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Abstract: The goal of this article is to examine AW (k) -type curves in Euclidean 3-space
according to a modified orthogonal frame with non-zero curvature. Firstly, the relations
between the curvatures x,z for AW (k) -type curves in the modified orthogonal frame are
given. Also, the harmonic curvatures of AW (k) -type curves according to this frame are

obtained. The results are illustrated in examples. Finally, slant helices are analyzed for the
modified orthogonal frame and some relations are obtained for the curvatures of the curve
to be of AW (1) and AW (2) type in case the curve is a slant helix.

Modifiye Ortogonal Catida AW(K) -Tipinde Egriler

Anahtar Kelimeler
AW (k)-tipinde egriler,
Modifiye ortogonal cati,
Harmonik egrilikler,
Slant helisler

Oz: Bu calismanin amaci 3-boyutlu Oklid uzay1 E®de AW (k) -tipinde egrileri, egrilik ile
modifiye edilmis ortogonal catiya gére analiz etmektir. ilk olarak modifiye ortogonal
catiya gore AW (k) -tipinde egriler igin x, 7 egrilikleri arasindaki bagintilar verilmistir.
Ayrica bu catiya gore AW (K) -tipinde egrilerin harmonik egrilikleri elde edilmistir.
Bulunan sonuglar 6rnekler iizerinde gosterilmistir. Son olarak, slant helisler modifiye
ortogonal catiya gore incelenmis ve egrinin slant helis olmasi durumunda egrinin

egriliklerinin AW (1) ve AW (2) tipinde olmasi i¢in bazi bagmtilar elde edilmistir.

1. INTRODUCTION

Arslan et al. [1] explored the concept of AW (k) -type
submanifolds, and many subsequent studies have
focused on AW (k) -type curves. For example, the
authors in [2, 3] provided detailed characteristics and
curvature criteria for these curves in E". In [4],
AW (k)(k =1,20r 3) -type curves and surfaces were
considered. AW (k) -type curves in Euclidean, Lorentz,

and Galilean spaces have vyielded several intriguing
findings in [5-7]. In Euclidean 3-space, a moving frame
at a particular point on any regular curve is known as a
Frenet frame. The tangent, normal, and binormal vectors

of the curve, which are the curve’s Serret-Frenet vectors,
combine to form the orthonormal Frenet frame of the
curve. With this frame, the curve's curvature and torsion
functions can be determined. In this regard, there are
numerous sources of research on the Frenet frame of the
regular curve [8-10].

A regular curve is defined as having functions (torsion
and curvature) that can be differentiated at every point
on the curve, in accordance with the basic theorem of
regular curves [11]. On the analytical curves, the
curvature function might, nevertheless, be zero at certain
locations. It is evident that the curvature function x
isn’t always differentiable since the principal normal and
binormal vectors of the curves are typically
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discontinuous at the curvature's zero point. In this
instance as well, an analytical curve’s Frenet derivative
equations lead to uncertainty at the point where the
curvature disappears. Various substitute frames have
been constructed to eliminate these uncertain situations
[12, 13]. Many researchers have examined curves and
surfaces using these different frameworks [14-16]. After
considering this issue, Hord [17] and Sasai [18] engaged
in a different frame that is effective on these issues.
Sasai [19] presented an orthogonal frame for unit speed
analytical curves in a straightforward but practical
method. Even though the curvature function x
multiplies each Frenet vector to get these modified
orthogonal frame vectors, they enable the application of
a new formula that corresponds to the Frenet derivative
equations for the aforementioned situation. With its help,
analytical curves with singular points can be explored
efficiently.

Subsequently, Biik¢ili et al. [20] expanded Sasai's [21]
investigation and got the newly modified frame by using
the Frenet vectors and the torsion. The modified
orthogonal frame of a curve in Lorentzian or Euclidean
3-space has been the area of several searches [22-27].

The arrangement of the paper is as follows. The 2
section gives some basic concepts on modified
orthogonal frames with non-zero curvature over the
curves. Curves of type AW(K) are given in the 3" section

using the modified orthogonal frame in E*. In the 4
section, the findings regarding the harmonic curvatures
of the AW (k) curves in the modified orthogonal frames

and their status as general helix, slant helix, and circular
helix are discussed.

2. MATERIAL AND METHOD

Let « be a space curve in Euclidean 3-space according
to the arclenghtS. At each point «(s) on a curve « ,

there are vectors the tangent t, principal normal n, and
binormal b respectively. The Serret-Frenet equations
are given by

t = Kn,
n =—xt+ b,
b =—zn,

where x,z represent the first and second curvature of
the curve, respectively.

