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ABSTRACT.  In the present paper we have investigated CR-submanifold of a nearly Lorentzian para-Sasakian
manifolds, generalizing sharp inequality namely ||4]|> > 25+ 25|V In f||?, for contact CR-warped products of nearly
Lorentzian para-Sasakian manifolds. It is also proved that the derive inequalities for contact CR-warped products
either in any contact metric manifold. The equality case is also handled.
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1. INTRODUCTION

The notion of warped product manifolds was introduced by Bishop and O’Neill [5]. These manifolds appear in
differential geometric studies in natural way and these are generalization of Riemannian product manifolds and then
it was studied by many geometers in different known spaces [7, 10]. Chen, B.Y has introduced CR-warped product in
Kaehler manifolds and showed many interesting results on the existence of warped product and proved general sharp
inequalities for the second fundamental form in terms of the warping function f [8]. Later on, many articles have
been appeared for the same inequalities in almost Hermitian as well as almost contact metric manifolds [4, 6, 13]. On
the other hand, there is a class of almost paracontact metric manifolds, namely Lorentzian para-Sasakian manifolds.
Matsumoto, K [12], introduced the idea of Lorentzian para-Sasakian manifold. Then Mihai, I et al. [14] introduced the
same notion independently and they obtained several results on this manifolds. Lorentzian para-Sasakian manifolds
have also been studied by Matsumoto, K et al. [7], De, U.C et al., [9], and others. Lorentzian para-Sasakian manifolds
with different connection was studied by several authors in ( [1,2, 15-17]). In [18], the author and et al., studied
semi-invariant submanifolds of a nearly Lorentzian para-Sasakian manifold.

In the present paper we study the warped product contact CR-submanifolds of nearly Lorentzian para-Sasakian
manifolds. In the beginning, we prove some existence and nonexistence results and then obtain a general sharp in-
equality for the second fundamental form in terms of the warping function f and Sasakian and cosymplectic on nearly
Lorentzian para-Sasakian manifolds. The inequality obtained in this paper is more general as it generalizes all inequal-
ities obtained for contact CR-warped products in contact metric manifolds.

Email address: shamsur@rediffmail.com
The author is partially supported by the Maulana Azad National Urdu University, under (No.MANUU/Acad/F.404/2016-17/217)



S. Rahman, Turk. J. Math. Comput. Sci., 7(2017), 40-47 41

2. PRELIMINARIES
Let M be an n dimensional almost contact metric manifold with almost contact metric stucture (¢, £, 17, g) such that
> =1+n0E 1@ =-1, gX.é&) =nX), (2.1

89X, 9Y) = g(X,Y) + n(X)n(Y), g@X.,Y) = g(X, oY) = ¥(X,Y) (2.2)
for vector fields X,Y tangent to M. Then the structure (¢, &, 7, g) is termed as Lorentzian para-contact structure. Also
in a Lorentzian para-contact structure the following relations hold:

o =0, n@X)=0, and rank(p)=n-1.
A Lorentzian para-contact manifold M is called Lorentzian para-Sasakian (LP-Sasakian) manifold if
(Vx9)Y = g(X, ) + (V)X + 2n(X)n(Y)E,
Vxé = ¢X
for all vector fields X, Y tangent to M where V is the Riemannian connection with respect to g. Further, an almost
contact metric manifold M on (¢, &, 7, g) is called nearly Lorentzian para-Sasakian if

(Vx®)Y + (Vy$)X = 28(X, V)E + 4n(X)n(Y)é +n(X)Y + n(V)X. (2.3)
The covariant derivative of the tensor filed ¢ is defined as
(Vx)Y = VoY — ¢VxY. (2.4)

Now, let M be a submanifold immersed in /. The Riemannian metric induced on M is denoted by the same symbol
g. Let TM and T+ M be the Lie algebras of vector fields tangential to M and normal to M respectively and V be the
induced Levi-Civita connection on M, then the Gauss and Weingarten formulas are given by

VxY = VxY + h(X, Y), (2.5)

VxN = —-AxX + VyxN (2.6)
forany X, Y € TM and N € T*M, where V+ is the connection on the normal bundle 7+ M, # is the second fundamental
form and Ay is the Weingarten map associated with N as

gANX,Y) = g(h(X, Y), N).

