, algebra and physics.
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1. Introduction and Preliminaries

The number sequences are a subject that is frequently used in mathematics and attracts the attention of readers.
The first number sequences that come to mind are the Fibonacci number sequences expressed by Fibonacci (1170-
1250), which are frequently encountered in nature [1-3]. The Lucas number sequence, which is obtained by writing
the next term as the sum of the previous two terms but with different initial conditions, is another example of a
number sequence. In addition, there are many number sequences in the literature, such as the Fibonacci number
sequence, whose characteristic equation is different. Moreover, considering different characteristic equations and
initial values, different number sequences can be obtained, such as Pell, Pell-Lucas, Modified Pell, Jacobsthal
and Jacobsthal-Lucas number sequences etc. [4-6]. Moreover, another studies of this subject are [7, §, 10, 11, 27].
Horadam discussed Pell numbers and their properties [5]. Patel and Shrivastava obtained some of these with their
proofs using Binet forms of some Pell and Pell-Lucas identities [12]. These properties are used to derive generator
functions, polynomials, divisibility properties, matrices, determinants of Pell and Pell-Lucas sequences, and many
other applications. Koshy mentioned that Pell numbers and Pell-Lucas numbers are special values of Pell and
Pell-Lucas polynomials, respectively [13]. Halict and Dasdemir studied some relationships between Pell, Pell-Lucas,
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and Modified Pell sequences [14]. Szynal and Wloch studied Pell, Pell-Lucas numbers, quaternions, octonions and
recurrence relations [15]. Catarino discussed k-Pell quaternions and octanions and offered some features, including
the Binet formula and a generating function [16]. Moreover, Cimen and Ipek gave a new quaternion sequence such
that Pell and Pell-Lucas quaternion sequence [17].

Spinors can be defined in a simple way as vectors of a space whose transformations are related to spins in
physical space. The person who first introduced spinors in a geometric sense was Cartan [18]. Cartan’s study [18] is
an admirable study in spinor geometry because in this study, spinor representations of the some basic geometric
definitions are expressed by Cartan in an easy and understandable way. Another inspiring study on the spinors in
geometry was done by Vivarelli [19]. In Vivarelli’s study [19], the relationships between quaternions and spinors
and spinor representations of 3D rotations were obtained. In the study of Torres del Castillo and Barrales, the
spinor representations of the Frenet frame and curvatures of any curve in Euclidean 3-space were given [20]. The
spinor representation of the Darboux frame in Euclidean 3-space was obtained [21]. Moreover, in [22], the spinor
representation of the Bishop frame in Euclidean 3-space was expressed. On the other hand, the spinor equations for
some special curves such as Bertrand, involute-evolute, successor, and Mannheim curves and for Lie groups were
obtained [23-27]. Then, for any Minkowski space, hyperbolic spinor equations were given [28-31]. In addition to
that, Fibonacci and Lucas spinors were expressed in [32].

Now, the spinors, real quaternions, relationships between them spinors, and Pell, Pell-Lucas quaternions are
given.

Assume that any isotropic vector is v = (v1, va, v3) € C3 where v1? +v5? +v3% = 0 and the complex vector space
with 3-dimensional is C3. We can express the set of isotropic vectors in C3 with the aid of a two-dimensional surface

in C2. Suppose that this two-dimensional surface has coordinates w; and w». So, we can write v; = @2 — @2,

vy = i(w1? + @o?), v3 = 2wy and @y = £/ B2 @y = £/ =12 Two-dimensional complex vector

mentioned above is called as spinor by Cartan such that

in spinor space S [18].

Suppose that any real quaternion is ¢ = gy + ig1 + jgo + kgs where qo, ¢1, 2,95 € R. {1,4,,k} is called the
quaternion basis such that

P=7P=k=-1, ij=—ji=k, jk=-kj=i, ki=—ik=j
[33]. We can write ¢ = S, + V, where ¢o = S, and V, = iq; + jgo + kgs is called scalar and vector parts of g,
respectively [33]. Assume that two any real quaternions p = S, + V,,, ¢ = 54 + V. So, the quaternion product of
these quaternions is
pxq="5p5 —(Vp, Vg) + Vg + 5,V + VpAVy,

where (,) is inner product and A is vector product in R? [33]. We know that the product of two real quaternions is
non-commutative. In addition to that, the quaternion conjugate and the norm of ¢ are given as ¢* = S, — V, and
N(q) = V@12 + 22 + q3% + q42. Let the norm of g be N(g) = 1, then ¢ is defined as unit quaternion [33].

