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Abstract

Original scientific paper
Fractional-stochastic differential equations are widely used tools to simulate a wide - range of engineering and scientific phenomena. In
this paper, the applicability of the approach of indeterminate coefficients to various fractional-stochastic models is examined. These models
have a fractional white noise term and are mostly produced by fractional-order derivative operators. We also investigate applications of a
polynomial chaos algorithm to stochastic Lotka-Volterra and Benney systems. Fractional-stochastic equations are entirely novel systems
that have the potential to function as models for a wide range of scientific and engineering phenomena. It is noted that fractional-order
systems with uncertainty or a noise term can benefit from the effective use of Galerkin-type approaches in this article.
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KESIRLI MERTEBELIi DIFERANSIYEL DENKLEMLERIN YENi SAYISAL GOZUMLERI

Ozet
Orijinal bilimsel makale

Kesirli stokastik diferansiyel denklemler, ¢ok ¢esitli mithendislik ve bilimsel olgulari simiile etmek i¢in yaygin olarak kullanilan araglardir.
Bu makalede, belirsiz katsayilar yaklasiminin gesitli kesirli stokastik modellere uygulanabilirligi incelenmistir. Bu modeller kesirli beyaz
giirtiltii terimine sahiptir ve ¢ogunlukla kesirli dereceli tiirev operatorleri tarafindan tiretilir. Ayrica polinom kaos algoritmasinin stokastik
Lotka-Volterra ve Benney sistemlerine uygulamalarini da arastiriyoruz. Kesirli stokastik denklemler, ¢ok ¢esitli bilimsel ve mithendislik
problemleri i¢in model olarak islev gorme potansiyeline sahip tamamen yeni sistemlerdir. Bu makalede Galerkin tipi yaklasimlarin etkin

kullanimindan ve belirsizlik veya giiriiltii terimi iceren kesirli dereceli sistemlere uygulanabilirligi arastirilmustir.

Anahtar Kelimeler: Galerkin yontemleri, sayisal ¢oziimler, skokastik sistemler, kesirli operatirler.

1  Introduction

Stochastic differential equations and fractional order
derivative  operators, {2,4,5,11,12,13,14,15} are
invaluable tools for applications in many different areas
of science and engineering. For example, they are used in
monitoring chemical processes operating under
uncertainty, in image processing such as feature extraction
and image segmentation, in analyzing, designing, and
testing electronic systems, and in many other engineering
applications such as big data analysis, robotics, machine
learning, and artificial intelligence.

A fractional-stochastic differential equation has some
terms of fractional-order derivative/integral operators,
certain deterministic operators, noise (expressed as a
derivative of the Wiener process), and fractional-
Brownian motion. There may be more terms in these kinds
of equations, including Levy-type noise or jump. Some of
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the well-known {1,3} fractional-order operators with
nonsingular kernels and integral properties, such as
Riemann-Liouville, Caputo, Griinwald-Letnikov, and
Atangana-Baleanu, are more efficient than deterministic
maps. Ito's formula is primarily used to obtain exact
solutions of fractional-stochastic differential equations,
but these solutions are only obtained in a few specific
instances. Thus, among the most important and helpful
numerical  solution methods in  computational
mathematics are those wusing Euler's type, finite
differences, and indeterminate coefficients (Galerkin,
Least-square, Collocation, Wavelets, and Finite
Elements).

The primary goal of the current research work is to
examine how some finite-element, polynomial chaos and
Galerkin methods can be applied to specific and original
differential equations. Deterministic derivative operators,
fractional-order derivative operators in the Caputo and
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Riemann-Liouville (RL) sense, fractional-Brownian
motion, standard Brownian motion, and fractional white
noise are the fractional-stochastic systems of equations
that are examined in this work. Not a single equation or
system taken into consideration in this study has ever been
researched in the past. According to this perspective, the
current work represents a fresh and innovative addition to
science. Investigating the suitability of various
indeterminate coefficient approaches for fractional-
stochastic models renders this work novel and highly
valuable for computer science researchers.

