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Abstract

In this paper, we defined the neutrosophic continuous function, neutrosophic open function, neutrosophic
closed function and neutrosophic homeomorphism on neutrosophic topological spaces. Then, we give some
characteristics of these functions; neutrosophic closed function is a neutrosophic continuous function,
neutrosophic open function is a neutrosophic continuous function.

Keywords:  Neutrosophic  set, neutrosophic  topological space, neutrosophic  continuous
function, neutrosophic open function, neutrosophic homeomorphism.

Neutrosophic Siireklilik Uzerine

Oz

Bu c¢alismada, neutrosophic topolojik uzaylarda neutrosophic siirekli fonksiyon, neutrosophic agik
fonksiyon, neutrosophic kapali fonksiyon ve neutrosophic homeomorfizm tanimlandi. Daha sonra, bu
fonksiyonlarin bazi karakteristik 6zellikleri hakkinda bilgi verildi.

Anahtar Kelimeler: Neutrosophic kiime, neutrosophic topolojik uzay, neutrosophic siirekli
fonksiyon, neutrosophic a¢ik fonksiyon, neutrosophic homeomorfizm.

1. Introduction

The concept of neutrosophic sets was first introduced by Smarandache (Smarandache, 2005), as a
generalization of intuitionistic fuzzy sets (Atanassov, 1986) where we have the degree of
membership, the degree of indeterminacy and the degree of non-membership of each element in
X. After the introduction of the neutrosophic sets, neutrosophic set operations have been
investigated. Topology of neutrosophic sets have been studied intensively by researchers, such as
Samarandache (Samarandache, 2002), Lupianez (Lupianez, 2008), (Lupianez, 2009(1)),
(Lupianez, 2009(2)) and (Lupianez, 2010).
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In this study, we define the neutrosophic continuous function and its features neutrosophic closed
function, neutrosophic open function. Finally, we describe the neutrosophic homeomorphism with
an its expository example.

2. Preliminaries

In this section, we give some information about the neutrosophic sets and the neutrosophic
topological spaces (Karatas ve Kuru, 2016). Let A neutrosophic set A on the universe of
discourse X be defined as

A={X 12 (X),04(X), 7a(X)) 1 X € X}
where 1,,0,,7,: X =] 0,1+[ and "0< g, (X)+0,(X)+7,(X) <3". The neutrosophic have the
values on non-standard (or real standard) on interval ]170,1[. Thus, we take into account the
neutrosophic set which takes the values on subsets of [0,1] real interval. Set of all neutrosophic
setsover X isdenoted by N (X), (Smarandache, 2005).

Definition 2.1 Let 7 < N (X), then ¢ is called a neutrosophic topology on X if

1. X and & belong to 7,

2. The union of any number neutrosophic sets in z belongsto z,

3. The intersection of any two neutrosophic sets in = belongsto .

The pair (X, 7) is called a neutrosophic topological space over X . Moreover, the members of ¢
are said to be neutrosophic opensetsin X . If A®er,then AeN (X) is said to be neutrosophic
closed set in X . Set of all neutrosophic closed sets over X is denoted by «(7r), (Karatas ve
Kuru, 2016).

Definition 2.2 Let (X,7) be a neutrosophic topological space over X and Ae N (X).

1. The neutrosophic interior of A, denoted by int(A) is the union of all neutrosophic open
subsets of A.So int(A) is the biggest neutrosophic open set over X containing A,

2. The neutrosophic closure of A, denoted by cl(A) isthe intersection of all neutrosophic closed
super subsets of A. So cl(A) is the smallest neutrosophic closed set over X which containing
A,

3. The neutrosophic boundary of a neutrosophic set A over X is denoted by fr(A) and is
defined as fr(A) = cl(A) ((int(A))°. It must be noted that fr(A) = fr(A°®) (Karatas ve Kuru, 2016).

Theorem 2.1 Let (X,7) be a neutrosophic topological space over X and A,BeN (X).
Then ,we have (Karatas ve Kuru, 2016).