Vivarelli expressed a relationship between spinors and quaternions such that
f:H—=S

. . 1.1
q—)f(q0+1q1+]q2+kq3)ﬁ[ (L1

q3 +1qo
@ +ige
where g = qo + g1 + jg2 + kg3 is any real quaternion [19]. Then, Vivarelli gave a spinor representation of ¢ x p such
that

q X p— —iwp. (1.2)
where the spinor p corresponds to the real quaternion p with the aid of the transformation f in the equation (1.1)
and the complex, unitary, square matrix <o can be written as

. g3 +igp q1 —ig
w = . . 1.3
Q1 +1q2 —q3 +1qo (13)
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[19]. In addition, the spinor matrix w;, = —i@, namely

_ | @0—igz —q2—iq (14)

w . .
L q2 —1q1 Qo +1g3

was called the left Hamilton spinor matrix or fundamental spinor matrix of ¢ [19, 34].

Now, the some equalities about Pell and Pell-Lucas quaternions given in [17] can be expressed. But before that
we would like to touch upon an important issue here. There are many studies in the literature about Pell and Pell
Lucas number sequences and Pell and Pell-Lucas quaternion sequences. In these studies, while the initial conditions
of Pell number sequences are taken as 0 and 1, there is an information confusion regarding the initial conditions
of Pell-Lucas number sequences. That is, in some studies, the initial conditions of Pell-Lucas number sequences
are taken as 1, 1, while in some studies, the initial conditions are taken as 2, 2. Additionally, in some studies, the
expression "Modified Pell number sequence” was used in studies with initial conditions of 1, 1. Actually, there is no
problem so far. The real problem is that if the initial conditions are taken differently, some formulas such as Binet,
Cassini and sum formulas turn out to be different. Also, the relationships between Pell and Pell-Lucas are different.
For example, if you take the initial condition of Pell-Lucas number sequence as 1, 1, you shouldn’t use formulas in
another study where the initial condition is 2, 2. Otherwise, an information confusion is created in the literature. In
this study, the initial conditions of Pell-Lucas number sequence are taken as Qo = 2, 1 = 2 and the formulas are
used accordingly. Now, we expressed Pell and Pell-Lucas quaternions.

For n > 2 the nth Pell quaternion and Pell-Lucas quaternion is defined that
QPn = Pn + iPn+1 +an+2 + kPn+3

and
QPL, = Qn +1iQni1 +jQuny2 + kQpny3

where the nth Pell number and Pell-Lucas number P,, = 2P, 1+ P, sand Py =0, P, = land Q,, = 2Q 1+ Qn_2
and Qo = 2, Q1 = 2 [17]. Moroever, 1,7, k coincide with basis vectors given for real quaternions. Therefore, the
recurrence relation of Pell and Pell-Lucas quaternions for n > 2 are

QP, =2QP, 1+ QP,»
with initial conditions QPy = i + 2j + 5k, QP; = 1 4 2i 4 5j 4+ 12k and
QPLn = 2C?-PLn—l + QPLTL—Q
with initial conditions QPLy = 2 + 2i + 6j + 14k, QPL; = 2 + 6i 4 14j + 34k [17].

Now, we write the some relationship between Pell and Pell-Lucas quaternions with the aid of [5, 12, 14-16, 35, 36].
Therefore, we can write these relationships that

Z) Qpn—l + Qpn,+1 = QPan
Z’L) QPLn + QPLn+1 - 4Q.Pn+1,
iii) QPLps1 + QPLy_1 = 8QP,.

Moreover, the Binet formula for Pell and Pell-Lucas quaternions are given that
Y'Y ="
oy —up

QP,

and
QPLn — ,77L1+MTLH

where the quaternions yand parey =1+ iy +jy? +ky*and p =1 +ip+ju® + kp®, v =1+ V2, p=1—+/2are
roots of the characteristic equation z? — 2z — 1 = 0.
On the other hand, we give the generating functions of Pell and Pell-Lucas quaternions such that

_ QP+ (QP1 —2QP)t

Grl(t) 1—2t—¢2
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and
_ QPLy+ (QPLy —2QPLy)t

1—2t—t2 ’
respectively. In addition to that, Cassini formula for Pell and Pell-Lucas quaternions can be given that

Gpr(t)

nf THY —BYH
Qpn—lQPn—H - (Qpn)2 = (71) (>
Y M
and
QPLy 1QPLyy1 — (QPLy)* = (=1)" "y — ) (v y — iy ),
respectively.

