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Abstract

In this study, a process of semi-Markovian random walk with delaying barriers at 0 — and
L —levels (£ >0) and first falling moment of the process into the delaying barrier at zero-

level, (z,), are mathematically constructed, in this case when the random walk happens
according to the Laplace’s distribution L(17;1"). Then it is given an explicit expression of the
Laplace transformation of the distribution of random variable 7. Also the simple formulas for

expectation and variance of random variable 7, are obtained by the means of this Laplace
transformation.

Keywords: Semi-Markovian random walk process, Laplace distribution, delaying barrier,

expected value, variance, Laplace transformation.

Iki Tutan Bariyerli Yari-Markovian Rastgele Yiiriiyiis Siirecinin Bir
Sinir Fonksiyonalinin Dagilimin Hakkinda

0z

Bu ¢alismada, rastgele yiiriiyiisiin L(1™;1") Laplace dagilimina sahip olmasi durumunda, sifir ve
L(f >0 )—seviyelerinde tutan bariyerlere sahip bir yari-Markovian rastgele yiiriiyiis siireci ve
bu siirecin sifir seviyesindeki tutan bariyere ilk kez diigme ani, (7,), matematiksel olarak
kurulmustur. Daha sonra 7, rastgele degiskeninin Laplace doniisiimiiniin agik bir ifadesi

verilmistir. Ayrica bu Laplace doniistimiinii kullanarak, 7, rastgele degiskeninin beklenen deger

ve varyansi i¢in basit formiiller elde edilmistir.

Anahtar Kelimeler: Yari-Markovian rastgele yiiriiyiis siireci, Laplace dagilimi, Tutan bariyer,
Beklenen deger, Varyans, Laplace dontistimti.
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1. Introduction

In recent years, random walks with one or two barriers are used to solve a number of
very interesting problems in the fields of inventory, queues and reliability theories,
mathematical biology etc. Many good monographs in this field exist in literature (see
references Borovkov 1975; Borovkov 1976; Feller 1968 and etc.).

In particular, a number of very interesting problems of stock control, queues and
reliability theories can be expressed by means of random walks with two barriers. These
barriers can be reflecting, delaying, absorbing, elastic, etc., depending on concrete
problems at hand. For instance, it is possible to express random levels of stock in a
warehouse with finite volumes or queueing systems with finite waiting time or sojourn
time by means of random walks with two delaying barriers. Furthermore, the
functioning of stochastics systems with spare equipment can be given by random walks
with two barriers, one of them is delaying and the other one is any type barrier.
Numerous studies have been done about step processes of semi-Markovian random walk
with two barriers of their practical and theoretical importance. But in the most of these
studies the distribution of the process has free distribution. Therefore the obtained results
in this case are cumbersome and they will not be useful for applications (see references
Borovkov 1975; Borovkov 1976; Feller 1968; Khaniev 1984; Khaniev & Unver 1997;
Lotov 1991 and etc.).

For the problem considered in this study, it is considered a semi-Markovian random
walk with two delaying barriers, and the process representing the quantity of the stock
has been given by using a random walk and a renewal process. Such models were rarely
considered in literature (see references Maden & Shamilova 2016; Maden 2016; Maden
2017; Nasirova 1984; Nasirova & Omarova 2007; Nasirova & Sadikova 2009; Nasirova
& Shamilova 2014; Nasirova et al.; Omarova & Bakhshiev 2010 and etc.). The practical
state of the problem mentioned above is as follows.

Suppose that some quantity of a stock in a certain warehouse is increasing or decreasing
in random discrete portions depending to the demands at discrete times. Then, it is
possible to characterize the level of stock by a process called the semi-Markovian
random walk process. But sometimes some problems occur in stock control theory such
that in order to get an adequate solution we have to consider some processes which are
more complex than semi-Markovian random walk processes. For example, if the
borrowed quantity is demanded to be added to the warehouse immediately when the
quantity of demanded stock is more than the total quantity of stock in the warehouse
then, it is possible to characterize the level of stock in the warehouse by a stochastic
process called as semi-Markovian random walk processes with delaying barrier at zero-
level. Also since the volume of warehouse is finite in real cases, the supply coming to
the warehouse is stopped until the next demand when the warehouse becomes full. In
order to characterize the quantity of stock in the warehouse under these conditions it is
necessary to use a stochastic process called as semi-Markovian random walk process
with two delaying barriers. Note that semi-Markovian random walk processes with two
delaying barriers, have not been considered enough in literature. This type problems
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may occur, for example, in the control of military stocks, refinery stocks, reserve of oil
wells, and etc.

In the following, a semi-Markovian random walk with delaying barriers at 0— and
L(B>0)— levels, that has a denumerable state space, is constructed and the main

probability characteristics of a boundary functional of this process are considered.