The novelty of this research study can be presented as
follows: First of all, both research topics and tools,
fractional-order stochastic differential equations and
fractional Brownian motion are the tools that can be used
in the modeling of many different engineering and
scientific phenomena in physics and biology in a highly
efficient manner. In this paper, we employ both tools and
apply them to the models not considered in the literature
in the way we study. Fractional Brownian motion is a very
helpful tool for researchers because of its long-range
dependence, correlated time increments, and Hurst
parameter features. We address the conjunction of
fractional operators with white noise and fractional
Brownian motion; these tools' combination and
application to scientific and engineering problems are still
in their infancy. From these points of view, the present
study is going to be useful for the researchers in these
areas.

2 Fundamentals of Fractional Operators

In recent years, fractional-order calculus, often
known as differential equations, has become increasingly
important in applied and computational mathematics.
These equations are produced by fractional-order
operators, such as derivative and integral operators. They
worked in various scientific fields, including engineering,
physics, economics, and mathematics. Because fractional-
order operators may compute non-locally and account for
historical impacts, they are more effective and preferred
in applications.

Suppose that g:(0,0) » R is a function and
fractional-order operator with the order S for g is defined
as

1 t
1296 = 155 | s =¥ g(o)ao,
0

inhere I'(-) denotes Gamma function.

For (m € N), Caputo-type derivative operator of order 8, m —
1< B <m, of g(s) is given by
dm
DPg(s) =JmF 2 9.

The Riemann-Liouville (RL) type integral, IZf(x) and
derivatives RZ f (x) of a function, say f(x), of order « is:

1 X
() = s f (- )™ f(p)dp, x € [a,b].

It is obvious that:
B(ra p+a d 14+a a
L (EF () = [ () and —— [ = IEf(x).
1 o (x d
REF() =7 foydp 4

(n—a)ox" ), (x—p)*+i-n
<a<sn

Forn =2,1.e. forl < a < 2, one has

REF() =

1 a_zf" f(p)dp
2—-a)ox?),

(x —p)et
3 The Galerkin Method

One of the unique varieties of procedures for
unknown coefficients is the Galerkin approach. Next, we
go over the basic concepts of the Galerkin technique in
brief.

Let us consider the differential equation (which can
be hybrid, fractional, deterministic, or stochastic).

Fu(x) = k(x)

where F is a derivative operator, functions u(x) and k(x)
are given functions. Write u(x) as

u@) = ) digi(x)
i=1

in which ¢;(x) is known as the coordinate function and
the coefficients, d; are constants or functions to be
determined. Let us define the so-called residual term R(x)
as

R(x) := Fu(x) — k(x)
and define the following operator

b
I(dy,dy, ..., dy) : = J- W;(x)R(x)dx = 0.
a

Choosing weight function W;(x) in this equation as
W;(x) := @;(x), the Galerkin method (one of the
undetermined coefficients methods) becomes the name of
the resulting technique.

4 Brownian Motion

Brownian motion (or Wiener process) is a stochastic
process (W) .so defined on a probability space (X, F,P)
with:

W, =0,

the function x = W, is a continuous function with
probability 1,

the increments W,,,, — W, have a normal distribution,
N(0,n).
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Independent increments mean W, — W; and W, —
W, are independent random variables for 0 < [ < x <
m < k. W(x) satisfies that:

AW(x) dWkx)
~ dx :klek(Sk(x)'

dx

o=~ [Beaawe
0 J;

1
EN (0,—) , that is a standard normal random variable
o

dW (x) == dW (x;41) — dW (x;), where
= {l|l = [Xp—1, %), X = Xpoq =0, X9 =0, X, =

1}

If f is a bounded function, it is not hard to see that

E <f1f (aw (x) - dW))) =0.

Another important and highly helpful method in
science, engineering, and finance modeling a wide range
of events is fractional-Brownian motion or fBm. It is a
very useful tool for scientists because of its long-range
dependence, correlated time increments, and Hurst
parameter features. The definition and intriguing
characteristics of fBm, for instance, can be found in {10}
for interested readers. The literature has a wide variety of
fBm kinds. We think about

BH(sx)—ZJ_ek(xm(s) Zul<oo

ek(x) = \/_sm(knx) k=1, 2
B (sy,x) — B" (Sp-1,2)

Z i G (@)

ak(sn 1))
a(sn) — ax(sn-1) = JAcGen, ¢ EN(O,D).

