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Abstract: A generalization of weighted, multiplier, controlled franame and Bessel sequences to contin-
uousg-frames and continuoug-Bessel sequences in Hilbert spaces is presented in tidg. sMoreover,
we find a dual of a continuoug-frame in the case that the multiplier operator is inveetibFinally, it is
demonstrated that a controlled continugesame is equivalent to a continuogsrame.
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1. Introduction

Frames for Hilbert space were formally defined by Duffin ande@dfer [11] in 1952 for studying
some problems in non-harmonic Fourier series. Wenchand23limtroduced a generalization of
frames and showed that this includes more other cases ofajigations of the frame concept and
proved that many basic properties can be derived withinrttase general context. Continuous
frames were proposed by G. Kaiser [15] and independently IpyMitoine and Gazeau [2] to a
family indexed by some locally compact space endowed with@oR measure. Gabardo and Han
in [13] denotes these frames as frames associated with naddsspaces.

Weighted and controlled frames have been introduced rgderimprove the numerical efficiency
of iterative algorithms for inverting the frame operator avstract Hilbert spaces [4]. However,
they have been used earlier in [6] for spherical wavelethoGeultipliers [10, 12], Gabor filters
[16] and some other applications of frames led Peter Batairgioduce Bessel and frame multi-
pliers for abstract Hilbert space$i and.77. These operators are defined by a fixed multiplication
pattern (the symbol) which is inserted between the anabsissynthesis operators. A. Rahimi
and A. Fereydooni [20] defined the concept of controtiefdlames and they showed that any con-
trolled g-frame is equivalent g-frame. P. Balazs, D. Bayer and A. Rahimi [5] defined contirauo
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Bessel and continuous frame multipliers as generalizatidrdiscrete Bessel and frame multipli-
ers. They further developed their theory and proved a numbstatements on the compactness
of multipliers as well as on mapping properties with respe@chatten classes.

A generalization of the concept of controlled from frame &ws$sel sequences, which is proved
in[4, 5, 18, 19, 20], to continuougframes and continuougBessel sequences in Hilbert spaces
is presented in this study. In this paper we extend the casadpveighted and multiplier from
continuous frames to continuogsBessel sequences and continugefsames. It is shown that
the dual of a continuoug-frame in the case that the continuausultiplier operator is invertible,

is {mM(w)0,M 1} ,eq (see Theorem 1). Moreover, in Theorem 2, we show that a dtedro
continuousg-frame is equivalent to a continuogsframe. Finally, we define the multiplier for
C?-controlledg-frames in Hilbert spaces.

2. Preliminaries

In the following, we briefly recall some definitions and bagioperties of continuoug-frames
in Hilbert spaces. We first give some notations which are egdater. Throughout this paper,
(Q, ) is a measure space’ and.z” are two Hilbert spaces anl#;,}weq IS @ sequence of
closed Hilbert subspaces of". For eachw € Q, # (7, .%,,) is the collection of all bounded
linear operators fron¥?” to #;,. We also write

B Ho = {9 =100} 100 € Ao and [ gol?du() < o).

weQ
A bounded operator : s# — ¢ is called positive (respectively non-negative)(Tff, f) > 0
for all f # 0 (respectively(T f, f) > 0 for all f € 7). Let¥.Z (%) be the set of all bounded
operators with a bounded inverse #id’ " (#) be the set of positive operators$h?’ (7).

Definition 1. We call a sequenc@\,, € B(.7, %) : w € Q} a continuousy-frame for.7# with
respect to{ # fweq, if

1. for eachf € .77, {Awf }weq IS strongly measurable,
2. there are two constants<0A < B < « such that,

AIIfHZS/QII/\waZdu(w)SBIIfHZ, (f € 2). @)

We call A andB the lower and upper continuogsframe bounds, respectively. If only the right-
hand inequality of (1) is satisfied, we cél\,} wcq the continuoug-Bessel sequence fo#” with
respect to{ 7, } weq With continuousg-Bessel boun®. If A=B = A, we call{Ay}weco the A-
tight continuougy-frame. Moreover, it =1, {A\y}weq is called the parseval continuogdrame.
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For any{fu}wea, {0wtwea € Buea Fw. if the inner product is defined by

<fag> = /Q<f(/.)agw>dl‘l(w)’
and the norm is defined by
1
11 = ICF, )2,
then® ,cq #w is a Hilbert space.

