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1. Introduction 

 

We will denote the set of all sequences with complex terms by  . With  , c  and 0c , 

we show that the sequence space of all bounded, covergent and null, respectively. Also, 

we denote by 1 , ( )p , cs  and bs , respectively the spaces of all absolutely, p −

absolutely convergent, convergent and bounded series.    ( )6 , 14  

Let ( )nkA a=  be an infinite matrix of real or complex numbers ( )nka , ,n k  . The 

matrix  A  define a transformation from X  into Y and we denote by :A X Y→ , if for 

every sequence ( )kx x X=   the sequence ( ) n
Ax Ax= , the A − transform of x , is in  

Y  where  

( ) nk kn
k

Ax a x=      for each n . 

Let ( )kq  be a sequence of positive numbers. We write 

0

,
n

n k

k

Q q
=

=   for n . 

Then the matrix ( )q q

nkR r=   of the Riesz mean ( ), nR q  is defined by 

, 0 ,

0,

k

q

nnk

q
k n

Qr

k n


 

= 
 

 

In [17] and [13] Riesz mean ( ), nR q  is regular if and only if nQ →  is n→. 

More recently, in [18] a new concept has been introduced by the following: 

( ) ( )
0

1
, :

kp
k

q

k j j j

k jk

r u p x x u q x
Q


=

  
= =    
  

   

in which 0 kp H     is involved. 
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The author defined the following difference sequence spaces ( )X  , in [7]. 

 

( ) ( ) ( ) :k kX x x x X = =     

where 
0, ,X c c=  and 

1k k kx x x + = −  . 

 

A function   )  ): 0, 0,f  →   is modulus function if  

(i) ( ) 0f x x =  =  

(ii)  ( ) ( ) ( ) ,f x y f x f y+  +  , 0x y    

(iii)   f  is increasing  

(iv) f  is continuous from the right at 0 .  

 

Ruckle  12  defined by the following sequence space 

( ) ( ) ( ):k k

k

L f x x f x
 

= =   
 

 . 

Several authors have studied regard to this subject                ( )1 , 3 , 4 , 15 , 18 , 19 , 20 , 21  

Finally, Gupkari  15  defined the following sequence space 

( ) ( )
0

1
:

kp
k

q p

f s k j js
k jk

r x x f q x
Q


=

   
 = =      

   

  . 

2 The Sequence Space ( ),q p

sr F    

In this section, we define the Riesz sequence space ( ),q p

sr F  , as a completely paranormal 

linear space, which is linearly isomorphic to the space ( )p . Also we give some 

topological properties.  

  The difference sequence space ( ),q p

sr F   is defined by  

( ) ( )
0

1
, :

kp
k

q p

s k k j js
k jk

r F x x f q x
Q


=

   
 = =      

   

  , 

where 0s   and ( )kF f=  is a sequence of modulus functions. It can be redefined as  

    ( ) ( )  ( ),
,

q p
s

q p

s R F
r F p


 =  

 Theorem 1. The space  ( ),q p

sr F   is a complete linear metric space paranormed by h

defined by  
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   ( ) ( )

1

1

1

0

1
kp M

k
k

k j j j ks s
k jk k

q
h x f q q x x

Q Q

−

 +

=

  
 = − + 
   

   

where  0 kp H     and ( )max 1,M H= . 

 

Proof. For the linearity of ( ),q p

sr F  , we need to show that with respect to coordinate-wise 

addition and scalar multiplication. Thus we have 

( )( ) ( )

1

1

1

0

1
kp M

k
k

k j j j j k ks s
k jk k

q
f q q x y x y

Q Q

−

+

=

  
 − + + + 
   

 

( )

1

1

1

0

1
kp M

k
k

k j j j ks s
k jk k

q
f q q x x

Q Q

−

+

=

  
  − + 
   

   

( )

1

1

1

0

1
kp M

k
k

k j j j ks s
k jk k

q
f q q y y

Q Q

−

+

=

  
 + − + 
   

   

In the case of all    (see [13]),  

( )max 1,kp M
      

It is clear that ( ) 0h  =  and ( ) ( )h x h x = − , for all ( ),q p

sx r F  . From the above 

inequalities, yield the subadditivity of h  and  

( ) ( ) ( )max 1,h x h x   . 