In the following part, we present and analyze the first
fractional-stochastic differential model. We deal with
numerical solutions of a partial differential equation
(PDE) that is fractionally stochastic and contains various
derivatives of an unknown function of s and x, as well as
a Levy noise term, fractional white noise, and a second-
order time derivative. We examine a unique differential
problem that has not been approached using finite element
methods in previous research. The goal of analyzing such
an equation is to demonstrate how original the equation is,
as well as how helpful these kinds of equations are in
representing a wide range of phenomena in science and
engineering. Numerical solutions of the following
equation are of interest to us:

Ugs (5, X) — Uyy (5, %) — u(s, x) + dBH(s)
] au(s x)
e
=g(s,x)

(1

where (s,x) € 2:=[0,1] x [0,1] and u(s,x) = 0 in 8..
Weak form of ([maineq?2]):

(uss(si x)' W) - (uxx(s' x), W) - (u(s' x)' W)
+(dBH (s, x),w) <_66_x[f(u(s‘ x)) au((;;x) 'W> @
=(g(s,x),w)

After using a finite element approach to solve (1), we
finally arrive at an element matrix equation that can be
solved using both an implicit numerical method and a
finite difference. Let us now write (2) in variational form
first. To begin doing this, let’s first express the unknown
function u(s, x)as

M

u(s,x):= Z a; (s)g;(x)

i=1

where @;(x) is a coordinate function.

We write u(s, x) in the equation (2) using the variational
formulation technique. We then multiply each term in (2)
by ¢;(x), and integrate the resulting function on the
boundaries of x. Consequently, we get that

M

D) f 0 (g, (dx —ial( ) f P00 | oy -

=1 0 i=1

1

Zal (s)f(pl (x)(p](x)dx+f(pj (x)dB" (s, x)dx

i=1

f%[f<iai (S)(pi(x)>za (s) ‘Pz( )
0 n

0,(0)dx = f 9 (s, 00, (dx

€)

i=1 i=1

Our objective is to formulate the equation (3) using a
few matrices. To that end, allow us to define the following
matrices:

Define Ky with entries K;; as

1

K = f§0i () p;(x)dx.

0

Hence, the first integral in (3) can be written

KTd
where a is a M X 1 vector with entries a;, i = 1,2, ..., N
Using the boundary conditions and integration by parts
method, the second integral is written as

NTa

where Ny 1 @ matrix.
Now, let us write the last two terms in (3) as follows:
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M

%@U"< axﬂ%u»dﬂfmﬁf%u @)

i=1

= (g(s,x),w)

Concerning the unknown a;(s) in equation ([togethers]),
it is evident that we have a nonlinear system of equations.
Consequently, (4) can be expressed in terms of a few
matrices as

L(a)a=c
where Lysyp 1S @ matrix with:

d%(x) de;(x)

d
dx X

-2 Y a0 S)ou)
0

i=1

and ¢ is a M X1 matrix with entries ¢; =

1
Jo 9 (5, 0)9;(x)dx.

We express the fourth term, using the fBm notations that
were discussed in the preceding section. The equality

1

M 1
[ @B 00,0 = Y i as) [ e o dx,
0

0 k=1

can be written as a vector, say d, with the size of M X 1.
As a result, after correctly organizing these matrices in the
equation (4), we get the matrix equation:

KT —(NT+KTa—-L(a)a=c—d (35

Now, we may express the temporal derivative using the
finite difference approximation. Therefore, we write

A1 — 205 + Qg1

KT
At?

] - NTak - KTak - L(ak)ak= c—d

from which we obtain that

Arsr = [(KD)™Y(NTa, + KTay, + L(ay)a, + ¢
- d)]At2+2ak - ak_1

In the following section, we investigate numerical
solutions to fractional-stochastic differential equations
using the Riemann-Liouville interpretation of the
fractional derivative operator.