We define the synthesis operator for a continugigessel sequencg\y }weq as follows:

(M fwtwea,9) = /g)(fwa/\wgm“(w)v <{ fwlwea € @ Ko, € H) .
weQ
OperatorTy is well-defined and bounded, therefore, operdjpdefined for map
weQ

is the adjoint ofTy and is called the analysis operator. The bounded lineaatwe, defined by
SUH—H (&g = [ (LA ().
is called the continuoug-frame operator of Ay }weq-

Remark 2.1. A continuous frame is equivalent to a continu@ifame, wheneverz,, = C, for
all we Q.

Definition 2. Let {Ay}weq and{l»}weq be two continuous g-frames for”” with respect to
{#u}weq such that

(1.9 = [ (F.FiAag)du(w) @

Then,{T w}weq is called an alternate dual continuous g-framémf,} ,cq.

Definition 3. Let{\; € B(J¢,%;) : j € J} and{O; € B(s¢,.%]) : j € J} beg-Bessel sequences.
If for m= {m; };c; € 1®, the operator

Mm’/\’@ I — jf, (3)
Mm’/\’@(f) = ij/\]f@jf, (4)
IE
is well-defined, theMm A o is called theg-multiplier of A,© andm.

Definition 4. LetC,C' € 9.2 (). The family {A;};c; is called a(C,C’)-controlledg-frame
for 2 with respect to{ 7] } jcs, if {A\j}jcs is ag-Bessel sequence and there exist constant)
andB < o such that

Al f|? < Z<Aw0f,/\wc’f> <B|f]? (f e ). (5)
Je
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AandB will be called(C,C’)-controlledg-frame bounds. I€' =1 (or,C' =C), we call{A;}jc,
aC-controlledg-frame (respectivelyC2-controlledg-frame ) for.s# with boundsA andB. If the
second part of the above inequality holds, it will be call€dC’)-controlledg-Bessel sequence
with boundB.

3. Main results

In this section we define the concept of weighted continupframes and we extend the concept
of multiplier from continuous frame to continuogsBessel sequences and continugefsames
and show some of their properties.

Definition 5. Let (Q, ) be a measure space with positive meagur@ndm: Q — R*. The
g-sequencd Ay }wegq for 2 with respect to{ 74, } weq is called a weighted continuogsframe
with respect tqQ, u) andm, if

1. for eachf € 77, {Aw f }weq is strongly measurable amde L*(Q,R™),
2. there are two constants<0A < B < o such that,

Allf]? < /Qm(w)llAwfllzdu(w) <B|f|?, (feu). (6)
{Aw}weq is called weighted continuougBessel if the second part of inequality (iB) holds.

Note that we calfAy,}weq @ weighted continuoug-frame if theg-sequence \/m(w)Ay, } weq IS
a continuoug-frame.

Definition 3 motivated us to define the continuamultiplier as follows.
Proposition 1. If {A,}weco and{O}weq are continuoug-Bessel sequences fet” with respect
to {#»}weq With boundsBa andBg respectively. Lem e L*(Q,C), then the operatol :=

Mmpoe : # — 2 weakly defined byM(f),9) = [o m(w)(f,O0;,Aw0)du(w), is well-defined
and(MmJ\@)* = Mm@’/\.

