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Abstract

In this paper, we talk about the vertical rescaled Berger deformation metric on the ¢-unit tangent bundle over an
anti-paraKahler manifold (M, ¢,g). Firstly, we investigate the Levi-Civita connection in this metric. Secondly,
we calculate all forms of the Riemannian curvature tensors. Finally, we study the geodesics on the ¢-unit tangent
bundle concerning the vertical rescaled Berger deformation metric.
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1. Introduction

One can define natural Riemannian metrics on the tangent bundle of a Riemannian manifold. Their construction makes use of
the Levi-Civita parallelization. Among them, the so-called Sasaki metric [1] is of particular interest. That is why the geometry of
a tangent bundle equipped with the Sasaki metric has been studied by many authors, such as Yano and Ishihara [2], Dombrowski
[3], Salimov, Gezer, and Akbulut [4], etc. The Sasaki metric’s rigidity has led some researchers to construct and study other
metrics on tangent bundles. This is why they have attempted to search for different metrics on the tangent bundle, which are
different deformations of the Sasaki metric. Musso and Tricerri have introduced the notion of the Cheeger-Gromoll metric
[5]; this metric has also been studied by many authors (see [6, 7]). In this direction, Yampolsky [8] proposes a Berger-type
deformed Sasaki metric on a tangent bundle over a Kihlerian manifold, which Altunbag and collaborators studied in [9]. The
study of the Berger-type deformed Sasaki metric on the tangent bundle or the cotangent is not limited to those mentioned above.
We also refer to new studies by Zagane, among which we [10, 11].

The main idea of this paper is to study the vertical rescaled Berger deformation metric [12] on the ¢@-unit tangent bundle
over an anti-paraKzhler manifold (M>", @, g). Firstly, we introduce the @-unit tangent bundle equipped with vertical rescaled
Berger deformation metric. Secondly, we investigate the formulas relating to the Levi-Civita connection of this metric (Theorem
7), and we establish all formulas of the Riemannian curvature tensors (Theorem 8). In the last section, we study the geodesics
on the ¢-unit tangent bundle and also present the necessary and sufficient conditions under which a curve can be a geodesic
concerning the vertical rescaled Berger deformation metric (Theorem 11). As well as when the natural lift and the horizontal
lift are geodesic (Corollary 12 and Corollary 13). Finally, we also mention some special cases (Theorem 18 and Theorem 20).

2. Preliminaries

Let TM be the tangent bundle over an m-dimensional Riemannian manifold (M™,g) and the natural projection @ : TM — M. A
local chart (U,x'),_+ on M induces a local chart (z~!(U),x,u’)._— on TM. Denote by Ff?j the Christoffel symbols of g and

i=1,m i=1,m

by V the Levi-Civita connection of g. Let C*(M) be the ring of real-valued C* functions on M and 3} (M) be the module over
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C*(M) of C* vector fields on M. The Levi Civita connection V defines a direct sum decomposition

TeaTM = Vi TM©H ) TM 1
of the tangent bundle to TM at any (x,u) € TM into the vertical subspace

V(x,u)TM = Ker(dnxu ) {glilxu gz ER} @)

and the horizontal subspace

; 0
H(x7u)TM = {élﬁkx,u) 75’1411—‘5(]8 k| (o,u) 'él € R} 3)
Note that the map & — H& = 5’ =l — &y Ff‘] 5 | () 18 an isomorphism between the vector spaces .M and H(, ,) TM.

Similarly, the map & — V& = €12, P |(x «) is an isomorphism between the vector spaces T.M and V(. ,,TM. Obviously, every
tangent vector W € T(, ,)TM can be written in the form W = HX +VY, where X,Y € T, M are uniquely determined vectors.
LetZ = Zl ‘9 : be a local vector field on M. The vertical and horizontal lifts of Z are defined by

. d
Vv _ i
zZ = Z—aui, (€]
0 0
"z = Z(5;-uwTio ) ©)

We have /(2) = 2, —u Ffj -2 and V(a‘i,) 2. then ((£),Y()),_15 is a local adapted frame on TM.