5 Fractional-Stochastic Equation

Consider
R u(x) — Uy () + dW (x) = g(x), x €[0,1] (6)

with u(0):=0, and u(l):=k€R-0, where
R1*%y(x) is the Riemann-Liouville type derivative of
u(x). Let’s use the above-described Galerkin technique
methodology to apply the Galerkin method to Eq. (6):

1 1
f R91c+a u(x)(ﬂj(X)dx _f Uxx (x)(pj(x)dx
1
+ [ aweg,adx @

- [ 9 @p;0dx
0

where ¢;(x) is nodal based function defined on 2.
Defining

M
u= Z Cr Pi(x)
k=0
Let
1
Ai=—
n

@;j(x) is an appropriate base function. Using integration
by part in the second term in (7), we get:

M 1
qu@wm%wm
k=0 0

1
d? d
N ckf dqok(x) <p,(x)
0

+

f%%@%mﬂ
0

g ()e;(x)dx

O%Hﬁ-MEg

This equation’s discretization is provided as follows:

X141

Z Ck f % Pr(x)dx — Z Ck f T @;(x)dx

X1-1

+

C

fdwdwd%@)
k dx?

Pr Sk (X) @ (x)dx

+

+
M= T M=
O%HOSH

Pr Ok (X) @i (x)dx

g (x)g;(x)dx

OSH

This equation can be expressed as a matrix equation or in
terms of matrices as follows:

(FT—LYc+M—-G=0,
in which,

M =§:fp 8 () @i (x)dx
0

=1
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Ly = fdz Pk do;(x)

dx? dx
0

- f 9 (09, (x)dx
0

The application of the Galerkin method to a system of
fractional-order differential equations will be examined in
the following section. Since we had investigated how
noise behaves in fractional-order differential equations in
the earlier instances, we do not add a noise term, therefore
these equations are somewhat deterministic fractional
differential equations.

6 A Fractional-Stochastic System of PDEs

Consider

D&u(s,x) = Puy(s,x)+v.(s,x)+ h(s,x)
3

D&v(s,x) = Vyr (S, X) + TU, (S, X)

where a, B, T are positive parameters, x € [0,A4], A > 0,
0 < t, with

u(0,x) = u(s,0) = v(s,0)
v(0,x) = u(s,A) = v(s,A) =0, x €[0,4]

ou(s, x) _ ov(s, x)

- ox =0, atx =0,

and x =a, t = 0.

These kinds of systems of partial differential
equations can simulate a variety of physics, chemical, and
engineering problems. We chose to explore this system of
equations since it is an original differential equation, and
systems of differential equations are used to model many
scientific phenomena.

The system is transformed into a linear system of
finite element matrix equations using the FEM, a kind of
weighted residual approach. The solutions to these matrix
equations are found by highly efficient computing
methods.

This system of fractional order differential equations
is solved using a Galerkin type me method as follows:

(s, x) = N(x)U¢(s)
D(s,x) = N(x)Ve(s)

Q

u(s, x)
v(s, x)

Q

where N(x) is a row vector made up of what are known
as basis functions on a L-length space element. Note that
in the weighted residual method, the basis functions we
use in this study serve as the weight functions. As a result,
we employ a finite element method—a kind of weighted
residual technique—in the following section.

Taking note of them, we can see that the approximate
system of equations (8) can be expressed as follows:

Dg(s, x) Bz (s, %) + Dr (s, %) + h(s, %)
©)
D s*D(s,x) = Dy (5, %) + T, (s, X)
We investigate the one-space element I, which is an
interval since we study on an interval, which is a one-
dimensional space. Considering this, the first equation in

the system (9) can be written as
Dia(s,x) = Plg(s,x) + Oe(s,x) + h(s,x)

Thus, we have

N(x)D&U®(s)
AN
e ( ) e ))
f NT (x) v dr, = {0},
AN
f + = 2ves)
+h(s,x)

