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SOME VARIABLE EXPONENT BOUNDEDNESS AND
COMMUTATORS ESTIMATES FOR FRACTIONAL ROUGH
HARDY OPERATORS ON CENTRAL MORREY SPACE
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ABsTRACT. In this article, we study the boundedness of the fractional Rough
Hardy operator and its adjoint operators on the central Morrey space with
a variable exponent. We also establish the same boundedness for their com-
mutators when the symbol functions are on the A-central BMO space with a
variable exponent.

1. INTRODUCTION

The Hardy operator is a key operator in mathematical analysis and has been
extensively used in recent times. In 1920, Hardy [1] defined an operator for a
locally integrable f € R™.

Hf(z) = i/ozf(t)dt, 2> 0. (1)

He also established a sharp inequality for it. Later, Faris (as seen in |2]) formulated
the n-dimensional form of . Grafakos and Christ [3] determined the exact norm
value on the Lebesgue space for the n-dimensional Hardy operator. Additionally,
the Hardy integral inequality has garnered significant attention. Alternate proofs,
variants, applications, and generalizations of this inequality were explored in various
articles. Some of these inequalities are discussed in [3,4]. Furthermore, in [5], the
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authors introduced the n-dimensional fractional Hardy operator as follows:

1) = i /| _ Jod, H5 [ s seR (0L @)

1>z [t

where |z| = />, zZ. Moreover, commutators of these operators are defined as
follows:

[b’H]f:be_H(bf)’ [baH*]f:bH*f_H*(bf), (3)

where b is a locally integrable function. Fu, Liu, and Wang [5] established bound-
edness for the commutator of the n-dimensional fractional Hardy operator. Firstly,
Ren and Tao [6] provided the definition of the n-dimensional rough Hardy operator
and its adjoint operator as follows:

1
= /| _fGnsw

. B f(t)
Hﬂﬁf(z) = /|t|>|z| Q(z—1t) =7 dt,

where Q € L¥(S"1), 1 < s < o0, and is homogeneous of degree zero. Commutators
of rough hardy operators are defined as:
1
150 = s [ _0G) b0 - ns@a
t|<|z

HG 3 f(2) = /t|>|z|(b(z> Ry Itf’gt‘)ﬁ .

which were used by Wei, Zhen, and Wang [7] to develop estimates for the commu-
tator on the Herz space.

It’s important to highlight that the function space featuring varying exponents
plays a pivotal role in both harmonic analysis and applied mathematics. Orlicz [8]
initiated the theory of variable exponent Lebesgue space for the first time. Musieliak
Orlicz spaces are defined in [9]. Sobolev and Lebesgue spaces with integrability
exponents have been thoroughly examined, as seen in |[10HI12| and the references
therein. Following that, work on variable Lebesgue spaces began, along with the
exploration of the boundedness of numerous operators, including the maximum
operator on Lebesgue spaces LP() [13]. At the same time, the central bounded
mean oscillation space, A-central Morrey space, and similar function spaces offer
compelling practical uses through the exploration of operator estimates in tandem
with singular integral operators, as detailed in [14/26]. The analysis of Morrey
space can be traced back to Morrey’s [15] work on the regularity of solutions of
partial differential equations. In [14], the authors defined A-central Morrey space
and central bounded mean oscillation (BMO) space, which are generalized based on
bounded central mean oscillation. A-central Morrey space and central BMO space
have impressive applications in analyzing the boundedness of many operators; see,
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for example, [16417]. Furthermore, with substantial applications in image processing
|18], electrorheological fluid [19], and partial differential equations [20|, variable
exponent functions have garnered significant attention. Following Kovacik’s [21]
seminal work, such theories have made significant advances. For the first time, the
idea of non-homogeneous variable exponent central Morrey spaces was formulated
by Mizuta [22]. In the recent past, Wang et al. defined variable exponent central
BMO and established the boundedness of some operators in 23|, which was later
extended by Zunwei Fu |24] to variable exponent A-central Morrey space and central
BMO space.