In pamcular, we have the vertical spray u and the horizontal spray #u on TM defined by

e ;0 0
| P H o j k
u e u= (8’ Fl]a k)

Here Yu is also called the canonical or Liouville vector field on TM.
The bracket operation of the vertical and horizontal vector fields is given by the formulas [2, 3]:

X Hy] =H[X,¥Y]-Y(R(X,Y)u),
[FxVy] =V(VxY), ©)
Yx.Vy] =0,

for all vector fields X and Y on M, where R is the Riemannian curvature of g defined by

R(X,Y)=[Vx,Vy] = Vx y).

3. Vertical rescaled Berger deformation metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost paracomplex manifold is an almost
product manifold (M>™", @), ¢* = id, such that the two eigenbundles TM* and TM~ associated to the two eigenvalues +1 and
—1 of ¢, respectively, have the same rank.

A Riemannian metric g is called an anti-paraHermitian metric if

8(pX, 0Y) = g(X,Y), ™
or equivalently (purity condition), (B-metric)
8(eX,Y) = g(X, 9Y) (®)

for any vector fields X and Y on M [13].

The triple (M?™ @, g) is called an almost anti-paraHermitian manifold (an almost B-manifold) if (M>",¢) is an almost
paracomplex manifold with an anti-paraHermitian metric g [13]. Furthermore, if ¢ is parallel to the Levi-Civita connection V
of g, that is, Vo = 0, then (M?", @, g) is considered anti-paraKihler manifold (B-manifold) [13].
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It is well known that the anti-paraKahler condition V¢ = 0 is equivalent to the paraholomorphicity of the anti-paraHermitian
metric g, i.e. ¢pg = 0, where ¢, is the Tachibana operator [14].
If (M, @, g) is an anti-paraKzhler manifold, the Riemannian curvature tensor is pure (S.L.E.). Also, we have

{ R((PYaZ) = R(YV(PZ):R(YaZ)(p:(PR(YaZ)v 9)
R(¢Y,0Z) = R(Y,Z),

for any vector fields Y and Z on M.

Definition 1. Let (M*",@,g) be an almost anti-paraHermitian manifold and f : M —)0,+oo[ be a strictly positive smooth
function on M. Define a fiber-wise vertical rescaled Berger deformation metric noted g on TM, by

g(HX7HY) = g(X,Y),
g(HX7VY) = 0,
g'x,"y) = f(eX.Y)+8%(X, pu)g(Y, pu)),

for any vector fields X and Y on M, where § is some constant and f is called twisting function [12].
In the following, we consider A = 1+ 8% and & = g(u,u) = ||u||>, where |.|| denotes the norm with respect to (M?", @, g).

Lemma 2. Let (M*",¢,g) be an anti-paraKdihler manifold. Then we have the following:

i. "X (g(u, u)) =0,

ii. VX(g(u,ou)) =2g(X,u),
iii. X (g(Y,ou)) = g(VxY, ou),
iv. VX (g(Y,pu)) = g(X,0Y),

(
v V(Qu)(g(Y,pu)) = g(¥,u),
for any vector fields X andY on M.

Proof. The results follow directly from the equations (4) and (5). |

The Levi-Civita connection V of the vertical rescaled Berger deformation metric § on TM is given by the following theorem.

Theorem 3. Let (M*",¢,g) be an anti-paraKdihler manifold and (TM, §) be its tangent bundle equipped with the vertical
rescaled Berger deformation metric. Then the Levi-Civita connection V satisfies the following properties:

i. Vayly =H(Vyxy) — WV(R(X,Y)u),

ii. VY =V(VxY) + %X(f)VY + ’;H(R(M,Y)X),

fn

iii. Vv "y = >

iY(f)VX+

3 (R@.X)Y),

_ 1 52
iv. VY = ?g(VXYY)H(gmdf) + 58X, 9Y)" (gu),

for any vector fields X and Y on M, where V and R denotes respectively the Levi-Civita connection and the curvature tensor of

(M*",9,8) [12].