1. int(A)| A,

2. Al c(p),

3. int(A%) = (cl(A))°,
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4. cl(A°%) = (int(A))°,
5. cl(A) =int(A)] fr(A).

Definition 2.3 Let X and Y be two non empty set, f:X —Y be a function, Ae N (X) and
B e N (Y). Then, we have (Salama ve ark., 2014).
1. Image of A under f is defined by
FA) =LY, F () (), (1= T (1-0))(), (A= T (A-v))(¥)) : y €Y}
where

sup u,(x), fH(y) =@,
f(p)(y) = 1%t
0, f(y)=0,

inf o.(x), f7(y)=Q,
(- (1= )Y) =1xi"m
1, f1(y) =0,

inf va(x), f(y)=3,
1-fA-v Iy = {xeflm
1, fi(y)=@.

2. Pre-image B under f isdefined by

FEB) =% f (e )(X), 7 (0)(%), 7 (ve) (X)) 1 x € X3

Theorem 2.2 Let f:X —Y beafunction, A,A €N (X) and B,,B, e N (Y). Then
followings are provided: (Salama ve ark., 2014).

1. 1f Al A, then f(A) | f(A),

2. Al f*(f(A) (If f isan injective function, then equality holds.),

3. If B, | B, then f%(B)| f*(B,),
f(f1(B))| B (If f issurjective function, then equality holds.) (If f is a injective
function, then equality holds).

B
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3. Neutrosophic Continuity

Example 3.1 Let X ={x,,X,, X}, Y ={Y.,¥,,¥s}, Ae N (X) andB e N (Y) such that
A={(x,0.1,0.2,0.3),(x,,0.7,0.6,05),(x,,0.3,0.4,0.7)}
B ={(y,,0.2,0.5,0.7),(y,,0.3,0.8,0.6),(y,,0.1,0.7,0.9)}.

Moreover, let f:X —Y beafunctionsuchthat f(x)=y,, f(x,)=y, and f(x,)=y,. Then,

we have
f(A) ={(y,,0.7,0.4,05),(y,,0.1,0.2,0.3),(y,,0.0,1.0,1.0)}

f 1(B) ={(x,,0.3,0.8,0.6),(x,,0.2,0.5,0.7),(X,,0.2,0.5,0.7)}.

Definition 3.1 Let (X,7) and (Y,o) be two neutrosophic topological spacesand f: X —Y

be a function. If f*(G)er forall Geo,then f is called neutrosophic continuous function
(Salama ve ark., 2014).

Example 3.2 Let X ={x,%}, Y ={y,¥,}, AeN (X), BeN(Y) and f:X >Y bea
function such that

A={(x,,0.4,0.2,02),(x,,0.5,0.4,06)}, B={y,,0.2,0.4,08),(y,,0.5,0.7,0.)}
and

fx) =y, f(x)=y,
Then, r={X,2,A} and o ={Y,D,B} are two neutrosophic topologies over X and overY ,
respectively. Hence, f :(X,7)— (Y,o) isa neutrosophic continuous function.

Theorem 3.1 Let (X,7), (Y,o) and (Z,p) be three neutrosophic topological spaces. If
f:X—>Y and g:Y — Z are two neoutrosophic continuous functions, then gof : X - Z is
a neutrosophic continuous function.

Proof. Let G € p is a neutrosophic continuous so g*(G) e o and g is a neutrosophic continuous
s f‘l(g‘l(G))er and f‘l(g‘l(G)):(gof)fl(G) so(gof)*l(G)er. Then, (gof) is a

neutrosophic continuous function.

Theorem 3.2 Let (X,7) and (Y,o) be two neutrosophic topological spaces. f: X —>Y isa
neutrosophic continuous if and only if f*(F)ex(z) forall F e (o).

Proof. (=): Let Aex(r) . Then we have f*(A)ex(r). Because f is neutrosophic

continuous, f *(A) set is neutrosophic closed set. Thence, f* function is neutrosophic closed.
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(<): Let Aex(r). Thenwe have f"(A)ex(r).f'(A) setis neutrosophic closed set because
of f~' is neutrosophic closed. Thence, f * function is neutrosophic continuous.