In |25/27], the authors obtained results for the boundedness of several integral
operators on function spaces with variable exponents. Additionally, some authors
proved results for the boundedness of multilinear integral operators and their com-
mutators as well, as seen in [28,29].

Motivated by [24,30,31], we are going to examine the boundedness of fractional
Rough Hardy operators, as well as the boundedness of commutators, on the variable
exponent A-central Morrey space.

Let’s elucidate the structure of this paper. In Section 2, we will revisit certain
definitions, lemmas, and propositions in the context of variable exponent Lebesgue
space. In the third section of this article, we consider the boundedness of the frac-
tional Rough Hardy operator and its adjoint operator on the central Morrey space
with a variable exponent, respectively. In Section 4, we consider the boundedness
of commutators of the fractional Rough Hardy operator and its adjoint operator
on the A-central BMO space with a variable exponent, respectively..

Additionally, |B| and x5 represent the Lebesgue measure and the characteristic
function of a measurable set B C R", respectively. When we write g =~ h, we are
indicating the existence of constants cj,co > 0 such that c;g < h < cog. Here,
B = B(0,2%) = {z € R™ : |z| < 2*} and the characteristics function x, = x4, for
k € Z (see |35)]).

2. FUNCTION SPACES ALONG VARIABLE EXPONENT

First of all, we will provide some basic definitions and notations concerning
Lebesgue spaces over variable exponents. Let’s consider an open set F C R™, and
let ¢(-) : E — [1,00) be a measurable function. We denote the conjugate exponent
as ¢'(-), which is defined as

1 1
70t ~!

The set P(FE) consists of all pairs of exponents (¢(-),¢’(+)) that satisfy

1< ¢ =essinf{q(z):z € E}

q" = esssup{q(z) : v € E} < .
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We use L4() to represent the space of all measurable functions f such that for some

¢>0, "
/E(|f(<)|>q dr < 00,

This space is a Banach function space equipped with the Luxemburg norm:

q(z)
1l Lacr (m) =inf{§>0;/E <|f(cw)|) dz < 1}.

We define LIC )(6) as the set of functions f belonging to L) (E) for any compact

loc

subset E C ¢:
¢ )( 0) = {f fe Lq(')(E) for every compact subset E C 5}.

loc

Here, M denotes the Hardy-Littlewood maximal operator acting on a function
f €Ll (R") and is defined by

Mg =sup o | 1fidy

r>0
where B, (x) = {y € R" : |z — y| < r} is the ball centered at x with radius r.

B is a set containing ¢(-) € R™ that satisfy the condition that M is bounded on
Li0). Now, we express a few properties of variable exponents associated with the
class B(E). Neugebauer, Cruz Uribe, and Fiorenza [12], as well as Nakvinda [32],
established the inequalities presented in the proposition below.

Proposition 1. [32] Let E be an open set, and let q(-) € P(E) satisfy the require-
ments given below:

—-C 1
la(y) — q(@)] S =z 22 ly — zl, (4)
C
lq(y) — q(=)] < CEDE 2] <yl (5)

then ¢(-) € B(E), where C stands for a positive constant independent of y and x.

Lemma 1. [21] ( Generalized Holder inequality) Let q(-), q1(-), and q2(-) be in
P(E).

o Ifhe L) and f € LYV, then
[ In@s(@)lde < ryllllaol o,
whererq—l—i- L L
o Ifhe LnO)(E) andfequ<->(E), and ;15 = =5 + mey then
17 flLae) < rqqllbllLaro [[fllLeo,

1 )1/q7.

where rqq, = (1+ (ql), ~@F
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Lemma 2. [3/] Assuming that q(-) € B for all measurable subsets I of S, and
I C R"™, there exists a constant 0 < § < 1 and a constant C such that

5
Xzl Lo <C(|~’|> .
IxsllLac> S|
IxsllLac) < @
X7l Lacr 1]
Remark 1. Suppose that q(-) € P(R™) and satisfies conditions and (3) in
Proposition . Then so does ql(-). Generally, we can see that both q(-) and q/(-)

belong to B(R™) based on Proposition . Therefore, by virtue of Lemma@ we can
consider a constant §; € (0, ﬁ) such that