Lemma 4. Let (M*™,@,g) be an anti-paraKdihler manifold and (TM,§) be its tangent bundle equipped with the vertical
rescaled Berger deformation metric. Then we have

i §HXV((pu) = %X(f)v((pu),

Lx(5)¥(gu).

ii. VV( 2/

(pu>HX -
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= —A 15}
i Vi (pu) = - g(X, 0u)(grad f) +V(9X) + g,V (u),

—A 52
iv. Vv((pu) = Tg(Xafpu)H(g’adf)JrTg(qu)V((Pu)y

Aoy 52 v v
b Vv (0u) = =55 M (grad f) + g, u)(pu) +
for any vector field X on M.
Proof. The results follow directly from Theorem 3. |

The Riemannian curvature tensor R of vertical rescaled Berger deformation metric & on TM is given by the following
theorem.

Theorem 5. Let (M*",¢,g) be an anti-paraKdihler manifold and (TM,§) be its tangent bundle equipped with the vertical

rescaled Berger deformation metric. Then the Levi-Civita connection V satisfies the following properties:

fu f

R(x Hy)iz = H(R(X,Y)Z)+E (R(u,R(X,Y)u)Z)+ZH

+ LV ((VZR) (X, YY) + = Z(f)V (ROX, Y Ju) + %Y(f)Vue(x,zm - %mf)V(R(Y,zm),

2 2f
ROXVZ = SX(VRG@Y)Z)+ G200 R X) + D (TxR) w,7)2) — Ge(ROX,Z)u Y (grad )
+5 RV ) = LY ROCRGY)Z)0) + (s(Twgrad .2) = X (OZ)'Y
42RO 2. 07) o),
RO Z = TR w0 2)7) - LH(TyR) w0 2)%) + X (Y (R, 2)Y) — 1Y () (R 2)X)
f%g(R(X,Y)u,Z) (grad f)+V(R(X,Y)Z) — ZV(R(X,R(M,Z)Y)M) + %V(R(Y,R(M,Z)X)u)
2 e (R V)92 ()
ROXMY)'Z = X0 (e0.2) + 85V, u)g(Z,0u)) (grad f) = 3 (o(4.2) + (Y, pu)e(Z, ou)) "(Vxgrad )
L0y, 20%) — LR R02)%) + 2 (600.2)+ 8607, 0u)e(Z.010)  (RX grad f

2 4

—%g(R(u,Z)X@radf) Y

2
R"x,Yr)Hiz = fH(R(X,Y)Z)—i—fZ(H(R(u,X)R(u,Y)Z)—H(R(u7Y)R(u,X)Z))

—|—l g(R(u,Y)Zgradf)VX —g(R(u,X)Z,gradf)VY),

X

_ 2

ROX)Z = (60X, 02)8(7, 0u) — (¥, 02)g(X, ou) (grad f) — 1Y, "2)"(R(u,X)grad f)
1

+48(VX "2)"(R(u,Y)grad f)) — 2||gmdf|| @("r,"2)"’x - 5("x."2)"v)

2 4

O (67,92 (9X) —5(X, 02)"(91)) + 55 (801, 1)8(X,97) — (X, w)g(¥.92) (),

for any vector fields X ,Y and Z on M, where V and R denote respectively the Levi-Civita connection and the curvature tensor
of (M*",.g) [12].
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4. Vertical rescaled Berger deformation metric on ¢-unit tangent bundle TI‘PM

The @-unit tangent sphere bundle over an anti-paraKihler manifold (M>", @, g), is the hypersurface [11, 15]
TPM = {(x,u) € TM,g(u,Qu)=1}. (10)
If we set
F:TM — R
(x7u) = F(x7u> :g(u,(pu)—l,
the hypersurface Tl(pM is given by
TPM = {(x,u) € TM, F(x,u) =0},

the gradient of F with respect to g, g,r;z/dF is a normal vector field to Tl(pM . From the Lemma 2, for any vector field X on M,
we get

g, gradF) = "X (F)="X(g(u, pu)—1)=0,
__ 2
g("X,gradF) = VX(F)=VX<g(u7<pu)—1>=2g<X,<pu>=ﬁg<vx,v(<pu))-
So, we have

— 2
gradF = ﬁv(¢u).