Theorem 3.3 Let (X,7) and (Y,o) be two neutrosophic topological spaces and f: X —>Y
be a function. Then, f is a neutrosophic continuous function if and only if f(cl(A))| cl(f(A))
forall AeN (X).

Proof. (=): Let AeN (X) and f be a neutrosophic continuous function.
From Theorem 2.1, we know that
Al cl(A) = f(A)] cI(f(A))

Then, apploying 2 Theorem 2.2 , we have

Al F2(F(A) | F2el(F(A)) and cl(A) | cIl(f(cI(f(A))).
Because f is a neutrosophic continuous function and cl(f(A)) is a neutrosophic closed set,
we know cl(f *(cl(f (A))) = f 1(cl(f(A))).
Hence, f(cI(A)| cl(f(A)).

(<): Let f(l(A)| cl(f(A) for all AeN(X) . Fex(o) is given. Then,
cI(f(f‘l(F)))| cl(F)=F and so f'(F)ex(r). From Theorem 3.2, f is a neutrosophic
continuous function.

Theorem 3.4 Let (X,7) and (Y,o) be two neutrosophic topological spaces, f: X —Y bea
function. Then, f is a neutrosophic continuous function if and only if cI(f *(B))| f (cl(B))
forall Be N (Y).

Proof. (=): Let Be N (Y) and f be a neutrosophic continuous fonction. From Theorem 2.2
and Theorem 2.1, we have f *(B)| f*(cl(B)). Then, cl(f *(B))| cI(f *(cl(B))). Because we
know cl(B) € k(o) by Theorem 3.2, f *(cl(B))e «(z). Thus,

cl(f2(B))| cl(f(cl(B))) = f *(cI(B)).

(<): Let cl(f2(B))| f(cI(B) forall BeN (Y). Fex(o) isgiven. Then,
cd(F2F) | 2 (cl(F)) = £2(F).
From Theorem 3.2, f is a neutrosophic continuous function.

Theorem 3.5 Let (X,7z) and (Y,o) be two neutrosophic topological spaces,
f:(X,7)—>(Y,o) be a bijective function. f is neutrosophic continuous if and only if
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int(f (A) | f(int(A)) forall AeN (X).

Proof. (=): Let, AeN (X) and f be a bijective and neutrosophic continuous function.
f(A)=B is given. From Theorem 2.2 and Theorem 2.1 we know that f ‘(int(B))| f *(B).
Since f is an injective function we know f*(B)=A, so that f *(int(B))| A. Therefore,
int(f *(int(B))) | int(A).  Here, f *(int(B))er  and fL(@int(B)) | int(A)  then,
f(f 2(int(B)) | f(int(A)).Since f isasurjective function we know that f (f (int(B))) = int(B)
. Hence, int(f(A))] f(int(A)).

(<) :Let int(f(A)| f(int(A)) forall AeN (X).Because V eo, f is surjective we know that
V =int(v) =int(f (f *(V)) | (f(int(f v))). V)| int(f (V) then f(V)er by

injective f .Hence, f isa neutrosophic continuous function.

Theorem 3.6 Let (X,7) and (Y,o) be two neutrosophic topological spacesand f: X —Y
be a function. Then, f is a neutrosophic continuous function if and only if
f 1(int(B)) | int(f *(B)) forall BeN (Y).

Proof. (=): Let Be N (Y) and f be a neutrosophic continuous function.
int(B) | B= f(int(B))| f *(B) = int(f *(int(B))| int(f *(B))
Since int(B)ec and f*(int(B))ez. Sothat, int(f *(int(B)))= f *(int(B)) | int(f *(B)).

(<): Let f(int(B))| int(f *(B)) forall BeN(Y) and Ger. Then,
f1G) | int(f *(G)) and f*(G)=int(f }(G)) sothat f*(G)er.Hence f isa
neutrosophic continuous function.