01
Palleoey _ (I) (6)

X1l Laz ) ) 5]
which holds for all balls S in R™ and for I C S. If qi(-) € P, using Lemma[9, we

can take constant o3 € (0, —~—) such that
(q,)+
/ 0
o, - \IS]

Lemma 3. [3/] Let q(-) € B(R"™). The following inequality holds for all balls
B C R™ and a positive constant C':

1
-1
C < ﬁ”XB”LEI(')(]R”)”XB“LqI(-)(]Rn) <C.
Definition 1. [35] Let f € L} .(R™). We define
1
b :sup—/ b(x) — Avg bldx,

[bllzao =sup 7 | Jb(x) = dvg B

where the function b is considered to have bounded mean oscillation if ||bl| pmo < oo.

Lemma 4. [36] Assuming that q(-) € P(R™), for b € BMO, and for j,i € Z with
j > i, we have the following inequalities:

CHbllsmo < sup ————I(b—bB)XpllLa) < ClbllBrmo (8)
B:Ball ||XB||Lq(->
1(b = b5,)x3,llLacr < C(G = D)blsrollxs, | L 9)

Definition 2. [24] Let A € R and ¢(-) € P(R™). Then the central Morrey space
for the variable exponent BI)A(R™) is defined as

BIOMRY) = {1 € LISLR) ¢ 1] gacy s ny < 0
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where
HfXB(o,R) ||Lq<->(JR")
B(0, R)[* ||XB(0,R) | Lo (R™)

||f||Bq<->,x(Rn) = sup
R>0 |

Definition 3. [24] Let A < 1 and q(-) € P(R™). The variable exponent -central
BMO space CBMOI)A s defined as
oBMO™ON = [ f € LIO®) : | flopmmonn <

where
~ sup I(f = fB0.R)XB(0,R) | Lat) ()
r>0 B0, R)MIXpo,r)llLe) mm)

By using the boundedness results of the integral operator Ig, we will demonstrate
the boundedness of the fractional rough Hardy operator:

e = | Ao

Proposition 2. [37] Let ¢1(-) € PR"), 0< 8 < s and define q2(+) as

1 1 B
o

Ifllcaaroae .

e() o)
Then,
5 fll Loz @y < Clf Il Lar o) mny-

Lemma 5. [30/Assuming that 3, q1(-), and g2(-) are defined similarly to proposi-
tion[d, we have

||XjHLq2<~>(Rn) < CQ_jﬁHXjHL‘Il(')(R")'

3. BOUNDEDNESS OF FRACTIONAL ROUGH HARDY OPERATORS

Theorem 1. Assume that Q € L*(S"™'), where 25 < s. Let qi(-),p(-), q2(-) €
P(R™) satisfy the inequalities and (@ in proposition . Define the variable
exponent p(-) by
1 1

a1

o) p() n
Let Ay satisfy the following condition:

When q21(_) = q/l( ] —%, there exist A\ > —% and A = )\1—|—§. Ifdg—%—i—)\—&-él >0,
1 : . .

then the fractional rough Hardy operator is bounded from BT (A to BPOIA  and
the following inequality holds:

HHB’QfHBP(-)J\ < C||f||Bq1(~),>\1‘
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Proof.

1
Haaf(@) 3@ < oy [ 10196 = )it

k

k
< O R Y 1Fill o ey 12 = X5 ot ) gy X0 (20)-

j=—o00

3 _1 1_ 1
Using =0 + 5= 70

k
[Ha0f (@) x(@)] < C27 D% £ o o 190 = X1z ey 1 | o) - X (@):

j=—o00

k
||H/3,Qf'xk||Lp<«>(Rn) < 02~ Hn=A) Z ”fjHL‘11<‘>(Rn)HQ(x_t)Xj”LS(]R")”Xj”LqZ(')HXkHLP(’)'
j=—o00
Hence we have
1 -1 1
Xl Lz = | B[R0 & [Be| 107 & [By| ™

Xk”Lq’l(-)

k
_ _ _1
| Hs.2F Xkl Lo gmy € €275 37 1l par o ) 1@ =05 e e B3 =2 I e Ikl oo

j=—o00
(10)
Based on Proposition 2] we have

I(xp,)(z) = C2%xp, (2)

Xp, (¢) < C27% Is(xp, ) (x)

X5, I L) (mny < C2ikﬁ”I/3XBkHLP(')(]R")
_ 11
< 027 Ix g, s ey (1)
< C2X P xp |7

Lqim(]Rn).