Then the unit normal vector field to TI(PM is given by

= gradF _ V(ou) :\/TV N
\/g(g%F,ﬁF) Va("(ou),Y(ou)) |\ fAc (pu)

where A = 1 + 8% and o = g(u,u).

The tangential lift X with respect to g of a vector X € T,M to (x,u) € TI(PM as the tangential projection of the vertical lift
of X to (x,u) with respect to .4/, that is

. 1
x="x _g(x,u)(vXV/V(x,u))r/V(x,u) ="X- a&v(xv (PM)V((PM)(xu)

_ 1 _
For the sake of notation clarity, we will use X =X — ag(X , ou) Qu, then TX = VX . From the above, we get the direct sum

decomposition
T(x,u) ™ = T(x,u) T1¢M@Span{JV(x,u)}v (11)
where (x,u) € Tpr . Indeed, if W € T<W)TM , then they exist X,Y € T:M, such that

w o= Hx4Vy
= x + Ty +g(x,u) (VYa </V(x,u))</1/(x,u)

= X4+ égx(Y, 9) (10) (e (12)
From the equation (12) we can say that the tangent space 1|, TI(PM of Tl(pM at (x,u) is given by
T TPM ={"X+TY /XY € T.M,Y € (ou)"},
where (ou)* = {Y € .M, g(Y,pu) = 0}. Hence T, ,)T,"M is spanned by vectors of the form X and 7Y

Given a vector field X on M, the tangential lift 7X of X is given by

~ 1
TX(x,u) = ( X 7g(VX7</V)</V) (x,u) - VX(x,u) - agx(an (Pu)v((Pu)(,nu)' (13)

For any vector field X on M, we have the followings:
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i. gx,. /) =0,

ii. g(7x,.4)=0,
iii. 7X =YX if and only if g(X, ou) =0,
iv. T(ou)=0,

v. g(X,pu)=0.

Definition 6. Let (M>",¢,g) be an anti-paraKiihler manifold and (TM,§) be its tangent bundle equipped with the vertical
rescaled Berger deformation metric. The Riemannian metric g on Tl(pM, induced by g, is completely determined by the identities

i g("x My) =g(X,Y),
ii. §(7X,"Y) = g("x,"¥) = 0,

i (7X,TY) = F(5(X.Y) ~ ~ g(X, Qu)g(Y, gu).

We shall calculate the Levi-Civita connection V of T\’ M with vertical rescaled Berger deformation metric §. This connection
is characterized by the Gauss’s formula:
V)?/Y\ZV)??—g(V)??,JV),/V, (14)
for all vector fields X and Y on M.

Theorem 7. Let (M*™,¢,g) be an anti-paraKihler manifold and (T’ M, §) be its @-unit tangent bundle equipped with the
vertical rescaled Berger deformation metric, then we have the following formulas:

i. VY =H(VyxY) - LT(R(X,Y)u),

ii. ViyTY =T(VxY)+ %X(f)TY + gH(R(u,Y)X),
- 1
iii. Vrylly = ﬁY(f)TX + %H(R(u,X)Y),

LS -1 1 1 1
. VTXTY = 7 (g(Xa Y) - ag(xa (pu)g(Y7 (pu))H(gradf) - ag(y7 (pM)T((PX) + Ego(a (pu)g(Y7 (pu)Tu7

for any vector fields X and Y on M, where V is the Levi-Civita connection and R is its curvature tensor of (M*", @, g).
Proof. In the proof, we will use Theorem 3, Lemma 4 and the formula (14).
i. By direct calculation, we have
ViV = VY — g(Vuy Y, N )N