Let  nx  be any sequence of ( ),q p

sr F   such that ( ) 0nh x x − →  and ( )n is a sequence of 

scalars such that .n →  Then,  

( ) ( ) ( )n nh x h x h x x   + − . 

 ( ) nh x  is bounded. Hence we obtain 

( ) ( )( )

1

1

0

1
kp M

k
n n

n k j j n j js
k jk

h x x f q q x x
Q

    +

=

  
 − = − − 
   

   

                           ( ) ( )
1 1

n n
M M

n h x h x x    − + −      ( )n→                  

This implies that the scalar multiplication is continuous. Namely h is paranorm on ( ),q p

sr F   
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Now, let us show completeness of this space. Suppose  ix  is any Cauchy sequence in space 

( ),q p

sr F  . Here is   ( ),i i q p

k sx x r F=   . Then, there exists a positive integer ( )0n  , 

                          ( )i jh x x  −                              (1) 

for all ( )0,i j n  . Hence, we have  

( )( ) ( )( )

( )( ) ( )( )
1

, ,

, ,
k

q p i q p j

k s s
k k

p M
q p i q p j

k s s
k k

k

f R F x R F x

f R F x R F x 

  − 
 

    −     


 

for ( )0,i j n  . So ( )( ) ( )( ) 0 1, , , ,...q q

s sk k
R F x R F x   is a Cauchy sequence of real 

numbers. Since is complete, ( )( ) ( )( ), ,q p i q p

s s
k k

R F x R F x →   as i → .  

From (1) we have  

 ( )( ) ( )( ) ( )
0

, ,
k

m p M
q i q j i j M

k s sk k
k

f R F x R F x h x x 

=

  −   − 
             (2) 

 for each m  and ( )0,i j n  . If we take limit in (2) for j →  and m→ , we have

     ( )ih x x  −  . 

Now, if we take 1 = in (2), we obtain that by Minkowski inequality  

( )( ) ( ) ( ) ( )
1

0

, 1
k

m p M
q i i i

k s k
k

f R F x h x x h x h x  

=

    − +  +   
  

Thus ( ),q p

sr F   is complete. 

Theorem 2.  If ( )kp  and ( )kt  are bounded sequences of positive real numbers where 

0 k kp t     for any k , then for any sequence of modulus functions ( )kF f= , 

( ) ( ), ,q p q t

s sr F r F   . 

Proof.  Let ( ),q p

sx r F  . Then 

( )
1

1

0

1
kp

k
k

k j j j kn n
jk k

q
f q q x a

Q Q

−

+

=

 
− +   

 
  

for sufficiently large values of k , say 0k k  for some fixed 0 .k   Hence   
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( )
1

1

0

1 k
k

k j j j kn n
jk k

q
f q q x x

Q Q

−

+

=

 
− +   

 
  

Since ( )kF f= is increasing and 
k kp t , we obtain 

( )

0

0

1

1

0

1

1

0

1

1

k

k

t
k

k
k j j jn n

k k jk k

p
k

k
k j j j kn n

k k jk k

q
f q q x

Q Q

q
f q q x x

Q Q

−

+

 =

−

+

 =

 
− + 

 

 
 − +   

 

 

 

 

Therefore, ( ),q p

sx r F  .  

Theorem 3. Let ( )kF f= , ( )' '

kF f=  and ( )'' ''

kF f=  are sequences of modulus functions. 

Then we have ( ) ( ) ( )' '' ' '', , ,q p q p q p

s s sr F r F r F F    +  . 