Theorem 3.7 Let (X,7) and (Y,o) be two neutrosophic topological spaces and f: X —>Y
be a bijective function. Then f is a neutrosophic continuous function if and only if
f(fr(A))| fr(f(A)) forall AeN (X).

Proof. (=): Let f isa bijective and neutrosophic continuous functionand Ae N (X).
From Definition 2.2, we know that fr(A) =cl(A) ((int(A))° . Therefore, from Theorem 3.2,
f (int(A)) | int(f(A)) and from Theorem 3.5 we find f (cl(A))| cI(f(A)). Hence,

f (fr(A)) = f (cl(A) ((int(A))°)
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| £ (cl(A)) (f ((int(A)°)
= f(cl(A) [T ((int(A)))°
=fr(f(A))

(<): Let f(fr(A)| fr(f(A) forall AeN (X).
f(cl(A)) = f(A) (fr(A))
= f(A) f((fr(A)
| £(A) fr(f(A))
=cl(f(A)
By Theorem 3.3 we find f isa neutrosophic continuous function.

Theorem 3.8 Let (X,7) and (Y,o) be two neutrosophic topological spaces and f: X —Y
be a bijective function. Then, f is a neutrosophic continuous function if and only if

fr(f 1(B))| f *(fr(B)) forall BeN (Y).

Proof. (=): Let f is a bijective and neutrosophic continuous function and Be N (Y). By
Theorem 3.4 and Theorem 3.6, we know that cl(f *(B))| f *(cI(B)) and
f2(int(B))| int(f *(B)).
f1(fr(B)) = f *(cl(B) (int(B))°)
= £ (cIB) fH((int(B))°)
= f(cI(B)) [ (*(int(B)))°
From Theorem 3.3 and Theorem 3.6 we know cl(f *(B))| f *(cI(B)) and
(int(f 1(B)))° | (f *(int(B)))°; hence, f*(B)| f 1(fr(B)).

(<): Let fr(f *(B))| f*(fr(B)) forall BeN (Y). Then,
fr(f *(B)) f*(B)| f*(fr(B)) f*(B)

Hence,
cl(f*(B) | £ *(fr(B) B)
= £ (cl(B))
From Theorem 3.4, f isa neutrosophic contiuous function.

Definition 3.2 Let (X,7) and (Y,o) be two neutrosophic topological spaces and
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f:(X,7)—>(Y,o) beafunction.
1. If fU)eo forall Uer,then f iscalled aneutrosophic open function.
2. If f(F)ex(o) forall Fex(zr),then f iscalled a neutrosophic closed function.

Example 3.3 Let X ={x,%}, Y ={y,,¥,}, AeN (X), BeN(Y) and f:X >Y bea
function such that

A ={(x,,0.5,0.4,0.3),(x,,0.7,0.8,0.2)},

B ={(y,,0.1,0.7,06),(y,,0.8,0.9,05)},
and

f(x)=y,and f(x;) =y,
Then, ={X,2, A} and o ={Y,D,B} are two neutrosophic topological spaces. Therefore, f
is a neutrosophic open function. But f is not a neutrosophic closed function.

Theorem 3.9 Let (X,7) and (Y,o) be two neutrosophic topological spaces and f: X —Y
be a neutrosophic continuous function. Then, f is a neutrosophic open function if and only if
f(int(A)) o6 int(f(A)) forall Ae N (X).

Proof. (=): Let f:(X,7) > (Y,o) beaneutrosophic continuous functionand Ae N (X)
int(A)6 A
f(int(A)o6 f(A)
int(f (int(A))) 6 int(f(A))
f (int(A)) 6 int(f(A)).

(<): Let f(int(A))o int(f(A)) for all AeN(X) . If GeX neutrosophic subset is a
neutrosophic open function, f(G) is a subset of f(int(G)) . So, f(G) is a neutrosophic open
function.