WV RE YY), )

= H9xr) SR Y )~ g5

= Hvyy)— %T(R(X,Y)u).

ii. We have §HX Ty = %HXTY - g(%XTY, A)A, by direct calculation, we get

Vi Y =T(VyxY) + %X( ATy + gH(R(u,Y)X)
and
§(Va Y, NN =0.
Hence
Vi 'Y = T(VxY)+ %X(f)TY + gH(R(u,Y)X).
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iii. Also, we have %rXHY = %TXHY . g(%XHY, A) AN, by direct calculation, we get

1 S h

Vi Y = ﬁY(f)TXJr S (R X)Y)
and

§(Va, Y, NN =
Hence

Vi Y = %Y(f)TX+§H(R(u,X)Y).

iv. In the same way above, we have %rXTY = Vi TY — §(Vi TY, NN,

VY = S (e00Y) — (X, gu)g(y, ou) grad £) — gV, gu) (9X) + 555 e(X, pug(¥, )
(o s u)argu) + e gu)sr) - B Dot guigr.pu) — - etx, o)) V(o)
and
BTN = g(Xug(Y,00) (o) + s eX, gulg (Y, 0u) ()
(5L e0 (0, o)+ (X Qg ) — L guya(r, o) — 5 a(x,00))(gu).
Hence
VY = S (600Y) — (X, gu)a(y, ou)) (grad f) — gV, gu)(9X) + ig(X, gu)s(, ou)'u

Now, we shall calculate the Riemannian curvature tensor of TI(PM with the vertical rescaled Berger deformation metric .

Denoting by R the Riemannian curvature tensors of (Tl(pM ,8), from the Gauss equation for hypersurfaces we deduce that
R(X,Y)Z satisfies

RX.Y)Z="R(X,Y)Z)-B(X,Z)A Y +B(Y,Z).A X, (15)

for all X,Y and Z vector fields on T/ M, where /(R R(X,Y)Z) is the tangential component of R(X,Y)Z with respect to the direct

sum decomposition (11), A_y is the shape operator of T(pM in (TM,g) derived from ./, and B is the second fundamental form
of Tpr (as a hypersurface immersed in 7M), associated to .4 on Tl(pM .

A X is the tangential component of (—6)?/ ) i.e.
ApX =—(Veh),
B(X,Y) is given by Gauss’s formula, 6217 = 6)?174—3()?,17)”/1/, SO
B(X,Y) =g(ViY, ).

Theorem 8. Let (M?*", ¢, g) be an anti-paraKihler manifold and (T M, §) its @-unit tangent bundle equipped with the vertical
rescaled Berger deformation metric, then we have the following formulas:

fu f

f
2 (R(u,R(X,Y)u)Z) + ZH H

Rx )z = HR(X,Y)Z)+ (R(u,R(X,Z)u)Y)—Z (R(u,R(Y,Z)u)X)

5T (VAR V) + 57
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ROXTY)TZ = IX(YRY)Z) + 3200 (R Y )X) + LH((9xR) 1)) — Le(ROK, 200, (grad )
45 TR ~ SRR )20 + (36(Twgrad £.2) = X (NZ)'Y.
ROX)Z = LH(VxR) 0 2)7) ~ LA(VyR) 0, 2)X) 4 X (1) (R0, 2)Y) ~ 1Y () (R(w. 2)X)
—S&(R(X.Y)u.2)"(grad )+ T(ROX,¥)Z) ~ LT (RO R, 2)Y ) + TRV RO 20500,
ROXTY)Z = -X(Ps(F.2)(grad ) = 56(7.2)(Vxgrad ) - L R ¥ )R (0 2)%)
—gH(R(Y,Z)X) + %g(Y,Z) (R(X,grad f)u) — —g(R(u,Z)X,grad f)'Y,
R('x, vz = fHR(EX,V)Z)+ f; ("(R(u,X)R(u,Y)Z) —"(R(u,Y)R(u,X)Z))
—&—% (g(R(u,Y)Z,gradf)TX — g(R(u,X)Z,gradf)TY),
R('x,'V)'Zz = —{;C(g(KZ)H(R(u,X)gmdf) ~8(X,2)"(R(u,Y)grad f)) — %ngadfllz(g(? 2)'X —g(X,2)"y)
2 (67, 02)(9X) ~ (X, 02)"(91)) ~ —5 (5(7, 02)5(X. 9u) ~ (X, 02)3(¥. 9u)) .