Let «:1 > E® bea space curve. We assume that the
curvature ¥ of « is not identically zero. As a result,
the modified orthogonal frame {T,N, B} with the
curvature x of the curve o can be defined. Now we
define the modified orthogonal frame {T,N,B} as
follows:

da dT
= N=—, B=TAN.

T_il
ds ds

The following represents the relationships between the
modified orthogonal frame {T, N, B} and Frenet frame

{t, n, b}at non-zero positions of x

T=t,
N =kn, (1)
B = kb.

The modified orthogonal frame {T, N, B} satisfies the
below relations,

<T,T>=1
<N,N>=< B,B>:K’2,

<N,T>=<B,T>=<B,N>=0, )

where (,) isthe inner product.
Due to these equations, the derivative equations of the
modified orthogonal frame {T, N, B} are given as

T'=N,

) o K
N'=-xT+—N +7B,
K

K!
B'=—rN +—B, ®)
K

det(a , o &)

where, 7= is the torsion of « . The

K
frame denoted by equations (1) and (3) is called a
modified orthogonal frame with curvature [20].

Proposition 2.1 [2] Let » be a Frenet curve of E®
osculating order 3. Then we have

y =t,
7/” =t =«n,
7 =—k’t+x n+xrh,
y Bk t+ (,(” — -k )+ (2/<'z-+ KT,)b,

where, x = x(s),z =z (s) are the curve's curvature and

. rod
torsion of the curve » and y -7

ds

Let y be a Frenet curve of osculating order in E®, then
we have
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N, = «n,
N, =x n+xrh,
N, = (" —k° -k T2)N+ (2K 7+ k7 )b,

where the curve's curvature and torsion are represented
by the values of x = x(s), r =z (s) of the curve y [2].

Definition 2.1 [2] For the Frenet curves,
i) of type weak AW (2) if they satisfy;

N, =< N,,N, > N,
ii) of type weak AW (3) if they satisfy;
N, =< N,,N, > N_,
where,

x N

L x
L N

SN

I
Definition 2.2 [2] Frenet curves are,

i) oftype AW() if they satisfy;

ii) of type AW (2) if they satisfy;
N, 12 N, =(N,,N,ON,,
iii) oftype AW (3) if they satisfy:
NG 12 N, = (N, NN,

Definition 2.3 [28] Let » be a unit speed curve of
osculating order d. The functions

H :1 > E1<j<d-2 defined by

K, (S) 1
H,(s)= Bt Hk ={D,H,, +H, ,x}—,

K, () K
2<j<d-2

are called the harmonic curvatures of y, where vli=y

and  x,(8),x,(S),...,k,_, Frenet curvatures » which
are not necessarily constant.

Definition 2.4 [29] A curve y with x, #0 is called a
slant helix if the principal normal lines of the curve »
make a constant angle in a fixed direction.

Theorem 2.1 [23] Let y: 1 —> E® be a unit speed curve

in E>. Then » is a slant helix determined by the
modified orthogonal frame if and only if

T
3

(K2 + 12)2
is constant.

3. RESULTS

3.1. Curves in the Modified Orthogonal Frame
AW (k) -type curves in the modified orthogonal frame in

E*® are introduced in this section, along with some
results and examples.

Proposition 3.1 Let y» be a curve with arclenght

parameter s and belonging to osculating order 3 in E®
and {T, N, B}be a modified orthogonal frame. We have
y =T,
7 :T}/ = N ,

Y

2 K
y =-xT +—N_+7B ,
Y K ¥ 4

) , K P 2tk ,
y==3kxT +| ——x" -7 [N +| —+7 |B..
' K V4 K Y

We will use some notations for defining AW (k) -type
curves determined by the modified orthogonal frame
like as follow

A =N )

®)

K P 27k , (6)
A =|—-x"-7° I[N +| —+17 |B,.
73 Y Y

K K

Corollary 3.1 7,7 ,7" and ™ are linearly dependent

if and only if An’Arz and A” are linearly dependent.