Using inequality (11)) in , we obtain
k . »
1Hp0 f Xl o @ny S C Y M illpar o) my 19@=6)x; 1 e eny | B |~ HX]’HLq’l(.)”XkHL

‘ ()
j=—o0

(12)
Using condition , we get

k
j— _1
||H5,Qf'XkHLP(')(R") <C Z 20 k)n63||fjHLq1<~>(Rn) LS(R")|BJ‘| -

j=—o00

Qz — t)Xj'

(13)
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For t € Cj, x € Ck, and j < k, we have 0 < |z —t| < |z| +27 < 2.2% and

2k+1

/ |Q(J;—t)|sdt§/ / 10(2)|*do (@ yr"—Ldr < C2%
Cj 0 sn—1

k
||Hﬁ,ﬂf'Xk||LP('>(R") <C Z 9(i—k)(nds—1)

j=—o00

| fill Lar ) gmy

k
<C Y 2D ) ns

j=—o00

B M x| s -

(14)

L 1 4B B
X1l s gy 2 | BITO = [BIFO T = |BI ™ [1xl| o

k
j—k)(nds—2 42
1Hp0f xellwor gy < C 37 2070 fll ) n, oy | By [ oo
j=—00
<C 3 uRmny) B pnlbllso
- : 3a1(-);A 1 (R k p(:) -
j=—o0 o * )|Bk|’\ AFS L
(15)
Using inequality @, we have
k
e 1 )
1Hp.of - Xpllpoo ey S C Y 2007RO S0 £l oy 1Bl Il oo -
j=—00
(16)
Since d3 — % + A+ 601 > 0, we obtain
”Hﬁvﬂf”Bz’(-)v*(Rn) < C||f||3q1(-),A1(Rn)~ (17)

Theorem 2. Let p(-),q1(+), g2(:) and B be defined the same as in Theorem and
QeL (S ). Ifa=X+2 and A< —L 1 then

155 o fll geera < Cllfll g -

Proof.

[Hp0f () - Xyl S/ [f(OQ(z = 1)][t17"dt -, (2)

R"\ By,

<C Y P fll Lo gy
j=k+1

Az = X1 ot ) gy~ X (2)-



810 M. ASIM, F. GURBUZ

By using . () s =
HHEQf : Xk”LP(')(]R")

<C Z 2j(B_n)Hfj”qu(‘)(Rn)”Q(x = Ol x| Laz ) ey Ixk | Lo (7 -
j=k+1

Using inequality , we have

||H[*i ol * Xk HLP(')(]R")

<C Z 207 fil s ) oy |2 — 1)
j=k+1

Ls

im0 @l

As we know, we obtain

1 1

1 7 s —1
Il oy~ |Bjl70 & |Bj|m© = = Byl = [Ixl o
||H§ Qf'XkHLP(')(R"
<C Z 20BN B £l Loy oy QU — 8] s | B; | i @y ||xk||‘j<)(Rn)

j=k+1

Now by using condition ,
HHEQf : Xk||Lp<~>(Rn)

<C Y 2UTREAI| E @ 19 — 8)]|ze By
j=k+1

For further calculations following Theorem [I] we get
HHE,Qf'Xk”LP(‘)(R”)

<c Y otRe-x
j=k+1

il Lo @ny-

Hence we have

oo
HHE,Qf'Xk”BP(-)A(R") < CHfHB%(-%M(]R”) Z 2U-RE-Samadm),
j=k+1

By utilizing A < % — % — 1, we obtain the desired result:

1Hg o f | goera@ny < ClF oy -
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4. BOUNDEDNESS COMMUTATORS OF FRACTIONAL ROUGH HARDY OPERATORS

Theorem 3. Let0 < 8 <n,Q € L*(S"1), and -2 < s. Suppose that ¢ (-), p(-),q(-) €
P(R™) satisfy conditions and (@ mn Pmpositz'on and let the variable exponent
q2(+) be define by

CI1(') B CI2(') ()

Let \ satisfy the following condition:

When q() = ,1() — 1, there exists \y > —\ — % such that Ao = A1 + X\ + % If
o

b € ||bllcparoacrn and 3 — 2 + Xy + 81 > 0, then the following inequality holds:

1 1 1 é
n

16, Hp 0] f1| gz 122 < Clblleprrosorallfll gaeras -

1
Q1(1)

B s} 3 1 _ 1 4 1
First, we estimate A;. Let (I) — . This implies @ = o T

Ay = [(b(x) = bp)x (@) Hp.af ()],

A1l Loz gmy = 1(0(2) = bB)xp(2)Hp 0.f | Loz (rn)-

Let % = 1(,) q( 3> and use Holder inequality ( L 0 = ﬁ + %)

A1l Loz mry < CllHp2fXpllLee) ey [ (0(2) — bB)X Bl La) (m7)
= CllHp o f |l girer | BI* x5l Lo @my 1l Barosr A BMIX B Il L) )

Given that p = A\ + g, and using the result of Theorem

A1l Lazr @ny < ClF L garom 1Blle Baroar A 1B [x sl Lo @ny X B 1l Lot (&
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Next,
0 1 k
to= 3 W.Z /sz\QjlBlf(t)(b(t)—bB)Q(x—t)ldt~x2kB\zkls(x)
0
Z b(t)—bj )Q(l’—t”dt'x k k—1 (ZL’)
=3 Z / ) ()( 2i B 2k B\2k-1B
|93| je—oo/21B\27~ B
+ / b —b] x—t thk k—1 xr
k_z_:oo \x|” 3 Z 23 B2 IB (t)(bs 21 8)SU )l 2k B\2 B(7)
= Aoy + A2
0
A21: Z |2kB|7_1 Z / (b(t)—ijB)Q(l'—t)|dt'XQkB\Qkle({,C)
k——o0 j=—o0 29 B\2i— 1B

. 1 1
given that ORIETIO)

+ % =1, we can now use Holder’s inequality

Ay < C Z |2 B|"7 Xak B\ 2k— 1B Z || _bQJ'B)XQJ'B”LQ(')
k=—oc0 j=—o00
X 1 fx2i Bl Lo o 1z = ) X0i | Ls
k

0
B
=C Y 12°BI" xarpar5@) Y IBllesaoioa 27BN e sl Lo

k=—o0 j=—00

Hf||B<11()%1|QJB|)\1HX2JB||LC11()HQ( t)

B_
=C Z |2kB|" 1X2’“B\2’€*1B(x)”b”CBMO‘I('W‘||f||Bq1(‘>A1

k=—o0
k
X Z | ] +ﬁ+ﬁ
Jj=—00
0 B
=C Z |2kB|;71X2kB\2k*1B(x)”b”CBMO'J(')w*||f||1'3<11(-)1%1
k=—oc0

k
« Z |2j|>\+z\1+1|B‘>\+>\1+1

j=—00
0 B B
= Clbllesrmoso I fll garcra Z |2k|;+’\+’\1XQk-B\zfvle(x)|B|’\+/\IJrg

k=—o0
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0
2 B
HA21 ||Lq2(l) < CHbHCBMOQ(')A Hf”Bql('%M Z |2k| B4+ ||X2’CB||L<12(-) |B|)‘+)‘1+n
k=—o0
0 5 ) ,
= C|bllcprmosra ||f||Bq1(z}‘A1 Z |2k|¥+>\+>\1 ‘2k3|m |B|)‘+>‘1+H
k=—o00
1 0 1
= C|blleprroser.» ||f||1'3z11<->,x1 |B|2=® |B|>‘2 Z ‘2|k(>‘2+m)

k=—o0

1421l Loz < Cllbllearosos 1l za o Xl oo B2

0

k
B _
Aw= 30 B Y [ - b (000 — Ot xarpes5(0)
ke —oo0 j=—o0 29B\2/~'B

-1
|(bB - ijB)l == Z ‘(b2i+1B — bQiB)

i=j

-1
5.
= T |b(t) — bgi+1p|dy
<C Z @H(b — bait1p)Xai+1 Bl Lac) ||X2i+13||Lq/<.)
=i
By virtue of Lemma [3] we have