2. Main Theorems and Results

We know that there is a spinor for every real quaternion by means of the transformation f in the equation (1.1).
Considering this information, a new transformation between Pell and Pell-Lucas quaternions and spinors can be
defined and the spinors corresponding to Pell and Pell-Lucas quaternions can be given. Therefore, these spinors
associated with Pell and Pell-Lucas quaternions are called as Pell and Pell-Lucas spinors. Then, some formulas such
that Binet, Cassini, sum formulas and generating functions for these quaternions spinors and theorems are given.

Definition 2.1. Let QF,, = P, + iP,41 + jPn+2 + kP, 3 be nth Pell quaternion where P, is nth Pell number and
the set of Pell quaternions be Qp. Therefore, the following linear transformation is defined as
fp: Q P — S (21)

P +1iP,
P, P)=Sp,=| "B "
@Pn = fp(QPn) = |:Pn+1 + 1Pn+2:|

where i, j, k coincide with basis vectors in R? and i* = —1. So, a new sequence for the spinors related with Pell
quaternions is defined and this sequence is called as “Pell Spinor Sequence” defined as

(speen 4[5 ] 2] 20420 [7045
nfneN — 14+2i|’|24+51)7|5+121| 7|12 +29i| "~

Pn+3+ipn

where SF, = [ P +iP, 2

] is nth Pell spinor and P, is nth Pell number.

Similarly, we can give the following definition of Pell-Lucas spinor sequence.

Definition 2.2. Let QPL,, = Q,, +iQpnt1 +jQn+t2 +kQ, 13 be nth Pell-Lucas quaternion where @), is nth Pell-Lucas
number and the set of Pell-Lucas quaternions be Qpy,. Therefore, the following linear transformation is defined as
fre: Qpr —S

~ . Qn_t,_g + iQn
QPLn = fPL(QPL”) - SPL” o |:Qn+1 + iQn+2:| ’

Therefore, a new sequence for the spinors related with Pell-Lucas quaternions is called as "Pell-Lucas Spinor

Sequence” where
o _ ) |1442i| [3442i| [82+6i| [198+ 14i
{SPLn}nen = { {2 + Gi] ’ {6 + 14i] ’ {14 + 34i] ’ {34 + SZi} ’}

where SPL, = Qnis + %Q" } is nth Pell-Lucas spinor and @, is nth Pell-Lucas number.
QnJrl + 1Qn+2
Definition 2.3. The conjugate of Pell quaternion Q P, is QF;;, and Pell spinor corresponding to this conjugate is
defined as
—Py3 +1iP,
Spr = n+3 L .
n |:_Pn+1 - 1Pn+2:|
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Similarly, Pell Lucas spinor corresponding to the conjugate of Pell-Lucas quaternion QQPL,, is defined as

* _Q7L+3 + iQn :|
SPL? = . .
" |:Qn+1 - 1Qn+2

Definition 2.4. Pell spinor representation of the norm of Pell quaternion Q P, is
SP,'SP,.
Similarly, Pell-Lucas spinor representation of the norm of Pell-Lucas quaternion Q PL,, is
SPL,'SPL,.

Now, the recurrence relations of Pell and Pell-Lucas spinor sequences with the following equations can be
obtained.

Theorem 2.1. The recurrence relation of Pell spinors for n > 2 is
SP,=25P,_1+ SP,_»

where nth, (n — 1)th and (n + 1)th Pell spinors are SP,,, SP,_1 and SP,_,, respectively. The recurrence relation for
Pell-Lucas spinor for n > 2 is
SPL, =2SPL,_1+ SPL,_o

where nth, (n — 1)th and (n + 1)th Pell-Lucas spinors are SPL,,, SPL,,_1 and SPL,,_, respectively.
Proof. Firstly, we show the recurrence relation for Pell spinors. Therefore, if we calculate 25P,,_; + SP,_, then we

obtain

2SPn—1 + SP’H,—Q =2 |:Pn+2 + IP"_1:| + |:Pn+1 + IPn_2:|

Pn+iPn+1 Pnfl"_ipn

_ |2Pny2 4 Poy1 +i(2P0-1 + Po—2)
2Pn+Pn71+1(2Pn+l+Pn> '

Since the recurrence relation for Pell number sequence is P,, = 2FP,,_1 + P,,_2, we have

Pn+3+iPn

25P, 1 +SP,_2 = {P L iPes

} = SPn.