Using the integration-by-parts method, we have

f [NT(N(x)DEUS(s)
Te
d dNT d
Z(x) NG e owmoo N( )Ve()
x dx
+ NT()h(s, 01T, — | BNT () ()ueo - (0},

or

by N(x) = 0 on dI', we get

NT(x)N(x)D&U®(s) 1
dN(x) dN"(x) .
f —F dx dx Ue(s) ar, = {0},

om0 BB e ) - N7 Gk )

(10)

We write the equation (10) via matrices as

eDU°(s) + ([B(IIDUE(s) + ([C(]IVE(s) = H(s,x)

an

where

[A(x)]e = J-NT (JC)N(JC)C“—;E

o
. dNT(x) dN(x)
[B(x)] _f’g axax e

o
d
o = [T ar
e

Hé(s,x) = NT(x)h(s,x)
Now, we express the second equation in the system (9)
DIv(s,x) = Vge(s,x) + 1, (s, x)

as:
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[ Nx)DSVe(s) 1
[N | ()
l clN(x) Ue( ) J

dr, = {0} (12)

The equation (12) can be restated as

f [NTG)NGODEVE(s) — dNT(x) dj;ix)v (s) +
v B pecsgar, - (v B yes| = o
o,
by the boundary conditions, we get
f [NTRNG)DEVE(s) - dNT(x) d'ﬁff) Vi) +
o7 ) o ye1r, = (o)

Likewise, we have:
“DSVE(s) + (; [BG)IVe(s) = [C(x)]eu%s)) (13)

Now, we can rewrite the equations (11) and (13) by
localizing the element matrices as:

*DU*(s) + ([BODIDU(s) + ([CIIHVA(s) = H®(s,x)

*DSVe(s) + (% [B(x)]?Ve(s) = [C(x)]eUe(S)>

In the following part, we apply the polynomial chaos
method to two nonlinear systems of stochastic ordinary
differential equations: the Lotka-Volterra system and the
Banney equation, a nonlinear stochastic differential
equation.

7  Polynomial Chaos Method

Because they can accurately simulate systems with
uncertainty, randomness, and noise, stochastic differential
equations are important in both engineering and
economics. This section examines the suitability of the
polynomial chaos (PC) approach for several partial
differential equations and stochastic nonlinear predator-
prey scenarios. Specifically, we are interested in the
approximate solutions of the Benney and stochastic
Lotka-Volterra equations. A particular instance of
indeterminate coefficients or the Galerkin method is the
polynomial chaos approach. We provide approximate
solutions for stochastic systems and show simulations to
illustrate the impact of uncertainties on the systems. This
is the first study in the history of research to demonstrate
how the polynomial chaos approach may be used to the
Lotka-Volterra system and the Benney equation.

The Lotka-Volterra (LV) equations are a couple of
first-order, non-linear differential equation systems that

are mostly used in mathematical biology, namely in the
modeling of predator-prey model dynamics (see, for
example, 6,7,8,9). The Lotka-Volterra equations are
regarded as random or stochastic processes. We present a
novel method for numerical solutions of Lotka-Volterra
(LV) equations with some uncertainty present in the
system, based on polynomial chaos (PC) expansions. One
of the most effective methods for perturbing a stochastic
differential equation into a deterministic system of
equations is the PC technique.

Numerous methods have been proposed in the
literature to solve stochastic linear partial differential
equations. As an example, consider the stochastic LV
model employing the semi-martingale technique at
Klebaner et al. They establish a huge deviation principle
and derive a bound for the asymptotic time to the prey
population’s extinction.

The polynomial chaos expansion approach is then
briefly reviewed, and stochastic Lotka-Volterra models
and Benney equations are introduced. We then address the
numerical solutions of these systems by using the PC
method on them.

8 Stochastic Galerkin Method

Given a probability space denoted by (2, A, P), we
can investigate the following general time-dependent
stochastic partial differential equation with random
coefficients:

ou

£+F(s,x,v;u) = f,(s;,x)€EDX [O,Tf]
C(s,x,v;u) = g,(s,x) €9D X [0, Tf]
KO,x,v;u) = h, x€D,

where the coordinates are v —random or uncertain,
s —time, and x —space. This system’s solution could be
expressed as

u(s,x,v):D x [O,Tf] x0N->R
DcRP, D=1,23.