Proof.  Let ( ) ( )' '', ,q p q p

s sx r F r F    . Then, it can be easily seen that    

'

0

1
kp

k

k j js
k jk

f q x
Q =

 
   

 
  ; 

and  

''

0

1
kp

k

k j js
k jk

f q x
Q =

 
   

 
   

From here, we have 

( )' '' ' ''

0 0 0

1 1 1
k k kp p p

k k k

k k j j k j j k j js s s
k j k j k jk k k

f f q x M f q x M f q x
Q Q Q= = =

     
+    +      

     
       

which means that ( )' '' ,q p

sx r F F +  . 

Theorem 4.   Let ( )kF f= , ( )' '

kF f=  and ( )'' ''

kF f=  are sequences of modulus functions. 

Then we have ( ) ( )' ' '', ,q p q p

s sr F r F F   . 

Proof.   Let 0   and choose   with 0 1  such that ( )f q   for 0 q   . We write 

     '

0

1 k

k k j js
jk

y f q x
Q =

=   

and consider 

( ) ( ) ( )
k k k

k k

p p p

k k k k k k

n y y

f y f y f y
  

= +             . 

Since kf  is continuous, we have 

                   ( )
k

k

p H

k k

y

f y





                                                       (3) 
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and for 1k k
k k

y y
y y

 
    + . We obtain by the definition  

                                   ( ) ( )2 1 k
k k k

y
f y f


  

and so 

                      ( ) ( )( )   1max 1, 2 1
k k

k

Hp p

k k k k

y k

f y f y


 −



                          (4) 

From inequality (3) and (4) , we have that ( ) ( )' ' '', ,q p q p

s sr F r F F   .    

Theorem 5.  If  ( )kF f=  be a sequence of modulus functions and 
( )

lim 0
k

t

f t

t


→
=  , then 

( ) ( ), p q p

s sF r   , where ( ) ( )
0

1
:

kp
k

q p

s k j js
k jk

r x x q x
Q


=

  
 = =     

  
  . 

Proof.  The definition of  , we obtain ( ) ( )kf t t , for all 0t   and   ( )
1

kf t t


 , for all 

0t  . Now, for ( ), p

sx F   we have 

0 0

1 1 1
kk

pp
k k

j j k j js s
k j k jk k

q x f q x
Q Q= =

 
   

 
     

which shows that ( )q p

sx r  .  

Theorem 6. Let 0 kp H    . Then the space ( ),q p

sr F   is linearly isomorphic to the space 

( )p . 

Proof.  To prove this, we need to show that there is a linear bijection between the spaces 

( ),q p

sr F   and ( )p  for 0 kp H    , using the notation of 

0

1 k

k k j js
jk

y f q x
Q =

=  . 

Let us take ( ) ( ): ,q p

sT r F p → . It is obvious that, T  is linear transformation. If we take 

x =  we obtain that Tx =  and hence T  is injective. 

We consider an arbitrary sequence ( )y p  and define the sequence, ( )kx x=  by 

1

0 1

1 1k
k

k n n k

n n n k

Q
x Q y y

q q q

−

= +

 
= − + 

 
  for k , where 

0

n

n k

k

Q q
=

= . 

Then we have 

( ) ( )

1

1

1

0

1
kp M

k
k

k j j jn n
k jk k

q
h x f q q x

Q Q

−

 +

=

  
 = − + 
   

   
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1

0

kp M
k

k kj j

k j

f y
=

  
 =  
   

   

  ( )( ) ( )
1

kp M

k kf y h y= =    

where  
1,

0,
kj

k j

k j


=
= 


. 

Then we have ( ),q p

sx r F  . Hence T  is surjective and paranorm preserving. Therefore there 

is a linear bijection between the spaces ( ),q p

sr F   and ( )p . 

 

 3-The  −and  −  duals of ( ),q p

sr F   

 In the present section, we compute the , − −  duals of the space ( ),q p

sr F   and give a basis 

for this space. 