_ 1
for all vector fields X,Y and Z on M, where X = X — ag(X7 ou)Qu.

Proof. Using Theorem 3 and Lemma 4, we obtain

1 1
AX=0,A,TX = —\/; (T(<pX) - ag(x, qm)TU), (16)

B(fx Hy) =B("x,Ty) = B("X,fly) =0 a17)

and
BOX,TY) = —/-L o(X o). 18
(X.7Y) = g(X. o) as)
It is now sufficient to use Theorem 5 and the equations (15)-(18) to obtain the required formulae for the curvature tensor (see
[16]). |

5. Geodesics of the vertical rescaled Berger deformation metric on the ¢-unit tangent
bundle

Lemma 9. Let (M,g) be a Riemannian manifold and x : I — M be a curve on M, where I is open interval of R. If
C:tel—C(t)= (x(t),u(t)) € TM is a curve in TM such u(t) € Ty \M (i.e. u(t) is a vector field along x(t)), then

C =" V(Vu), (19)
where x = % and C = %[17].

Subsequently we denote x; = x, x;/ = Vyx[, u; = Vyu, uf = Vyu; and C] = C, then (| = Al V.

Lemma 10. Let (T](pM ,8) be a -unit tangent bundle over anti-paraKdihler manifold (M*", @, g) endowed with the vertical
rescaled Berger deformation metric. If C(t) = (x(t),u(t)) is a curve on T’ M, then

C =M+, (20)
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Proof. Using the equation (19), we have
1
C = Vi =M 1Ty + ag(u;, ou)’ (ou).
Since C(t) = (x(t),u(t)) € T M then g(u, pu) = 1, on the other hand

0 = xig(u,ou)=2g(u, Qu).

Hence, the proof of the lemma is completed. |
Subsequently, let ¢ be an arc length parameter on C, From equation (20), we have
L= [l + £l | @

Theorem 11. Let (M>", ¢, g) be an anti-paraKdihler manifold, (TI(PM ,8) be its @-unit tangent bundle equipped with the vertical
rescaled Berger deformation metric and C(t) = (x(t),u(t)) be a curve on T M. Then C is a geodesic on T M if and only if

2
X = JRO 0+ 5 gradf,
" -1 / / (22)
U = 7xt(f)”z~
Moreover,
K
]l = I
23
Wl = 1-2 >
f

where K = constant and 0 < K < 1.
Proof. Using formula (20) and Theorem 7, we compute the derivative %C;Cl’ .

(g + gy (24 0)

9. Hy 9. T, ,9. Ht . T, 1
= VH)C; XI+VHx; ut—ﬁ-VT”; xt—i—VTu; U

1 1
= TR )+ T )T+ R G ) 4 5 )+ R )
1 1 1 1
2 (1~ Lt ) grad f —  glaf, ou) () + s g(af, 0w
1 1
= M SRt = 5 P grad £) +7 (o + 25 ().

If we put %C;Ct’ =0, we find

1
5 = fRG,u)x + 5 u|Pgradf,
—1
u = 73(; (f)uz.
—1 K
Moreover, x,g(uj,u,) = 2g(u,u,) and if we use u)' = Txg(f)ug, we find x/(In ||u}||?) = —2x/(In f). Therefore ||u| = 1 and
2
K
using the equation (21), we get ||x}|| = /1 — 7 where k = constant and 0 < k¥ < 1. |

If x(¢) is a curve on M, then the curve C(¢) = (x(¢),x,(t)) is called a natural lift of the curve x(¢) [2].