We need to compute u(s, x, v) to solve this system. First,
let’s presume that:

a(x:Y) = a(x, }’1(1/), ---,J’d(V))-
Then,

d
u(s, x,y,(v), ...,yd(v)):D x [0,T] x HI}- - R

i=1
yirdd = I

Some common techniques in the literature to calculate
u(s, x,v) include the Galerkin, finite elements, wavelets,
collocation, and least-squares  approaches  for
indeterminate coefficients. We employ the stochastic
Galerkin approach, which is best explained as follows:
Given the random space

S=L,(L,P),
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i. Construct an approximate space.

Sy = Span{o ), 1 ), h, M} € §

ii. Show the ambiguities as

axy) = ) @ (W)

i

iii. Approximate the solution

2, 69) = ) w6 OB )

L
. Calculate the coefficients, u;(x, t), by Galerkin

projection.

It is possible to describe any random variable u(v) €
L,(2,P) as

uv) = ugH,
+ Z u; Hy (y;(v))
+ z Uy Hy (J’i(V)'Yk(V))
i=1 k=1
o i k
£ g Hy (10,30, 3, ) + -
i=1 k=1 j=1

The multi-dimensional Hermite polynomial is denoted by
H,,. Alternatively expressed as

u®) =u(y,(v), .., ya)),

the approximation can alternatively be expressed as finite-
dimensional uncertainty. In plainer language, we say that

(@) = D wpi(y®) = Y wip )

where ¥; () is a multi-dimensional Hermite polynomial.
The basis {;(¥)}{2, is a complete basis in L,(R%, B,),
ie.,

5 = Span{lpo(J’), 1!’1()’), } = LZ (Rd"{Py)

A finite order approximation

P

20 = ) whi)

i=0

corresponds to a p-th (total) order approximation of u(y)
in

Sy = Span{o), Y1), h,M} € §

where the generalized Fourier coefficients u; are obtained
by

w; = (u;)/(f)

The expansion converges in a mean-square sense
lim ((u — %)% =0
p—)OO

In terms of computation, the representation

1 oo 2
= — [ ree T,
(2m)3 9o

By illustrating the resolution u(s, x, w) as

P

w(sam) = ) s 0P

i=0
Extension of the solution

P

i(x,ty) = Z u (x, DY ()

j=0

Galerkin projection on §p:

il
<£+r(x't";ﬁ)_f'lpi) 0 i=0’1""’P

€ty —gP) = 0 i=01,..,P
(K (x,0,2) — h, ;) 0 i=01,..,P.

9 Solutions of stochastic Lotka-Volterra system
The Lotka-Volterra system:

w' V) = y(s, x,v) (a — bv(s,x, v))
= u(s,x,v)a — bu(s, x,v)v(s, x,v),

v'(s,x,v) = v(s,x,v)(—c + du(s, x, v)) =
—cv(s,x,v) + du(s,x,v)v(s,x,v), (14)
where a, b, ¢, d are constants.
We have that:

M

u(s,x,v) = Z u; (s, x)tpi(f(v)),v(s,x,v)

i=0

= z vj(S.X)IPj(f(V))
=0

M M
) = )" ali(§M), bE) = Y bap(M),
™ = Y api(§0), dw) = Y d(Ew)
i=0 i=0

Writing these in (14), we obtain the following system:
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u; (s, )P a1
M
k=

2.
=)
M M
ZZ ci v (s, X,
MM
+ZZZ dpiu;(s, x) ;v (s, x) Py

bjlpjui (s, )P vk (s, X))y

o

<Pz >

e < Yty >
_ZZZ %bjui(s'x)vk(s,x)