Let (N1, g1) and (N3, g2) be two Riemannian manifolds and f be a positive differentiable function on N;. The warped
product of Ny and N, is the Riemannian manifold Ny X N, = (N1 XNa, g), where [5]

g=g1+ 8.
A warped product manifold Ny XN is said to be trivial if the warping function f is constant.
We recall the following general result for later use.

Lemma 2.1 ([5]). Let M = N1XyN, be a warped product manifold with the warping function f, then

(i) VxY e I'(TNy) is the lift of VxY on Ny,

(ii) VxZ =VzX = (X1n f)Z,

(iii) V20 = Vy'w — g(Z,w)VIn f
for each X,Y € T(TNy) and Z, w € T(TN>), where Vn f is the gradient of In f and V and V"* denote the Levi-Civita
connections on M and N, respectively.

For a Riemannian manifold M of dimension n and a smooth function f on M, we recall V£, the gradient of f which
is defined by

8(Vf.X) = X(f)
for any X € I'(TM). As a consequence, we have

n

VAP = (ei()? 2.7)

i=1

for an orthonormal frame {ey, ..., ¢,} on M.
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3. Contact CR-WARPED PrRODUCT SUBMANIFOLDS

In this section first we recall the invariant, anti-invariant and contact CR-submanifolds. For submanifolds tangent to
the structure vector field &, there are different classes of submanifolds. We mention the following:

(i) A submanifold M tangent to ¢ is an invariant submanifold if ¢ preserves any tangent space of M, thatis, ¢(T,M) C
T,M, forevery p € M.

(i1) A submanifold M tangent to ¢ is an anti-invariant submanifold if ¢ maps any tangent space of M into the normal
space, that is, ¢(T,M) C T;M, for every p € M.

Let M be a Riemannian manifold isometrically immersed in an almost contact metric manifold M, then for every
p € M there exists a maximal invariant subspace denoted by D, of the tangent space T,M of M. If the dimension of
D, is same for all values of p € M, then D, gives an invariant distribution D on M.

A submanifold M of an almost contact manifold M is said to be a contat CR submanifold if there exists on M a
differentiable distribution D whose orthogonal complementary distribution D+ is anti-invariant, that is;

(i) TM = D& D+ & (¢),

(>ii) D is an invariant distribution, i.e., D C T M,

(iii) D* is an anti-invariant distribution, i.e., pD* C T+ M.

A contact CR-submanifold is anti-invariant if D), = {0} and invariant if D; = {0} respectively, for every p € M. It is
a proper contact CR-submanifold if neither D, = {0} nor D[L, = {0}, for each p € M.

If v is the ¢-invariant subspace of the normal bundle T+ M, then in case of contact CR-submanifold, the normal
bundle 7+ M can be decomposed as

T*M = ¢D* ®v
where v is the ¢ -invariant normal subbundle of T+ M.

In this section, we investigate the warped products M = N, XNy and M = NyXyN, where Ny and N, are invariant
and anti-invariant submanifolds of a nearly Lorentzian para-Sasakian manifold M, respectively. First we discuss the
warped products M = N, XyNr , here two possible cases arise:

(1) £ is tangent to N7 ,

(ii) £ is tangent to N,

‘We start with the case (i).

Theorem 3.1. Let M be a nearly Lorentzian para-Sasakian manifold M. Then there do not exist warped product sub-
manifold M = N, X ¢Nt such that Nt is an invariant submanifold tangent to & and N is an anti invariant submanifold,
unless M is nearly Sasakian .

Proof. Consider & € I'(T'Nr) and Z € I'(T'N,), then by the structure equation of nearly Lorentzian para-Sasakian
manifold, we have (Vz¢)¢ + (Ve¢)Z = —Z. Using (2.4), we obtain —¢Vz¢ + Ve¢Z — ¢V:Z = —Z. Then from Lemma
2.1 (i1) and (2.5), we derive

V§¢Z —20h(Z,&) = -Z. 3.D
Taking the inner product with ¢Z in (3.1) and then using (2.2) and the fact that & € I'(T Nr), we get ||Z||* = 0 and hence
we conclude that M is invariant, which proves the theorem. m]

Now, we will discuss the other case, when &£ is tangent to N, .