Corollary 12. Let (M*™ @,g) be an anti-paraKihler manifold, (T]q)M ,8) be its Q-unit tangent bundle equipped with the
vertical rescaled Berger deformation metric. The natural lift C(t) = (x(t),x.(t)) of any geodesic x(t) is a geodesic on (T’ M, g).
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A curve C(t) = (x(¢),u(r)) on TM is horizontal lift of the curve x(z) on M if and only if «, = 0 [2].

Corollary 13. Let (M*",¢@,g) be an anti-paraKihler manifold, (TI(PM ,8) be its Q-unit tangent bundle equipped with the
vertical rescaled Berger deformation metric. If C(t) = (x(¢),u(t)) is a horizontal lift of the curve x(t) (i.e. u, = 0) then C(t) is
a geodesic on (T](PM7§) if and only if x(t) is a geodesic on (M*™, @, g).

Remark 14. Ifx(t) is a geodesic on (M*™, @, g) locally we have

A>T Ay dy
-0 k=0, h=T1.2m.
< +lz dr di =

IfC(t) = (x(¢),u(t)) is a horizontal lift of the curve x(t), locally we have

2m dx
=0 & +Z —u'Ty =0, h=12m.
i,j=1
Remark 15. Using Remark 14, we can construct an infinity of examples of geodesics on (Tl(pM ,8).

Example 16. Let (]0,4c[*,g,9) be an anti-paraKihler manifold such that

g=xdx’ +y'dy?,

and
X
9o =20, . ¢ =14,
y X
J . . . :
where dy = s The non-null Christoffel symbols of the Riemannian connection are:
X
1 1
==, %=~
1= 2= i
The geodesics y(t) = (x(t),y(t)) such that y(0) = (a,b), ¥ (0) = (§,n) € R? satisfy the system of equations,
dx.,
x| () .
A2 & dxid dr? x
— —1Ii,=0 <
dr? Pl dr dt d
J= ) ( ay )2
Q + dt — 0
dr? y ’

x(t) = \/2aét + a2,
y(t) = \/2bnt + b2.
Then, ¥ (t) = as o+ bn dy and y(t) = (\/2a&t +a2,\/2bnt +b2).

V2dEt+a> T \/2bnt+a2

i. From Corollary 12, the curve C(t) = (y(t), Y (t)) is a geodesic on T”]0, +oo[2.

ii. IfC(¢) = (y(t),u(t)) is horizontal lift of the curve y(t) and u(r) = (v(t),w(t)) i.e. u; = O then,

dv dv i) = e
o gy ata =0 V2aEi+ @
Z — lFlJ:O<:> =
i,j=1 dw dy k2
—+—=—w=0, w(t) = ———.
dt  dt ) 2bnt + b?

ki ko
s + dy, where ki,ky € R. From Corollary 13, the curve C(t) = (y(t),u(t)) is a
V2a€i+a® " \2bni+ b2 1 g (1) = (1), u())

geodesic on T,”]0, +o0[2.

Hence u(t) =
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Corollary 17. Let (M*",¢,g) be an anti-paraKihler manifold, (T M, ) its @-unit tangent bundle equipped with the vertical
rescaled Berger deformation metric and C(t) = (x(t),u(t)) be a curve on TP M. If f is a constant function, then C(t) is a
geodesic if and only if

{x;/ = fR(u,u)x;, 24)

Z _
u, = 0.

Theorem 18. Let (M*", ¢, g) be a locally symmetric anti-paraKéhler manifold, (T? M, §) be its @-unit tangent bundle equipped
with the vertical rescaled Berger deformation metric and C(t) = (x(t),u(t)) be a geodesic on T M. If f is a constant function,
then all geodesic curvatures of the projected curve y = 1o C are constants.