1 2i+1 |
(05 =b2ip)| < C ) g0 = barsrn)xaapllioc
=]

IX2i41 5]l Lac
—1
< CZ IbllcBarosea 27 B
=3
-1
< Clbllesrrosr Z 2B
i=j

< Clblleproar 127 B ] (18)



814 M. ASIM, F. GURBUZ

0 k
8_ ; )
Ap<C Z Xt prov-1(2) |27 B 77 Z 18]l Barosca |27 B
k=—oc0 j=—00
X ||fX2jB||Lq1<'> ||Q(9lj —t)X2ipllLs X2J'B||L<I<'>
0 k
8_ ; .
< Cllbllerroara Z szB\zkle($)|2kB|" ! Z |2j3\/\+)\1|J|||f||f3q1<->,x1
k=—oc0 j=—o00
X |IX2i gl Lar ) 12(z — ) Xai pll s 1 X25 Bl Lat)
0 B
< Clblleprosr Z Xor pyot—1 ()2 B[
k=—oc0
k 1 1 1
x S 2Bl o 27 BIEO T D
j=—00
0 , k
< Clbllerroiollfll gnon Y, Xorpar-1p(@)[2EB[=71 Y |27 B
k=—oc0 j=—o00
0 8
< Clbllepmooa lflganora D Xorpar-1p(@)|28Bl = 2R BT |
k=—o0
0 B
< Clblleppororalfllgnoa >, kI12°BAFYT% o0 g1 5 (@)
k=—oc0
0 ,
1A22]l ozr < Cllblloaroaon Ifllgaon D RI2ZXBAM M Ixoe gl o)
k=—o00
o B 1
< Clbllopmosoralfllgnon > [k[[2XBAT2T7 |28 B|=e
k=—00
0 1 1
A Aot 1o
< Clbllermosoallfll gaera Z || |2% T =0 BT e
k=—oc0

< Clbleprrosr Il paoro B sl o
Combine all results of Ay, Ay, As1, and Ass, we obtain the required result

I, Hp 2l fx Bl pazr @y < Clblloparosra lf gaon 1B Ix sl Loz @ny
[0, Hp 0 fll gazrn2 < Cllblleparosers L1l gy

Theorem 4. Let p(-),q1(-), q2(-), and B be defined as in Theorem [§ , and let
Qe L(S" 7). Ifb € [blleprrosrn » A = A+Ai+2, and B < n(1—-83—61—Aa+1),
then

I16: Hp 0l fll oz 220 < Cllblleprroaera |l garcrn
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Proof.
b Hiolf ) xpl< [ ORI @)
/O @() —bp)2x -0
= /B(O,|a:|)c |t|n=h 4t x5 ()
S OO —bp)Uz =0\,
" /B(07z|)c |t|n=h at - X ()
= Dy + D».

Dy = [(b(z) — be)xp(2)||Hpof ()],
D1l ) mmy = 1(0(z) = bp)xp(#)Hp o f ()|l o2 ) -
By using Holder inequality (4~ = -1 1)

=00~ 0 T
D1l Loz gy < Cll(b(2) = bB)X B (@) || Lat) &) [ Hp o f ()X Bl Lo ()

= Clbllcprrosa BMIX sl Lo @ IBIIx Bl oo @y [ HE o f | guscr
Given that p = A\ + %, and using the result of Theorem