Similarly, we can easily obtain for Pell-Lucas spinor sequence such that

Qni2 +1Qn—1 Qni1+1Qn—2
2SPL, _ PL, o=2 ) :
S 1+ 5 ? [Qnﬂ@nﬂ}*{%_lm@n

|:2Qn+2 + Qn+1 + i(2Qn—1 + Qn—2):|
2Qn + Qn—l + i(2Qn+1 + Qn)

_ Qn+3 + lQn _
- [Qn+1 +iQn+J = 5PLn

where the recurrence relation Q,, = 2Q,,—1 + Q2 of Pell Lucas number sequence is used (n > 2). O

Now, the some relations between Pell and Pell-Lucas spinors can be given.

Theorem 2.2. Let nth Pell and Pell-Lucas spinors be SP, and SPL,, respectively. In this case, for n > 2 there are the
following relations between these spinors;

i) SP,_1+ SPyi1 = SPL,,
SPLn + SPLn+1 = 4SPR+1,
SPLy.1+ SPL,_1 = 8SP,,

2SP, +2SP,_1 = SPL,.

1

(2%

)
)
)
)
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Proof. i) Let (n — 1)th and (n + 1)th Pell spinors be SP,,_; and S P, 11, respectively. Then, we can write the equation

SP,_1+SP,11 = [P”+2 +1Pn—1:| [Pn+4+1Pn+1]

Pn + ipn,+1 Pn+2 + iPn+3

_ Pn+2+Pn+4+i(Pn—l+Pn+l)
Pn+Pn+2+i(Pn+1+Pn+3) '

On the other hand, we know that the relationship between Pell and Pell-Lucas numbers is ), = P,—1 + P41 from
[35]. If we use this relationship we can write

SP,_ 1+ SP,1 = {Qﬁﬁiﬁcﬁig] — SPL,.

This completes the proof.
ii) Assume that nth and (n + 1)th Pell-Lucas spinors are SPL,, and SPL, . Therefore, we have

[ Quis i ] [Qua Qs
SPL, +SPL,1 = |:Qn+1 +1iQnio + Qni2 +iQnis

_ { Qnt3 + Qnia +i(Qn + Qny1) }
Qn+1 + Qn+2 + i(Qn+2 + QnJrB) '

In addition to that, we know that there is the relationship 4P, 11 = Q, + Qr+1 between Pell and Pell-Lucas numbers
from [37]. So, we get
4Py yq + i4Py iy

SPLy+ SPLyty = |:4Pn+2 +i4P, 43

:l == 4SPn+1

iii) Suppose that (n — 1)th and (n + 1)th Pell-Lucas spinors are SPL,,_; and SPL, 1, respectively. Then, we get

Qn+4 + iQn+l] |:Qn+2 + iQn—1:|
SPL, SPL,_1= . .
+ + ! |:Q7L+2 + 1Q7L+3 + Qn + lQn—i-l

— Qn+4 + Qn+2 + i(Qn+1 + Qn—l) _ 8Pn+3 +1i8P, — 8P
Qn+2 + Qn + i(Qn+3 + Qn+1) 8Pn+1 + i8pn+2 "

where 8P, = Qn+1 + Qn—l-
iv) This proof is clear that SPL,, = SP,,_1 + SP,; from option i). Moreover, we know that SP,; = 25P, +
SP,_;. Consequently,
SPL, =8P,_1+2SP, +SP,_1 =2SP, +25P,_;.

This completes the proof. O

Theorem 2.3. Assume that nth Pell and Pell-Lucas spinors are SP,, and SPL,, respectively. Therefore, the Binet Formulas
for these spinors are the following equations. The Binet formula for Pell spinors is

1
spy= (s, 05
S AN :
the Binet formula for Pell-Lucas spinors is
SPL, =v"Sy 4+ u"S,
734

where v = 1+ /2, p = 1 — /2 are the roots of characteristic equation 2> —2x — 1 = 0 and S, = L +in?

w4
p+ip?]