Theorem 3.2. Let M be a nearly Lorentzian para-Sasakian manifold. Then there do not exist warped product subman-
ifolds M = N, XyNr such that N is an anti-invariant submanifold tangent to £ and Nt is an invariant submanifold of
M, unless M is nearly cosympletic.

Proof. Consider & € I'(TN7) and X € T(TN,), then we have (Vx@)& + (?;d))X = —X . Using (2.4), we get
— ¢Vxé + VepX — VX = —X. (3.2)

Taking the inner product with X in (3.2) and using (2.2), (2.5), Lemma 2.1 (ii) and the fact that £ is tangent to N,
we obtain ||X||> = 0. Thus, we conclude that M is anti-invariant submanifold of a nearly Lorentzian para-Sasakian
manifold M otherwise M is nearly cosympletic. This completes the proof. O

Now, we will discuss the warped product M = NyX N, such that the structure vector field £ is tangent to N .



S. Rahman, Turk. J. Math. Comput. Sci., 7(2017), 40-47 43

Theorem 3.3. Let M be a nearly Lorentzian para-Sasakian manifold. Then there do not exist warped product subman-
ifolds M = NyxyN, such that N, is an anti-invariant submanifold tangent to & and Ny is an invariant submanifold of
M.

Proof. If we consider X € I'(TNy) and the structure vector field & is tangent to N, then by (2.3), we have (Vx$)¢ +
(Ve)X = —X. Using (2.4), we obtain VX — ¢Vxé — ¢VX = —X. Then by (2.5) and Lemma 2.1 (ii), we derive

(@X1n f)é = 20h(X, &) + h(¢X, &) = -X. (3.3)
Hence, the result is obtained by taking the inner product with £ in (3.3). O

If we consider the structure vector field ¢ tangent to Ny for the warped product M = NyXyN,, then we prove the
following result for later use.

Lemma 3.4. Let M = Nrx;N, be a contact CR-warped product submanifold of a nearly Lorentzian para-Sasakian
M such that Ny and N, are invariant and antiinvariant submanifolds of M , respectively. Then, we have

(i) &(n f) = 0,

(ii) g(h(X, V), 6Z) = 0,

(iii) g(h(X, w), $Z) = g(W(X, Z), pw) = =3 {n(X)g(Z, w) = ($X In [)g(Z, W)},

(iv) 38(h(&, 2), pw) = g(Z, )
forevery X, Y e I'(TNy)and Z,w € T(TN,).

Proof. If ¢ is tangent to Nr, then for any Z € [(TN,), we have (V¢¢)Z + (Vz¢)é = —Z . Then from (2.4), (2.5) and
Lemma 2.1 (ii), we obtain

2(¢1n f)PZ + 20(Z, &) — ?§¢Z =Z. (3.4
Taking the inner product with ¢Z in (3.4) and using (2.2), we derive
2 NHIZIP - g(Ve¢pZ. ¢Z) = 0. (3.5

On the other hand, by the property of Riemannian connection, we have £g(¢Z, ¢pZ) = 2g(Vf¢Z, ¢Z). By (2.2) and
the property of Riemannian connection, we get
8(V:Z.Z) = g(V e Z, ¢ 7).
Using this fact in (3.5) and then from (2.5) and Lemma 2.1 (ii), we deduce that (¢1In f)||Z||> = O for any Z € T(TN,),
which gives (i). For the other parts of the lemma, we have (Vxp)Z + (V)X = n(X)Z, for any X € I'(TNr) and
Z eI'(TN,) . Using (2.4), (2.5) and (2.6), we derive
N(X)Z = —AgzX + VydZ = 2(X In )¢Z + (¢X In /)Z + h(¢pX, Z) — 2¢h(X, Z). 3.6)

Thus, the second part can be obtained by taking the inner product in (3.6) with Y, for any Y € I'(T N7). Again, taking
the inner product in (3.6) with w for any w € I'(TN,), we get

N(X)g(Z, w) = —g(h(X, w), $Z) + (X In f)¢(Z, w) — 28(h(X, Z), pw). (3.7
By polarization identity, we get
NX)g(Z, w) = —g(h(X,Z), ¢pw) + (X In )g(Z, w) — 28(h(X, w), $Z). (3.8)
Then from (3.7) and (3.8), we obtain
8(h(X, 2), pw) = g(h(X, w), $Z) (3.9)
which is the first equality of (iii). Using (3.9) either in (3.7) or in (3.8), we get the second equality of (iii). Now, for the
last part, replacing X by & in the third part of this lemma. This proves the lemma completely. O

Now, we have the following characterization theorem.