Theorem 3.10 Let (X,z) and (Y,o) be two neutrosophic topological spacesan f: X —Y be

a bijective function. Then, ' is a neutrosophic continuous function if and only if ™ is a
neutrosophic open function.

Proof. (= ). Let Ueo and f be a neutrosophic continuous function. Then, we have
f(G)=9g(G).Hence, f isaneutrosohic open function.

(<) : Let f* be a neutrosophic open function. Then, we have f*(U)er for allU ec. So,
f ™ is a neutrosophic continuous function.
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Theorem 3.11 Let (X,7) and (Y,o) be two neutrosophic topological spacesan f: X —Y

be a bijective function. Then, f ™ is a neutrosophic continuous function if and only if f* isa
neutrosophic closed function.

Proof. (=): Let Aex(c). Then, f*(A)ex(r) is a neutrosophic continuous function, so

f *(A) is a neutrosophic closed function. From Theorem 3.2, we have f ™ is a neutrosophic
closed function.

(<): LetAe k(o). Then f *(A) ex(r). f isa neutrosophic closed function, so f*(A) isa
neutrosophic closed function. From Theorem 3.2 f is a neutrosophic continuous
function.

Definition 3.3 Let (X,7) and (Y,o) be two neutrosophic topological spacesand f: X —Y
be a function. If following conditions hold, then f is called neutrosophic homeomorphism

1. f isa bijective function,

2. f isaneutrosophic continuous function,

3. f* isa neutrosophic continuous function.

Example 3.5 Let X ={x,x,}, Y ={y;,¥,} and Ae N (X) and BeN (Y) such that
A={(x,,0.5,0.4,0.3),(x,,0.7,0.8,0.2)},
B ={(y,,0.1,0.7,0.6),(y,,0.8,0.9,05)}.

Then, r={X,2,A} and o={Y,2,B} are two neurosophic topology over X and Y ,

respectively. Moreover, let f: X —Y bea functionsuchthat f(x)=y, and f(x,)=Yy,.Itcan
be seen clearly that f is a neutrosophic homeomorphism.

Theorem 3.12 Let (X,7) and (Y,o) be two neutrosophic topological spaces and f: X —>Y

be a bijective function. Then f is a neutrosophic homeomorphism if and only if f is a neutrosophic
continuous and neutrosophic closed function.

Proof. Letfis a neutrosophic homeomorphism. From Definition 3.3 we know f is a neutrosophic
continuous function. Then, from Theorem 3.10 we have f ™ is a neutrosophic closed function. So,

( f‘l)fl = f is a neutrosophic closed function.

References

338



S. Senyurt, G Kaya / On Neutrosophic Continuity

. Atanassov, K., (1986). Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20, 87-96

. Karatas, S. and Kuru, C., (2016). Neutrosophic topology, Neutrosophic Sets and Systems,
13, 90-96

. Lupiafiez, F. G., (2008). On neutrosophic topology, The International Journal of Systems
and Cybernetics, 37(6), 797-800

. Lupiaiiez, F. G., (2009). Interval neutrosophic sets and topology, The International Journal
of Systems and Cybernetics, 38(3-4), 621624,

. Lupianez, F. G., (2009). On various neutrosophic topologies, The International Journal of
Systems and Cybernetics, 38(6), 1009-1013,

. Lupianez, F. G., (2010). On neutrosophic paraconsistent topology, The International
Journal of Systems and Cybernetics, 39(4), 598-601

. Salama, A.A., Smarandache, F. and Valeri, K., (2014). Neutrosophic Closed Set and
Neutrosophic Continuous Functions, Neutrosophic Sets and Systems, 4, 4-8,

. Smarandache, F., (2005). Neutrosophic set - a generalization of the intuitionistic fuzzy set,
International Journal of Pure and Applied Mathematics, 24(3), 287-297

. Smarandache, F., (2002). Neutrosophy and neutrosophic logic, first international
conference on neutrosophy, neutrosophic logic, set, probabilty, and statistics, University
of New Mexico, Gallup, NM 87301. USA

339