} and S, =
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Proof. First, we prove it for Pell spinors. We know that the Binet formula for Pell number sequence is

n __ ,m
pn:u
YoM

where v = 1 +v/2, u = 1 — /2. Therefore, if we write the last equation in the nth Pell spinor we obtain

Pn+3 +1iP, :| _ 1 |: ,}/n+3 _ ‘un—i-S + l(vn _ lun) :|
Y Y

SP, = . .
n |:Pn_~_1 +iP, o — 1 n+l _ ‘un+1 + 1(,Yn+2 _ Mn+2)

Sp. — 1 ,Yn+3 + I,Yn B MnJrS + iﬂn
n S ’7n+1 + i,yn+2 Mn+1 + iMn+2

1 W72 +i n | pd+i
Y= v +1y Bt 1p

or

1
SP, = —— ’YnS _/-LnS>
v—u( ! :
where S, = 7t and S, = Wi
Ty +iy? SRS T
Now, we give the Binet formula for Pell-Lucas spinors. We know that the Binet formula for Pell-Lucas number

sequence is (), = 7" + u". In this case, we can obtain

~

SPL, = . .
|:Qn+1 +1Qn+2 n+1 +Nn+1 +1(’7n+2 +Mn+2)

n+3 L7 n+3 son
_ |7 +1y H +1p
SPLn - |:’}/"+1 —|—i’}/"+2:| |:Mn+1 +iun+2:|
343 3%
n [P +i SNGES
SPL, = . .
! {HWQ] ! LHIA
or
SPL, =v"Sy 4+ u"S,
3z 343
vo+1 ne+1
where S, = [’y+i72} and S, = [qui#Q} O

Theorem 2.4. Let nth Pell and Pell-Lucas spinors be S P, and SPL,, respectively. The sum formulas for Pell spinors are the

following options;

n

i) > SP =

t=0

R 1
11) ZSPQt = 2|:SP2n+1 SP1:|,
t=0

[SPLwH——SPLJ,

A~ =

= 1
M)E:S&tp:ZF&n—SP4.
t=0

Proof. i) We know that for Pell spinors the Binet formula is SP,, = ﬁ (v"S, — u™S,,). Therefore, we can write

Y SP= 3 ('S, — u'S,)
t=0

=0 1 T H
1 n
= f(z 'Sy - Z/‘tsu)'
v H t=0

t=0

(2.2)
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1 n+1

On the other hand, we know that }_;" ' =
equation then, we get

and Y jpt = 1_“ . If we use these information in the last

< 1
Z Sk = 4 <(7n+157 + ,u"'HSM) — (84 + Su))
t=0

where v — u = 2/2. Moreover, for Pell-Lucas spinors the Binet formula is SPL,, = 7" Sy + u™S,. So, we can obtain
that

1
> 8P = Z(SPL,LH — SPLy)

and this completes the proof.
ii) Similarly, if we use the Binet formula for Pell spinors then we easily get

Z S i QtS’y _ MQtSM)
t O
_ 1 (zn:’}/zts i:IthSM>.
t=0

Moreover, we know that >_;' v = lﬂﬁ and Y7, p? 17’12:;2 . Therefore, we have
n 1 1— 2n+2 1— 2n+2
Z SPo = a Sp— 1 Sy
— 2(y =) 1 gl
1 n n
RECE (“S” TS S)

where v = —1. Then, we obtain
Z SPy = = SP%H +SP, - fSPLO)
In addition to that, if we use SPLy = 25P, + SP_; from Theorem (2.2) , we easily get
Z SPy = SPgnH SP_y).

iii) We use the Binet formula for Pell spinors. So, we can write

n

1 _ _
ZSPQt 172 (,YZt 1577“2t IS#)

— ) T H
1 21 2t—1
=— Sy S,

(s

Similar to the other options i) and ii) we can easily obtain that
SP/_: 21_ 2n+QSL_ 21_ 2n+2$
tz:; 2t—1 2(7_@(7( H )Su = p (1=~ )Sy
1 n n
=3 (f Sy — p"S, +2v2(S, + S,,) — 3(S,, — Su)>.

If we use Binet formulas for Pell and Pell-Lucas spinors then, we get

Z SPy_y = SP% —35Py + SPLy)

t=0
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and consequently

- 1
> SPy_y = (SPy — SP_y)
t=0

where we know that SPLy = 25P; +25P_; and SPy = 25P_; + SP_,. This proof is completed. O

Now, considering [18, 34] we express the following definition.