2. Construction of the Process

Suppose that {(¢,,7,):i=12,...} is any sequence of identically and independently
distributed random variables, defined on any probability space (Q,F,P(-)), such that
&£’s are positive valued, i.e., P{&, >0}=1. Also, the random variables & and 7, are
mutually independent as well. Furthermore the numbers z>0, #>0 and 0<z< g are
given. In this case, let us denote the distribution functions of & (w) and 7, (w)

D(t) = P{E (W) <t}, F(X) =P{m, (W) <x}, t € RTand x € R,

respectively. By the means of these random variables, we can construct the following

process:

n—1 n—1 n

X, (6)=>n,, if Y& <<, n=123...,
i=0 i=0 i=0
where & =0 and 7,=z¢(0,). This process forms a step process of the semi-
Markovian random walk. Now, let us delay this process by a delaying barrier at zero
level as follows:

X,(t) = X,(t) — Diqulir{ﬂr X,(s)}

This process forms a step process of semi-Markovian random walk with delaying barrier
on the zero-level. Then, the process X,(t) is delayed by a delaying barrier on

LB >0)—level:
X(t) = X,(t) — sup {0, X,(s)—f}

O==z=t

The process X (t) forms a step process of semi-Markovian random walk with delaying
barriers on the zero-level and on the £ (S > 0)—level.
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Fig. 1. A View of a Step Process of Semi-Markovian Random Walk with
Two Delaying Barriers

Now, we can construct the desired stochastic process in the following way we shall call
the step process of the semi-Markovian random walk with delaying barriers at levels
0— and g (f >0)—level.

n-1 n
X=X, if Y & <t<> &, n=1
i=0 i=1
where
X, =min{ g, max{0, X, , +n,}, n>1 X, ==z
Let us denote by 7, the first falling moment of the process X(z) into the delaying
barrier at zero—level. In this case, we can write
7, =inf{¢: X(¢) =0},

Also we get 7, =+oo when X () =0 forevery t € R™,

Note that 7, is important from a scientific and practical point of view and it is an

important boundary functional of the process X(t). This random variable plays an
important role in solving of most probability problems arising in control of random
levels of stocks in a warehouse which is functioning according to the process X(t). For
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this reason, the consideration with detailed of random variable z, seems very interesting
from scientific and practical point of view.

3. The Laplace Transformation of 7,

In this section, let us calculate the Laplace transformation of random variable z,,

because the Laplace transformation is the most important characteristic of a random
variable. Let us denote the Laplace transform of the distribution of the random variable
7, by

L(0)= E[e ] (3.1)
and the Laplace transform of the conditional distribution of the random variable z, by

L(6]z)= E[e™|x(0)=z], 6 =0, z = 0. (3.2)
Let us denote the conditional distribution of random variable of 7, and the Laplace
transformation of the conditional distribution of it by

N(tlz) = P[1, = t|X(0) = z], (3.3)

and
N(Blz) = f;ﬂ e ?*N(t|z)dt, (3.4)

respectively. Then, the Laplace transformation of the absolute distribution has the
following form:

oo

N(8) = J N(8|z)dP(Xx(0) < z).

t=0

Finally, let us denote the Laplace transformation of random variable £, by
¢(6) = E[e %], (3.5)
Thus, we can easily obtain that

1-4(8|z)
g

N(8|z) = or L(Blz) =1 —68N(8|z).

Now, let us give an integral equation for Z\7(¢9|z). For this aim, we can state the
following theorem:
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Theorem 1: Under above representations, we have

N(6lz) = =22+ ¢(6) [, NOly) d, Pln, <y —2}.
Proof: According to the total probability formula, it is obvious that

N(tz) = P.{z, > t}= P{z, > 1X(0) = =

=P{1, = t; & = t|X(0) = z} +P{1, = t; &, < t|X(0) = z}
t B

=P{& >t )+ I J.P{TO >t—S|X(0)=J’}

s=0 y=0

P{& eds,z+n,>0;min[ B,z +1,]edy}.

Thus, we have an integral equation for the distribution of random variable z, as follows:

N(lz) = P{& >t )+ j {6 eds jN(r—s|y)d ls(B-»)Pln<y-2z] (36)

y=0

where

1 >
e(ﬁ—y)={0 .

By applying the Laplace transform to this equation, i.e., multiplying both sides of (3.6)
by €%, integrating with respect to t from 0 to o, and taking into account the
definition of N(8|z), we have

N(9]z) = Te_etN(0|z)dt = Te_e 'PlE >t

t=0 0

t B
O [Ple eds NG sy d,[ Pl < y -l (3.7)

s=0 y=0

+
O 8
Q

On the other hand, it is obviously

TeQ‘P{§l>t}dt=1_%a(6),
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where ¢(0)= E[exp(-6£,)]. Thus, the equation (3.7) can be rewritten in the following

form

N(9|z) =Te_0tP{§1 >t dt

0
=201 0(9) [, N(Oly)d,Pln, <y -7} (3.8)
Therefore, Theorem 1 is proved.