Theorem 3.5. Let M be a contact CR-submanifold of a nearly Lorentzian para-Sasakian manifold M with integrable
invariant and anti-invariant distribution D ® {¢) and D*. Then M is locally a contact CR-warped product if and only
if the shape operator of M satisfies

AguX = %{(¢Xﬂ)w -n(Xw} VX (D& (), wel(DY) (3.10)

Sfor some smooth function u on M satisfying V(i) = 0 for every V € I(D*).
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Proof. Direct part follows from the Lemma 3.4 (iii). For the converse, suppose that M is contact CR-submanifold
satisfying (3.10), then we have g(h(X, Y), pw) = g(A4,X,Y) = 0 for any X, Y € I'(D & (¢)) and w € I'(D"). Using (2.2)
and (2.5), we get g(?xY, Pw) = —g(qWXY, w) = 0. Then from (2.4), we obtain

(Vxp)Y, w) = g(VxpY, w). (3.11)
Similarly, we have

8(Vy®)X, w) = g(VypX, w). (3.12)
Then from (3.11) and (3.12), we derive

8(Vx®)Y + (Vyp)X, w) = g(VxgY + Vy¢X, w).
Using (2.3) and the fact that £ is tangent to N7 , then by orthogonality of two distributions, we obtain
g(VxpY + VydX, w) = 0.

This means that Vy@Y + Vy¢X € T(D @ (£)), for any X, Y € ['(D @ (¢£)), that is D @ (¢) is integrable and its leaves are
totally geodesic in M. So far as the anti-invariant distribution D* is concerned, it is integrable on M (cf. [3]). Morevoer,
forany X e (D & &) and Z, w € T(D*) , we have

8(Vzw, X) = g(Vzw, X) = g(¢Vzw, ¢X) — n(Vzw)n(X)

= 8(Vzpw, pX) = g(Vzp)w, $X) = —g(AguZ, $X) — &(Vz)w, $X).
The second term in the right hand side of the above equation vanishes in view (2.3) and the fact that ¢ tangential to Ny
and the first term will be
—8(AguZ, ¢X) = —8(W(Z, $X), pw) = —g(Apu9X, Z).
Making use of (2.1), (3.7) and Lemma 3.4 (i), the above equation takes the form

1
8(Vzw, X) = —g(AguZ, ¢X) = 3 Xug(w. 2). (3.13)

Now, by Gauss formula
§(h (Z,w), X) = g(Vzw,X)

where 1" denotes the second fundamental form of the immersion of N, into M. On using (3.13), the last equation gives
, 1
§H (Zw).X) = S Xug(w. 2). (3.14)

The above relation shows that the leaves of D+ are totally umbilical in M with mean curvature vector Vu. Moreover,
the condition Vu = 0, for any V € I'(D*) implies that the leaves of D* are extrinsic spheres in M, that is the integral
manifold N, of D* is umbilical and its mean curvature vector field is non zero and parallel along N,. Hence, by a
result of [11] M is locally a warped product M = NyXyN, , where Ny and N, denote the integral manifolds of the
distributions D @ (¢) and D*, respectively and f is the warping function. Thus, the theorem is proved completely. O

4. INeqQuaLITY FOR CoNTACT CR-WARPED PRODUCTS

In the following section we obtain a general sharp inequality for the length of second fundamental form of warped
product submanifold. We prove the following main result of this section.

Theorem 4.1. Let M = NyXsN, be a contact CR-warped product submanifold of a nearly Lorentzian para-Sasakian
manifold M such that Ny is an invariant submanifold tangent to ¢ and N, an anti-invariant submanifold of M. Then,
we have

(i) The second fundamental form of M satisfies the inequality

2
|l > 5° +25||VIn £ 4.1

where s is the dimension of N, and V In f is the gradient of In f.
(ii) If the equality sign of (4.1) holds identically, then Nt is a totally geodesic submanifold and N, is a totally
umbilical submanifold of M . Moreover, M is a minimal submanifold in M.
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Proof. Let M be a (2n + 1)-dimensional nearly Lorentzian para-Sasakian manifold and M = NrX N, be an m-
dimensional contact CR-warped product submanifolds of M. Let us consider dimNy = 2p + 1 and dimN, = s, then
m=2p+1+s. Let{e...,e,;de; = €pit,....,pep = €ap,€2p01 = &) and {eps1)+15 ..., €m) be the local orthonormal
frames on Ny and N, respectively. Then the orthonormal frames in the normal bundle T+*M of ¢D* and v are
{Pepsi)r1s s Pep) and {€1g41, ..., €2441}, TEspectively. Then the length of second fundamental form h is defined as