Definition 3.1 Frenet curves are,
i) of type modified AW (1) if they satisfy;

_o (7)

73 !

ii) of type modified AW (2) if they satisfy;
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IA 1A =(A A YA , ®)
72 73 7372 72

iii) of type modified AW (3) if they satisfy,
14, 1174, = (4,4, )4, .. (9)

Definition 3.2 The unit speed curves of order 3 are

i) of type weak modified AW (2) if they hold;

A, =<4, A >A& (10)

4, =< 4,4 >4, (1)
where,

—~ % A~

A, =2

14, I
Ay2
_ A, <A, A, >4,
”Z;’z_< ;17’2’;{;’1 > ;{;’1 ”

Theorem 3.1 Let » be a curve with arc-length
parameter s and belonging to osculating order 3. If »
is of type modified AW (1), then the curvature equations
are given by

(12)

K 2 2
—-x" -7 =0
K

and

(13)

C
T=—.CcER,(k#0)
K

Proof. We can easily obtain from equation (6) and (7)
Corollary 3.2 Every plane curve of AW (1) type is also

weak AW (2) type.

Theorem 3.2 Let the curve » be a unit speed curve of
order 3. If the curve y is of type modified AW(2) ,
then the curvature relations of the curve is given by

2 ! ! 4 " 3 2 14
2tk " +T Kk Kk +t1xk —tk Kk +7 Kk =0. (14)

Proof If equation (5) and equation(6) are substituted
into equation (8) , then we get equation (14).

Theorem 3.3 Let the curve » be a unit speed curve of

order 3. If the curve y is of type modified AW (3), then
there is a relation between curvatures as follows

2tk +7 k=0 (15)

and

c
T=—, c€ER, (k #0) (16)

K

Proof If equation (4) and equation (6) substitute into
equation (9) we get equations (15) and (16).

Theorem 3.4 Let the curve y be a unit speed curve of
order 3. If the curve y is of type weak modified
AW (2) then the curvature relation is provided by

" 17
K> +=—-1% =0. 4
K
Proof By the below equation
- 1 (18)
A-—8
K
if we equations (6) and (18) substitute into

equation (10), then we have equation (17) .

Theorem 3.5 Let the curve y be a unit speed curve of
order 3. If the curve y is of type weak modified

AW (3) then the curvature equations is given by

217c' + T'K‘ =0. (19)
Proof By the below equation
1 (20)
A =—N,
K

if equations (6) and (20) are substituted into equation
(11), then we have equation (19).

Example 3.1 Let us consider the curve ¢, (s) which is
given by

S s s
¢, (s) = (cos —,sin——,—).
1 27 2 '\2
The curve C, satisfies modified AW (2), AW (3) - type
1 1
curves conditions, for «(s) = 5 and z(s) = 5

Example 3.2 Let us consider the curvec,(s) which is
given by
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. =N B (22)
s,—(2sinh(21In's) —cosh(2In's), K
| ' g (23)
S . — K 1
g(2 cosh(21n s) —sinh(21n s) a,, = <7 — K21+ 3 )Ny
3Hxk —kH B
The curve c,(s) satisfies modified AW (3) type curve + H? v

condition, for x =1 and r =-2, see Figure 1.
where x, 7, H are curvature, torsion, and harmonic

curvature of AW (k) -type curves respectively. Also
k'H—xH'

K
r=—and 7'= 5
H H

Theorem 3.7 If y is a weak harmonic curve of the
modified AW (2) -type, then the equation is provided
by

&, 1 (24)
— -k |1+— |=0.
K H
3.2. Curves with Harmonic Curvatures in the
Modified Orthogonal Frame 1 (25)

Figure 1. The curve of c,.

Theorem 3.6 7", " are linearly dependent if and K

onlyif y is a general helix. if equations (23) and (25) are substituted into

o _ equation (10), then we have equation (24).
Proof If 7,7 and ™ are linearly dependent, then
the following equation is valid: Theorem 3.8 Let the curve » be a unit speed curve of

order 3. The modified AW (1) -type with harmonic

curvature has no general, circular helix.
0 1 0 Proof Let the curve » be a helix. Thus H is constant,
K '
-’ - r =0. H =0. Since » is a modified AW (1) -type with
" ' harmonic curvature we get
, K 2 2 21Kk :
—3kKx — -k -7 +7
", 1
— -k (1+—) N
, K H 0
K K d (s =0,
T T ds 7(s) T B

. H? (26)
— = constantand  is a general helix. In reverse y is 1

4 ~k*(Ll+——5)#0 .

H
K " " .
a general helix, thus — = constant and 7',y , 7™
T

are linearly dependent. Since there are no solutions of the differential equations
We will use some notations for defining AW (k) -type in equation (26), the proof is completed.

curves determined by the modified orthogonal with

harmonic curvatures like the following Theorem 3.9 If the curve » is a weak harmonic curve

of the modified AW (3)-type, then the equation is given
=N @) by
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3H K~k H 27)
i =0.
Proof By the below equation
- (28)

if equations (23) and (28) are substituted into
equation (11), then we get equation (27) .