M M
S S
i=0

i
<Pz > 7

1 M M
= —< lp%l >zz civj(s,x)emij
1 M M M
+<lp%1 >ZZZ dju; (s, X)vi (S, X)emjik

where m = 0,1,2, ...,N, eml’j =< lpmlpllpj >, emﬁk =
<Y hihihy >

10 Numerical Solution of Stochastic Benney Equation

The Benney equation is defined as follows:

us(s'x) + (un)x(s’x) + uxx(sﬂx) + Iluxxx(s, x) +
uxxxx(sr x) =0, (15)

where u is a constant term. We will take n = 2 and
consider the stochastic Benney equation. Stochastic
Benney equation (15) can be expressed as:

ug(s, x,v) + 2u(s, x, V)u, (s, x,v) + uy (s, x,v) +

U, V) Uy (S, %, V) + Upnn (5, %,V) = 0,

with u(0,x,v) = u®(x,v). By writing

u(s,x,v) = i (s, i (§W)), 1)
= i b (W),

u(s,x,v) = i w (s, )i (E)),

u(x,v) = i ) (M)

Thus, we write the equation (15)

du; aul - 0%u;
Z ¢‘+ZZZ Wi Gx ax Z dx? Vi

i=0 j=0 =0
M M

+zz Hi 1,0} dx3 lpl
i=0 j=0
M 64

+Z a—zp =0
i=0

with the initial condition

M M

Z u; (0, )¢; = Z up ();.
i=0 i=0
Therefore,
ZZ < lpklpﬂpt >u aul +azuk
< 1/)2 T ox ' ox?
i=0 j=0
<YpPip; > Py
* <y2> HMoxs
i=0 j=0 k
0*uy, “o
dx*
ou, 2 O ou; 0%y,
s _gzz Wi gy Gt T gy
i=0 j=0
M M
1 d3u;
Tz >Z;Z) i gys Gt
i=0 j=
0*uy, “o
dx*
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11 Numerical Simulations

We have demonstrated the suitability of the
polynomial chaos approach for both Benney equations
and Lotka-Volterra systems.

Figures 1a-1b show numerical simulations for Eq. (14).
Figures 2a-2d show numerical simulations for Eq. (15).

Figure 1. Numerical simulation for Eq. (14).

(b)

o (i) with order =09

Figure 2. Numerical simulation for Eq. (15).

12 Conclusion and Outlook

The stochastic Galerkin and polynomial chaos
methods are the type of computational techniques that can
be considered as some of the types of undetermined
coefficients methods. The underlying and main idea of
these methods is to express the unknown function as a
series including some unknown coefficients format and
determine those coefficients eventually. In the stochastic
Galerkin methods, the resulting system is transformed into
a linear system of finite element matrix equations, a kind
of weighted residual approach. The solutions to these
matrix equations are found by highly efficient computing

methods. These matrix equations consist of a row vector
made up of what are known as basis functions on a $L$-
length space element (interval). Note that in the weighted
residual method, the basis functions we use in this study
serve as the weight functions. Polynomial chaos methods
work at some probability spaces and are quite like
Galerkin methods and can be considered as special cases
of Galerkin methods. Polynomial chaos expansions, the
series is written in terms of some special series such as the
Hermitian series as a different case from the Galerkin
method.
In this paper, we investigated if numerical solution

techniques of the Galerkin type could be used for the
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approximations of fractional-stochastic models. One of
the main advantages of the Galerkin-type undetermined
coefficients method is that this method is a highly
efficient numerical method besides its ease of use. The
downside of using these methods is that these methods
require working in probability space, and in high-
dimensional spaces, this can be a bit of a problem in
terms of CPU costs.

The effects of fractional-order operators, fractional
Brownian motion, and Gaussian white noise were studied.
We also investigated how well the Polynomial Chaos
approach worked for approximating solutions for the
Benney and stochastic LV systems. Based on
computational studies, it is possible to develop a strong
and highly efficient use of Galerkin-type approaches. We
will be dealing with fractional-stochastic equations
involving Levy and Poisson jumps uncertainty in the
future development of our study endeavor. We will look
into the use of numerical techniques based on random
walks in conjunction with Galerkin methods in future
studies as an extension of the present work.
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