1Dl oz @y < Cllblleparosera B2 Ix sl Lae @ IxXa I Loo @ 1 | a0 s
Next,

DQ:/ ‘f(t)(b(t)_bB)Q(f—tﬂdt.XB(m).
B(0,]a|) |t|n=F
0
|f(t)(b(t) — b))z —t)|
Doy = / th _— T
272 v =7 #5\215(7)
0 o o
< Y xorporip(@) Y |2JB|;—1/_ CF@)(B(E) — bas ) — t)|dt
k=—o00 j=k+1 2iB\2/-1B
0 00
; B _
+ Z Xorp\2+-15(7) Z |27 B|= 1/_  f(®)(bp = byi ) — t)|dt
k=—00 j=k+1 21B\2-'B
= Doy + Do
0 00
; B_
Do = 3 Xoepaerp(®) 3 [2/B]27 / CFO() = by p)Qw — 1)|dt
k=—00 j=k+1 2iB\27-1B

Using Holder’s inequality (ﬁ + q%“ + % =1).
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0
Dy <C Y Xorpoe-1p(@)
k=—oc0
e - B
xS BTN (b(E) — bt )Xy 5ll e 1 X 5] 0 19 = )X I e
j=k+1
0
=C Z X2’cB\2k—1B(x)
k=—o0
e B
< 3 [2BIE Y bllesaroso s 127 B xa sl Lo
j=k+1

||f||Bq1<»M1 \2jB|/\1 IX2i Bl Lar) 1% — ) Xai g L2

0
=C Z szB\zkle(x)||bHCBM0q<-M||fHBq1<»),A1

k=—oc0
i 3 1 1 1
x 3 [PBIRT Y BN 2Bl T RO G
j=k+1
0 oo
=C Y Xormar 5@ blloproia [ fllgaos Y 12781
k=—o0 j=k+1
0
= Clblloprocorlflgaon S 2EVBPxo g 01 5()
k=—oc0
0
D21l pzer < ClbllemaromonlFl oo S 12V BP2lxan pllpaso
k=—oc0
0 1
< CPllesromn lflgnon S [2EHDBP (28 B|=0
k=—oc0
1 0 1
A Ao+ ——
< Ollbllerronon lf [ oo BTG ST j2tHD et 5
k=—o0
< Aoty
> C||b||CBM0q<-M||f||Bq1<~>,A1 | B 2
0 o) 5
D= Y xopun() > B[ g = b0l
k=—o00 j=k+1 27B\2i-1B



FRACTIONAL ROUGH HARDY OPERATORS ON CENTRAL MORREY SPACE 817

Here we use inequality

0 [e%s)
LB - )
Dp<C Y xorparin@ Y 2B Blloprona 27 Bl xasll ao
k=—00 j=k+1
x|z —t)x25gllLs X2 Bl Lot
0 %) 5
< Clbllezrroscr Z X2+ B\2+—15(2) Z 127 B ~H2 B £ 1| a0
k=—0c0 j=k+1

X |z — t)x2i gllze Ix2i Il Lat) IX2i Bl Lar )

0 0o
; 8.
< Clblleprosoalfllpacrn Z szB\Qkle(m) Z |2JB\)\+/\1+" Jl
k=—0c0 j=k+1
0
< Clbllepmoionfllgnoa D Xaepyar-1p(@)25 B2k + 1|
k=—oc0
0
< Clbllepamoionfllgnoa D 1k+ 128 B2 xg0 g1 5 ()
k=—oc0
0
1D22 pas s < Clibllenaroner s I fllgacran D [k + 1125 B2 [ xaep Lo
k=—o00
0 1
< Clblleprrosoallfllpaera Z |k + 1[|28 B2 |28 B|= O
k=—o00
0 1 1
< COlblleppon | fllgnon D [k+1[2M T =0 B =0
k=—o00

< Clbllonao s I fll o B xpll Lo

Combining all the results from Dy, Dy, Ds;, and Dsy, we obtain the required
results:

116, 57 o) fx 5l Loz @y < ClblloBrroacs Al fll oo B2 IX 5l Loz ny

116, H5 0l fll gz 122 < Clblleprrosor a1 fllareras -
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