     If a sequence space X  paranormed by h  contains a sequence ( )ny  with the property that 

for every x X there is a unique sequence of scalars ( )n  such that  

    
0

lim 0
n

k k
n

k

h x y
→

=

 
− = 

 
     

then ( )ny  is called a Schauder basis (or briefly basis) for X . The series 
0 k kk

y


=  which has 

the sum x  is then called the expansion of x  with respect to ( )ny  and is written as  

   
0 k kk

x y


=
= . 

   For the sequence spaces X and Y , define multipler sequence space ( ):M X Y  by  

  ( ) ( ) ( ) : : ,k k kM X Y p p px p x Y x X= =  =        

Then the , − − duals of X are given by  

   ( )1,X M X = ,     ( ),X M X cs =                                   

 Now we give some lemmas which need to prove our theorems. 

 

Lemma 1.  

(i) Let 1 kp H     for every k . Then ( )( )1:A p  if and only if there exists an 

integer 1K   such that  

    

'

1

0

sup
k

p

nk
n F k n K

a K


−

 = 

      

(ii) Let 0 1kp   for every k . Then ( )( )1:A p  if and only if  
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    supsup

kp

nk
K F k n K


  

       

 

Lemma 2. 

(i) Let 1 kp H     for every k . Then ( )( ):A p   if and only if there exists 

an integer 1K   such that 

    
'

1 1

0

sup
kp

nk
n k

K


− −

 =

      

(ii) Let 0 1kp   for every k . Then ( )( ):A p   if and only if  

    
,

sup kp

nk
n k




      

Lemma 3. Let 0 kp H    for every k . Then ( )( ):A p c if and only if Lemma 2 

hold, and 

                                    lim nk k
n

 
→

=  

Theorem 7. (i) Let 1 kp H    for every k . Define the set ( )1R p  as follows 

( ) ( )

'

1

1

1 1

1 1
: sup

kp

n
k k n k n

N F k nK k k n

x
R p x x f x Q Q K

q q q
 −

  +

 
    

= =  − +       
    

 

  

Then  

  ( ) ( )1,q p

sr F R p


  =
 

 

(ii) Let 0 1kp   for every k . Define the set ( )2R p  by 

     ( ) ( ) 1

2

1

1 1
: supsup

kp

n
k k n k n

N F k n k k n

x
R p x x f x Q Q K

q q q
 −

   +

     
= =  − +       

     

  

Then  

( ) ( )2,q p

sr F R p


  =
 

. 

Proof. (i) Let ( )kx x =  . We easily derive with the notation  
0

1 k

k k j jn
jk

y f q x
Q =

=  that  

( )
1

0 01

1 1
sn n

s n n
n n n k k n nk n

k kk k n

x Q
x y x Q y y b yk By

q q q

−

= =+

 
= − + = = 

 
                            (5) 

n , where  nkB b= is defined by  
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for all ,k n . Thus we deduce from (5) that ( ) 1n nxy x y=   whenever ( ) ( ),q p

k sx x r F=  

if and only if 1By whenever ( ) ( )ky y p=  . This yields, (i) result that  

( ) ( )1,q p

sr F R p


  =
 

. 

(ii) This is easily obtained by proceeding as in the proof of (i) above by using the Lemma 1. 

So we omit the detail. 

Theorem 8. (i) Let 1 kp H    for every k . Define the set ( )2R p  as follow 

( ) ( )

'

1

3

11 1

1 1
:

kp
n

sk
k k i k

k i kK k k k

x
R p x x f x Q K

q q q
 −

= + +

 
    

= =  + −       
     

 

   

Then 

  ( ) ( )3,q p

sr F R p cs


  = 
 

 

(ii) Let 0 1kp   for every k . Define the set ( )4R p  by 

( ) ( ) 1

4

11

1 1
: sup

kp
n

sk
k k i k

k i kk k k

x
R p x x f x Q K

q q q
 −

 = ++

     
= =  + −       

      

  

Then  

( ) ( )4,q p

sr F R p cs


  = 
 

. 