Theorem 3.10 If the curve y is a harmonic curve of the
modified AW (1) -type, then the equation is provided by

L, 1 3Hx —xH
K H H

Proof From equations (7) and (23), the proof is
obvious.

Theorem 3.11 If the curve y is a harmonic curve of the
modified AW (2) -type, then the equation is given by
3H k2 —xx H
Vg 1
-Hrx +x H1+—)
H

. =0.
KH (29)

Proof If equations (22) and (23)substitute into equation
(8), then we get equation(29).

Corollary 3.3 If the curve y is the general helix of the
modified AW (2) -type with harmonic curvature, then
the equation is given by

, " 1
3k’ -k K +K4(1+—2) =0.
H

Theorem 3.12 If the curve y is a harmonic curve of the
modified AW (3) -type, then the equation is given by

3Hx —x H =0. (30)

Proof If equations (21) and (23) are substituted into
equation (9), then we get equation (30).
Corollary 3.4 Let the curve y be a harmonic curve of

the modified AW (3) -type curve. If » is a general
helix, then » isa circular helix.

Proof As the curve » be a helix, H is constant and
H =0. By equation (30), we have

3Hx =0.Since H=#0,x =0
thus y is a circular helix.

and 7 = constant,

3.3 Slant Helices in the Modified Orthogonal Frame

Corollary 3.5 If the curve » is a slant helix

belonging to the osculating order 3 in E® , then the
curvature equation is provided by

3
T =c(k® +1%)2, Cc€ER. (1)

Theorem 3.13 Let the curve y be a slant helix belonging

to the osculating order 3 in E° . If the curvey is of the
AW (1) -type, then the formula is provided by

3¢ Jx 6 2E 5 1 6 2E
— 29— (x +C¢)? -9 k' (x” +C°)?

4
2¢C |k
K" =
2
C
3
—K —7320
K

Proof From derivated equation (13),

’

' 2cx
T =-—rp
K

is obtained. If we substitute equation (13) into equation
(14), then we get the proof.

Theorem 3.14 Let » be a slant helix belonging to the

osculating order 3 in E3. If y is of the AW(2) - type,
then the equation is provided by

21(;{/)2 +q (K2 +12)3/2 Kk—k't—me" + k" = 0. (32)
Proof Using equation (31) and equation (14) we
obtain equation (32).

Theorem 3.15 Let the curve » be a slant helix

belonging to an osculating order 3 in =i y is of the
AW (3) - type, then the formula is provided by

2e’x’ +¢, (x° + c?)¥? =o.

Proof Since the curve y is a slant helix of AW (3) -
type equations (15), (16) and (31) hold.
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4. DISCUSSION AND CONCLUSION

In 1999, Arslan et al. [2] reduced the notion of a
submanifold of type AW (k) to a curve of type AW (k)

and showed the relations between the first and second
curvatures of such curves with respect to the Frenet
frame.

In this study, we first define AW (k) -type curves

determined by the modified orthogonal frame in 3-
dimensional Euclidean space and obtain some relations
between their curvatures that the curve is AW (k) -type

curves. Then, the first harmonic curvature of this curve
according to the modified orthogonal frame is found and
the condition needed that is both sufficient and necessary
for the curve to be a general helix is given. In addition,
the curve is AW (k) -type curves, the first harmonic

curvature, and some relations between the curvatures are
found and a conclusion is given about the general helix
and circular helix.

Finally, slant helices according to the modified
orthogonal frame are analyzed and some relations are
obtained for the curvatures of the curve to be AW (1) -

type curve and AW (2) -type curve in case the curve is a
slant helix.

This study will shed light on the characterization of
AW (k) -type curves for different frames for researchers
working in this field.

REFERENCES

[1] Arslan K, West A. Product submanifolds with
point-wise 3-planar normal sections. Glasgow
Mathematical Journal. 1995; 37(1):73-81.

[2] Arslan K, Ozgiir C. Curves and surfaces of AW (k)
type. In  Geometry and Topology of
SubmanifoldsIX. 1999; 21-26.

[8] Ozgiir C, Gezgin F. On some curves of AW(K)-
type. Differential Geometry Dynamical Systems.
2005; 7:74.

[4] Kilig B, Arslan K. On curves and surfaces of
AW(k)-type. Journal of the Institute of Science and
Technology of Balikesir University. 2004; 6(1):52-
61.