Proof. The first equation of (24), gives x = fR(u;,u)x;. It is easy to see that
x;”x;”Z = x;g(x;,x;) = 2g(x;/7xz{) = ng(R(u;’u)xivx;) =0,
hence ||x/|| = constant (constant along the curve x(t)).
x5 = xR up )y + f(VyR) (g u)xp) + fR(ug )y + fR(up, ) g + fR(up u)xf
= fR(u;,u)x).
Since
x|x 1P = xg (' x') = 28(x" x7') = 2f g(R(uy, ), x]') = 0,
hence ||x/'|| = constant. Continuing the process we obtain

ARG, 1

and
3”2 = () 24 = 28 (e, xP)) = 2 g (R(uj, ) 7)) = 0.
Thus, we get
|\x,<p)|| = constant, p>1. (25)
Denote by s an arc length parameter on 7, i.e. (||x;]| = 1). Then x, = x4, and using the equation (23), we get
d K2
dits = — 7 = constant. (26)
Let v; = x, be the first vector in the Frenet frame vy, ..., Vy,—1 along y and let &y, . .., kp;,—1 the geodesic curvatures of y. Then
the Frenet formulas verify
(V1)§ = kv,
(Vi) = —ki-1Vie1 tkiViqr, 2<i<2m-—2 (27)
(Vam—1)s = —kom—2Vam-2.

From the equation (26), we have

d 2
x;:x;d—::,/l—'(?vl. (28)

Using the equation (28) and the Frenet formulas (27), we obtain

2 2 2
K K ds K
I= 1= =) =/1——=(v). == = (1 — =)k 2.
Now the equation (25) implies k; = constant. Next, in a similar way, we have
2 2 2 2
K K ds K K
"=(1—- =Nk (), =1 ——)ki(Va). == = (1 — =) [ 1 — —ky (k1 vi + kav3).
x = ( f)1(2)t ( f)l(z)“dt ( f) fl( 1V1+k2v3)
Likewise, using the equation (25), we find k, = constant. By continuing the process, we finish the proof. |
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Lemma 19. Let (M*",¢,g) be an anti-paraKdhler manifold and (T”M, §) be its ¢-unit tangent bundle equipped with the
vertical rescaled Berger deformation metric. If C(t) = (x(t),u(t)) is a curve on T’ M, then we have

i. T(t) = (x(¢), pu(t)) is a curve on T" M.
ii. T(t) is a geodesic on T’ M if and only if C(t) is a geodesic on T"M.

Proof. i. We put y(t) = @u(t), then g(y,@y) = g(Qu,p(¢u)) = g(@u,u), since C(t) = (x(¢),u(t)) € T"M, we get
g(u, @u) = 1 hence, g(y,@(¢y)) = 1, ie. I(t) = (x(1),y(1)) € T’ M.

ii. In a similar way the proof of the equation (22), and using y, = @u) and y/ = @u], we have

= 1 1
Vot = " = SROLyX = S il grad f) +7() + ?Jé(f)yﬁ)
1 1
= RO Sl Parad )+ (il + (1))
and
! / / 1 1112
~ Xy = fR(”ﬁ”)xt'i'EH”t” gradf)
Vr‘;r‘t - 0 <:> 1! l / /
Qu; = 7?xt(f)‘P”t
1
0= RO+ Perady)
= 1
u = *}#(f)uﬁ

From Theorem 18 and Lemma 19, we have the following theorem:

Theorem 20. Let (M, @, g) be a locally symmetric anti-paraKdhler manifold, (Tl(pM ,8) be its @-unit tangent bundle equipped
with the vertical rescaled Berger deformation metric and T(t) = (x(t), u(t)) be a geodesic on T’ M. If f is a constant function,
then all geodesic curvatures of the projected curve Y= ol are constants.

6. Conclusions

In this work, we studied some geometric properties of a ¢-unit tangent bundle with the vertical rescaled Berger deformation
metric. We checked the Levi-Civita connection for this metric. We also calculated all forms of the Riemannian curvature
tensors. Finally, we study the geodesics on the @-unit tangent bundle concerning the vertical rescaled Berger deformation
metric.
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