Definition 2.5. Suppose that SP, and SPL, are nth Pell and Pell-Lucas spinors. The fundamental Pell and
Pell-Lucas spinor matrices are

P, —iP, — —1iP,
P, _ n : n+3 n+2 . n+1
(S n)L |:Pn+2 - 1Pn+1 Pn + 1Pn+3
and

_ Qn - iQn+3 _Q7z+2 - iQ7l+1
(SPL,)L = |:Qn+2 Qe O +iQnrs } .

The fundamental Pell and Pell-Lucas spinor matrices are also called as left Hamilton Pell and Pell Lucas spinor
matrices, respectively.
Now, we express the Cassini Formula for Pell and Pell-Lucas spinors.

Theorem 2.5. The similar formula replacing Cassini formula for Pell spinors is

(SPu-1)LSPuy1 — (SP,)LSP, = (_1)71#(7(5#)1157 - M(SW)LSM)

and for Pell-Lucas spinors the similar formula is

(SPLp—1)LSPLpy1 — (SPLn>LSPLn(_1)”_1(7 - N)('V(SM)LSW - M(SV)LSM)

3, g ;3 2 _ 3, ; i3 2 _
_ | wFi _ |1 =it —pt —ip _ |+t _ 1=y =iy
where S# - [M‘i‘illg]/ (SM)L = [MZ _ i,u 1 —l—iu?’ ]/ S’Y - [7+i72:|/ (S’Y)L = {,}/2 _ i’}/ 1 +i,y3 .
Proof. Pell spinor product corresponding to the product of Pell quaternions QP,,—1Q Py 41— (QP,)%is (SPn—1)SPpy1—

(SP,)SP,. In this case, if we use the Binet formula in Theorem (2.3) for Pell spinors SP,, = -1 (y"S, — u"S,,),

T—p
then we get
1 n n
(SP)L = o ’u('}’ Ls, —p LSM)-

Therefore, we obtain
1 1
SP,_1)1.SPyi1— (SPy)SP, =——(y" " 1(Sy)r — p" 1(S [
( 1)L +1—( )L ’Y—M( (Sy)L — " u)L)V—M
1
———(""(S —u"(S S, — u"S
7_M(W(w)L N(,u)L),y_M( v — H"Sy)

1
pyem—" ((—v”‘lu”“ + ") (Sy) LSy + (=" 4 v"u’L)(SM)L&)
1
=(-1)" 1H(U(S’)’)LSH —7(Su)LSy)
1

:(_1)nm(7(S;A)LS'y - N(SV)LS;L)

3 : .3 2 : 3 . . 2 .
| pu A+ |1 =ip® —pt—ip |+ | 1=iy? = =iy
where S, = M+iu2],(SH)L— [;ﬂ—i,u 1+ i ],Sw— [V-Fivz}’(sv)L_ Y —iy 14198 } .
Similarly, for Pell-Lucas Spinors considering SPL,, = y*Svy + u"S, and (SPL,)r = v"(S7)r + " (S.)r we have

(,.YnJrlS’Y _ ,un+1S,u)

3

(SPLy—1)LSPLnt1 = (SPLn)LSPLy =(Y" 71 (Sy)L + 1" (Su) ) (7" 8, + u" 1 S,)
= (Y"(Sy) L + 1" (Su) L) (V" Sy + 1" Sy)
=(y" = ) (8,)p S + (T T = i) (S,) LS,
=(=1)""" (v = ) (V(Su) .Sy — 1(S5)L.S)
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and consequently

(SPLyp—1)LSPLpt1 — (SPLy)LSPL, = (_1)n71(7 - M)('V(SM)LS'V - H(S’Y)LSM)
3 . . 3 2 . 3 . 3 2 :
[ +i =i - —ip P +i | 1=iy? =yt iy
whereSH— |:M+iILL2:|’(SN)L_ |:N21;U' 1+i,u3 :|/S’Y_ |:’y+if}/2:|/(S’Y)L_ |:"}/2i"}/ 1+i")/3 :| : O

Conclusion 2.1. The Cassini formulas for Pell and Pell-Lucas spinors can be obtained that

for Pell spinors (SP,_1)1SPui1 — (SP,)SP, = (—1)"* {12 + 21] ,

4 4 10i

for Pell — Lucas spinors (SPL,_1),SPLy+1 — (SPL,).SPL, = 8(—1)’“1 [12 + 21} .