[5] Kisi I, Oztirk G. Bishop Catisna Gére AW (k)-
Tipinden Egriler. Afyon Kocatepe University
Journal of  Science  and Engineering.
2019; 19(3):620-625.

[6] Kiilahct M, Ogrenmis AO, Ergiit M. New
characterizations of curves in the Galilean
space G3. International Journal of Physical and
Mathematical Sciences. 2010; 1(1).

[71 SunJ, Pei D. Null Cartan Bertrand curves of AW
(k)-type in Minkowski 4-space. Physics Letters A.
2012; 376(33):2230-2233.

[8] Gir S, Senyurt S. Frenet vectors and geodesic
curvatures of spheric indicators of Salkowski curve
in £3. Hadronic Journal. 2010; 33(5):485.

[9] Hacisalihoglu HH. Differential geometry. Ankara
University Faculty of Science Press. Ankara; 2000.

[10] Senyurt S, Caligkan A. Smarandache curves of
Mannheim curve couple according to Frenet frame.
Mathematical Sciences and Applications E-Notes.
2017; 5(1):122-136.

[11] Do Carmo MP. Differential geometry of curves and
surfaces: revised and updated second edition.
Courier Dover Publications; 2016.

[12] Bishop RL. There is more than one way to frame a
curve. The American Mathematical Monthly. 1975;
82(3):246-251.

[13] Yilmaz S, Turgut M. A new version of Bishop
frame and an application to spherical images.
Journal of Mathematical Analysis and Applications.
2010; 371(2):764-776.

[14] Damar E, Yiiksel N, Vanlt AT. The ruled surfaces
according to type-2 Bishop frame in E3. In
International Mathematical Forum 2017; 12(3):133-
143.

[15] Damar E, Yiiksel N, Karacan MK. Ruled surfaces
according to parallel trasport frame in E3 .
Mathematical Combinatorics.2020; 20.

[16] Yiiksel N. The ruled surfaces according to Bishop
frame in Minkowski 3-space. In Abstract and
Applied Analysis.2013; (2013): 810640

[17] Hord RA. Torsion at an inflection point of a space
curve. The American Mathematical Monthly.1972;
79(4):371-374.

[18] Sasai T. The fundamental theorem of analytic space
curves and apparent singularities of Fuchsian
differential equations. Tohoku Mathematical
Journal, Second Series.1984; 36(1):17-24.

[19] Sasai T. Geometry of analytic space curves with
singularities and regular singularities of differential
equations. Funkcial. Ekvac.1987; 30, 283-303.

[20] Biik¢ii B, Karacan MK. On the modified
orthogonal frame with curvature and torsion in 3-
Space. Mathematical Sciences and Applications E-
Notes. 2016; 4(1):184-188.

[21] Biik¢i B, Karacan MK. Spherical curves with
modified orthogonal frame. Journal of New Results
in Science.2016; 5(10):60-68.

[22] Gir S, Bektas M. On the modified orthogonal
frames of the non-unit speed curves in Euclidean
Space E3 . Turkish Journal of Science.2022;
7(2):58-74.

[23] Lone MS, Es H, Karacan MK, Biik¢ii B. On some
curves with modified orthogonal frame in
Euclidean 3-space. Iranian Journal of Science and
Technology, Transactions A: Science.2019;
43:1905-1916.

[24] Uddin S, Stankovi'c MS, Igbal M, Yadav SK,
Aslam M. Slant helices in Minkowski 3-space E3
with Sasai’s modified frame fields. Filomat.2022;
36(1):151-164.

[25] Yiiksel N, Karacan MK, Demirkiran T. Spherical
curves with modified orthogonal frame with
torsion. Turkish Journal of Science.2022; 7(3):177-
184.

[26] Yiiksel N, Ogras N. Canal surfaces with modified
orthogonal frame in Minkowski 3-Space. Acta

39




Tr. J. Nature Sci. Volume 13, Issue 4, Page 33-40, 2024

Universitatis Apulensis Mathematics-
Informatics.2022;70.

[27] Gir Mazlum S, Senyurt S, Bektas, M. Salkowski
curves and their modified orthogonal frames in
E3. Journal of New theory. 2022; 40, 12-26.

[28] Arslan K, Celik Y, Hacisalihoglu HH. On harmonic
curvatures of Frenet curve. Commum. Fac. Sci.
Univ. Ank. Series A1.2000; 49:15-23.

[29] Izumiya S, Takeuchi N. New special curves and
developable  surfaces. Turkish  Journal of
Mathematics.2004; 28(2):153-164.

40