For the arbitrary distributed random variable #,, the equation (3.8) can be solved with
method successive approximations. But such decision is not useful for applications (see
references Maden & Shamilova 2016; Maden 2016; Maden 2017; Nasirova 1984;
Nasirova & Omarova 2007; Nasirova & Sadikova 2009 and etc.). Therefore we shall
solve it, for example, if 77, has the Laplace distribution as follows:

/1/1 e x<0
+
P{7]1<x}= lulu i
1- e , x>0
A+ u

where x>0 and A>0. In this case the equation (3.8) can be write as

N(e|z)=1‘z(‘9) ﬁ() M8 §(01p)

ﬂ _~
ﬂﬂcﬁ( ) —ptb IN(9|y)eﬂydy+l’u¢(9) Az _|.N(¢9|y)e_’1ydy- (3.9)
A+ u A+ u e

1- L(6’|z)

Now, we shall following replacement ﬁ(9|z) = . Thus, we have

L(9|z)=—i¢fi)e_#z ﬁ(/i( )62 191)

Aup(0 Ap
. fi’(u) 3G jL(e|y)ewdy+ if(ﬂ) i jL(e|y)e (3.10)

On the other hand, by considering this integral equation, we can write the following

differential equation on z:

L"(6]z) - (A— p)L' (6]z) — uL—p(0)]L(6]2) = 0, (3.11)
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ks (9)2

L(O]) = ,(0) 'Y 4 ¢,(0)e (3.12)

where k,(9), i=12 the roots of the characteristic equation of the differential equation

(3.11), that is,
k() - (A - 1)k(0) — AufL— p(0)]=0.

From the integral equation (3.10) we find the following boundary conditions:

29(0) . 1p0) -ip) Aug(6) Ay
L(6lo) = 22 s aan L(0B) + e jL(9| e dy,

ooy 00)  Aupl0) —ap 2 ug(0) Ay
L0y = T e AR S jL(e|y) dy.

y=

Whence we have the following system of the linear algebraic non-homogeneous

equations
{m—k1(0>]+[ﬁ—kz(e)]klw)e‘[ﬂ"‘lw’}ﬁ }cl(e)

+ {ﬂ[ﬂ O+ -k O @) 2O } ¢,(0) = Zp(0),
{u[z—kl(e)]—[ﬂ—k2<9)]k1(e)e‘[”‘k1“’”ﬂ }cl(e)

+ {ﬂ[ﬂ Ok Ok @ 2O } () = Aup(6).

After some calculations we get

Ap(0)[A -k, (0)]k, (6)

al6)= Ty 0 (9)]5
-k O b, 0)- [ -k, @ k@) 27

and
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L L AQ)AC) |
-k (OF k@ 221 [ ok ©)

c,(0)=—

Substituting values of ¢,(¢) and c,(6) in (3.12) we find the L(6]z). Applying the total
probability formula, we have

B B
L() = [L(B)dP{X(0) < z} = LOB)P{n, > B~ [L@B)aP{n, >z

z=0

B
= L(0|p) + 2 [ L(6])dz

z=0

Now, we shall find E[r,] and Var[r,]. By the definitions of expected value and
variance and the property of the Laplace transformation, we know that

E[z,]=~L'(0)
and

Varz,]=L"(0)~[L'(0)] .

Therefore, we can write the following expression for the expectation of the random

variable z,
A+u — B 22— - pi® —AB
o= h 1 ) L,
A H (A-n)
LM Gwp, —uﬂ_l}E[ 1
A=l (A—u) ; et

Also we get the following expression for the variance of z,:

/1+,u_(ﬂ,+,u+ Au ﬂ)e"w +{,12_u(/1+,u)+ Aup }e—w

V =
arfzo] {xl—,u A—u A—u (ﬂ,—,u)2 A—u

o n ey i M ) g,
Z,(/l—y)z [ﬂ 21 e ]e /1(2.—,u)2 e }Va [£.]

B C Ry ) Y €75 ) L ) P Y.
{ ) Gnf " u—u)ﬂ
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A 2B ) ap ) ) g ap
i A N

_ M(L—gz) poth - 2 g 2’ il
(A-p) (A-u) 20

| B+ u) | MAu) }e—(l—y)ﬂ_e—/lﬂ ou? -y,
[ (2—p) +(/1—/J)3ﬂ[ ] G

[ ,3(742 _5,2
S [ a j+ 4B | ~-mp  10u*p —oa-pulp
A-w* (a-p)p (2-u)?
[+ 22 qu—pi?
_ _ﬂ(l_e—wj_#e—w
LA H (- u)?
ﬂse—(ﬂ—#)ﬂ Au o~ AuIB

o HP _ 2 2
/1(/1 - y)z (/1 _ /J)Z ( 1):| [E[é:l]]

In this expressions, by limiting as S — o« we get

Elro] =2 L&)
and
Varlz,] = j%z Varl&,] + W [ELE1T.
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