2n+l m

[N Zg(h(e,,e,> e’

r=m+11i,j=

For the assumed frames, the above equation can be written as

m+s m 2n+1 m
hE =" > ghtenepe+ > > glhieiep,en)’. 4.2)
r=m+11i,j=1 r=m+s+11i,j=1

The first term in the right hand side of the above equality is the ¢D*+-component and the second term is v-component.
If we equate only the ¢D*-component, then we have

m+s m

=Y Zg(h(e,,e,> e)?.

r=m+11i,j=1

For the given frame of pD*, the above equation will be
P> Y > glierep), ge)’.
k=Qp+1)+1i,j=1

Let us decompose the above equation in terms of the components of A(D, D), h(D, D*) and h(D*, D*), then we have

m 2p+1 m 2p+1 m
P> > > glhtenep.ge? +2 >0 > > glhlene)), per) (4.3)
k=2p+2 i,j=1 k=2p+2 i=1 j=2p+2

4 Zml Zm: g(h(ei, e;}), per)’.

k=2p+2 i,j=2p+2
By Lemma 3.4 (ii), the first term of the right hand side of (4.3) is identically zero and we shall compute the next term

and will left the last term
m  2p+l m

AP =2 % >0 > glher e, pen)’.

k=2p+2 i=1 j=2p+2
As j,k =2p+2,....,mthen the above equation can be written for one summation as

2[)+1 m

AP =2 > glhteie)) de)’.

i=1 jk=2p+2

Making use of Lemma 3.4 (iii), the above inequality will be

2p+1 m
1
P22 > (el f = nte) gle 0.
i=1 jk=2p+2
The above expression can be written as
2p+1 m 2[7+1 m
AP > % Z D (geiln fglej e + Z D (enYeles, e 44)
i=1 jk=2p+2 i=1 jk=2p+2
4 2p+1 m

_-Z D (geiln Putengte), e’

i=1 jk=2p+2
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The last term of (4.4) is identically zero for the given frames. Thus, the above relation gives

2 2p+1 m 2
WP =5 >, D) @elnfise e + 5. 4.5)
i=1 jk=2p+2
On the other hand, from (2.7), we have
P P
IVIn £ = > (esIn )% + D (geiln )7 + (£ In f)°. 4.6)
i=1 i=1

Now, the equation (4.5) can be modified as

m

2 & 2
P25 >, D) @einfigleje0’ +5s

i=1 jk=2p+2

12 Y EmPleleet -2 D Elnfiele; e’
Jk=2p+1 Jk=2p+2
or

2 m m
WP 2 5s=2 > Enflglepef +2 Y, EInfrglej.e)’

Jjk=2p+2 Jik=2p+2

20 )4 m
+5 0, 2, @alnfYglepa).  (since ¢€lnf=0)
i=1 jk=2p+2
Therefore, using Lemma 3.4 (i) and (4.6), we arrive at

2
Al > 55+ 25|V 1n f]1?

which is the inequality (4.1). Let 4* be the second fundamental form of N, in M, then from (3.14), we have
hW(Z,w)=gZ w)VInf .7

for any Z, W € I'(D*). Now, assume that the equality case of (4.1) holds identically. Then from (4.2), (4.3) and (4.4),
we obtain
h(D,D)=0, WD*,D")=0, hD,D")cC¢D". 4.8)
Since Ny is a totally geodesic submanifold in M (by Lemma 2.1 (i)), using this fact with the first condition in (4.8)
implies that Ny is totally geodesic in M . On the other hand, by direct calculations same as in the proof of Theorem
3.5, we deduce that NV, is totally umbilical in M. Therefore, the second condition of (4.8) with (4.7) implies that N,
is totally umbilical in M. Moreover, all three conditions of (4.8) imply that M is minimal submanifold of M. This
completes the proof of the theorem. O
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