44 10i

Theorem 2.6. The generator function for Pell spinors is

1 5+ 2t +it
Gsp(l) { + +1}

TIo2t—2 [1+i(2+1)

and the generator function for Pell-Lucas spinors is

Gspr(t) =

1 14 + 6t +i(2 — 2t)
1—2t—#2 | 242t +i(6+2t)

Proof. We take nth Pell spinor is SP,. Therefore, for nth Pell spinor the generator function is calculated with the
aid of the equation Ggp(t) = Y -, SP,t". In this case, using Gsp(t), 2tGsp(t) and t*Ggp(t) we obtain that

Gsp(t) = SPy + SPit + SPyt? + SPst® + SPyt* + SPst® + ...
—2tGgp(t) = —2SPyt — 2SP1t? — 2SPyt3 — 2SPst* — 25 Pyt — 25 Pst® + ..
—t*Gsp(t) = —SPyt? — SPit? — SPyt* — SP3t® — SPyt° — SPst” + ...

and
1

Gsp(t) = i-2—9)

(SPy + (SP, — 2S5PRy)t)

where

C[Py+iR] | ([Pa+iP]  [2Ps +2iP
SPo+ (5P —25R) = {Pl +iPJ + ([PQ +iPJ {2131 +2iP2] )t

= L j2i} + ([52:53 - {2 1041} )t = [15 N i2(;j—itt)] '

1 52t + it
1—2t—2 [1+i2+1)]"

Consequently, we get
Gsp(t) =

Now, we calculate the generator function for Pell-Lucas spinors. Therefore, if we consider the function Ggpy,(t) =
S o SPL,t", we have
1

CGorl) =79~

(SPLo + (SPL; — 2SPLo)t)
using Gspr(t), 2tGspr(t) and t?Ggpy (t). Finally, we obtain

1 14 + 6¢ +i(2 — 2t)

Gspel) = 75— |24 2t +i(6+2t) |-

This completes the proof. O
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Theorem 2.7. Assume that —nth Pell and Pell-Lucas spinors are SP_,, and SPL_,,. In this case these spinors are calculated
as follows; for Pell spinors

SP_, = (~1)" { Py —iP, }

Pnfl - iPn72
for Pell-Lucas spinors

SPL,n — (_1)n |: _Qn—S +1Qn :|

_Qn—l - iQn—Q '
3 .
Proof. We know that the Binet formula for nth Pell spinor is SP, ( Sy — u"S,) where S, = LLM +4i—u12} ,
Sy = {Jjjlr; ] On the other hand, we can write the equation yu = —1 = v = (—1)u~!. If we take n powers of

both sides then, we get y™" = (—1)"u"™. Slrmlarly, we easily see that i~ = (—1)"~". In this case, considering the

Binet formula for —nth Pell spinor SP_,, = -~ #( v~ "S, — u~"S,) we calculate as

Py = ——((~1)"u"S, - (~1)""S,)

and

= K
T H
If we make this equation even more detailed, we get

—1)" n3_n3_~_' n
sp —{ )[uv VS A =)

2 ] (2.3)
YK

e B AT o (Vi e V)
where v = 2 — pand p = 2 — v. Additionally, if the characteristic equation 2% — 2z — 1 = 0 of Pell number sequence
is used, the equations y2 = 5 — 2y, u? = 5 — 2,73 = 12 — 5 and p® = 12 — 5 are obtained. Therefore, we obtain
the Eq (2.3) as

y—p | pM(2—p) (2 - )+1( (5 —2v) —9"(5—27))
I 1902 =u" o e T T Ay Vi
= (—l)n n n 12( ’};L_#»/f )7i15( TR n) nl( TR n)+1 n+1 ]
2 EE) + () +i(-5 () + 20— )

_ 1y —12P, + 5P, 41 — iP, _ iy | Pas =i
N __2Pn +Pn+1 _1(_5Pn +2Pn+1) N

Pnfl - iPn72
. P,_3 —1iP,
If n is even number, nme on
" |:Pn—1 - 1Pn—2:|
Pn73 - iPn
If n odd number, {Pnl . iPn2:|

Now, we calculate for Pell-Lucas spinors. Considering Binet formula SPL,, = y"S, + u"S,, for Pell-Lucas spinor
sequence and we can write for —n
SPL_, =~""8,+up"S,.

If we use again the equations y~" = (—1)"u™ and p~"™ = (—1)"™ then, we have
SPL_p = (=1)"(p"Sy +7"Su)

and

71 3 + 'Y +i Mn + n)

SPL_, = (—1)" .n( NN
(=1) u7+7 o+ i(p"y? + ")
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Finally, we get

SPLw= | )
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