Proof. (i) Consider the following equation 

0 0 11

1 1n n n
sk k

k k k i k k

k k i kk k k k

x x
x y f x Q y

q q q q= = = ++

     
= + + −      

      
                              (6) 

                                  ( )nC y=  

where ( )nkC c=  is defined by 

( )

( )

11

1 1
, 0

0,

n
sk

k i k

i kk k knk

x
f x Q k n

q q qc

k n

= ++

    
+ −        =     





 

( )
1

1 1
, 0 1

,

0,

k n k

k k

n
nk k n

n

f x Q k n
q q

x
b f Q k n

q

k n

+

  
−   −   

  


 
= =  

 
 



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for ,k n . By this way, we see from (6) that ( )n nxy x y cs=  whenever

( ) ( ),q p

k sx x r F=    if and only if Cy c  whenever ( )y p . Hence we deduce from 

Lemma 3 
'

1

11

1 1
kp

n
sk

k i k

k i kk k k

x
f x Q K

q q q

−

= ++

   
+ −      

    
   

and lim nk
n

c  exists which is show that  

( ) ( )3,q p

sr F R p cs


  = 
 

. 

(ii) This may be obtained in the similar way as in the proof of (i) above by using the Lemma 

2. and Lemma 3. So omit it. 

Theorem 9.  Let ( )kF f=  be a sequence of modulus functions and we define the sequence 

( ) ( ) ( ) ( ) k k

n
n

y q y q


= of the elements of the space ( ),q p

sr F   for every fixed 0k  by  

( )0 0=     

( )
( )

( )

( )

1

1 1
, 0 1

0, 1

s

k kk

k kn

f Q n k
q qy q

n k

+

   
−   −    =    


 −

 

Then the sequence 
( ) ( ) k

k
y q


is a basis for the space ( ),q p

sr F   and any ( ),q p

sx r F  has a 

unique representation of the form 

                               ( ) ( ) ( )k

k

k

x q y q=                                                     (7) 

where ( ) ( )q

k k
q R x =   for all k  and 0 kp H     ,  max 1,M H= . 

Proof  It is clear that 
( ) ( ) ( ),
k q p

sy q r F  , since 

                              
( ) ( ) ( ) ( )k kqR y q e p =  ,        0k                                                   (8) 

for 0 kp H    , where 
( )k

e  is a sequence whose only non-zero term is 1in 
thk place for each

0k  . 

Let ( ),q p

sx r F   be given. For evey non-negative integer m , we put  

                           
  ( ) ( ) ( )

0

m
m k

k

k

x q y q
=

=                                                                   (9) 

We obtain by applying qR   to (9) with (8) that  

  ( ) ( ) ( ) ( ) ( )

0 0

m m
m k kq q

k k

k k

R x q R y q q e 
= =

 =  =   
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and  

 ( )( ) ( ) ,

0, 0

q

mq i

i

R x i m
R x x

i m

  
− = 

 

  ( ),i m . 

given 0  , then there exists an integer 
0m  such that  

( )( )
2

k Mp

q

k i
i m

f R x


=

         
  

for all 0m m . Hence,  

 ( ) ( )( ) ( )( )
0

11

2

k kp p MM
m q q

k ki i
i m i m

g x x f R x f R x



 



= =

     − =                
   

for all 0m m , which supplies that ( ),q p

sx r F  is represented as (7). To show the uniqueness 

of this representation, we suppose that 

( ) ( ) ( )k

k

k

x q y q= . 

Since the linear transformation T , from ( ),q p

sr F   to ( )p  used in Theorem 2, is continuous 

we have  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )k kq q

n k k k n n
n

k k

R x q f R y q q e q    =  = =
   , n  

which contradicts the fact that  ( ) ( )q

nn
R x q = for all n . Hence, the representatıon (7) of 

( ),q p

sx r F   is unique. 
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