Proof. First we show thaM is well-defined. For this, suppose thiag € .77, therefore,

[ m@)(1, 040 du(@)| < [l [ [(©uf.Aug)ldu(e)
Q Q

1
2

< Il ([ 100 F12dn(00)* ( [ A0 Pdp(w))
< lmlle/Boll 1B
— Il y/BoBll .
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We next claim thatMma 0)* = Mmen, let f,ge 2. Then
(1.Mir00) = (Mmnof.0) = [ m(@)(f,O,Aug)du(w)

= [ m(@)(n,@uf.gdu(w)

~ [ m(@)(g.A,00)du(w)
= (Mmoo, )
= (f,Mme Q).

Hence, we hav’ \ o = Mmo . u

Proposition 1 extends the concepinultiplier and we called it "the continuowgsmultiplier”.

Lemma 1. If {Oy}weq is a continuougy-Bessel sequence with bounBg andm € L*(Q,C),
then{m(w)O,} weq is a continuoug-Bessel sequence with bouBg||m||2.

Proof. For anyf € o7, we have

[ Im(@)enfdu(@w) < i3 | |0uf|Pdu(e) < Bollmi3| {2

Note that, ifme L*(Q,R™) by definition 5,{1/m(w)®,,}wcq can be called a weighted continu-
ousg-Bessel sequence. Now we find a dual of a continugframe in the case that the continuous
g-multiplier operator is invertible.

Theorem 1. Let M = Mpna o be invertible and{/A,}wcq be a continuougy-frame andm e
L*(Q,C). Then,{m(w)OuM 1} ,eq is a dual for the continuoug-frame {Ag} wea -

Proof. By replacingf with M~1f in

/m )(f,06Awg)du(w),

we have
/Q m(w) (M, 0},Au0)dH(w)
_ /Q (f,m(w) (M~ @)\ 00 du (w)
A

(f,m(w) (0,M 1) Aug)du(w).
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Controlled frames have been introduced recently to imptbeenumerical efficiency of iterative
algorithms for inverting the frame operator. In the follogj the concepts of controlled frames
and controlled Bessel sequences are extended to contoalgthuousg-frames and controlled
continuousg-Bessel frames and we show that controlled continupfremes are equivalent to
continuousg-frames. Moreover, we define a controllgdrame’s multiplier forC2-controlled
g-frames in Hilbert spaces.

Definition 6. LetC,C' € 4. (). The family{/A,}weq Will be called a(C,C’)-controlled con-
tinuousg-frame for.7#” with respect to{. 7, } weq, if {Aw}weq is a continuoug-Bessel sequence
and there exist constards> 0 andB < o such that

AIFI? < [ (AaCHAGC T)du(w) < B, (f ). ™
Q

A andB are called(C,C’)-controlled continuoug-frame bounds. I€' =1 (or,C’' =C), we call
{Aw}wea aC-controlled continuous-frame (respectivelyC2-controlled continuoug-frame) for
2 with boundsA andB. If the second part of the above inequality holds, it will ladled (C,C')-
controlled continuoug-Bessel sequence with bouid

Lemma 2. LetC € 4.2+ (#). The continuoug-Bessel sequencf\y} weq is aC2-controlled
continuousg-Bessel sequence (@?-controlled continuoug)-frame) if and only if there exist
constant® > 0 andB < o such that

[ IAGCtdu(w) < B 12 (te)
(AIF12< [ 1AuCt1Zdu(e) <] 1] (tear)).
Proof. The proof is straightforward from the definition. [

Theorem 2. LetC € .+ (). The family {Ay}weq is @ continuougy-frame if and only if
{Aw}weq is aC?-controlled continuoug-frame.

Proof. Suppose thaf/Ay} weq is aC2-controlled continuoug-frame with boundsA, B. Then for
all f € 7,
A7 < /Q INC f[[?dp(w) < B f||%.

Therefore,
Alf| = AICC 1|2 < AICIZIC 112 < [CIF | [[AuCC 1 Fdu(w)
Q
—CI [ Aot Pdu(e).

Hence
AICH 2112 < [ 17w f [Pdu(@).
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On the other hand, for everye 7
[ 1AafPdu(@) = [ Inucef|Pdu(ew) < Bjc 2 1|

These inequalities yield thafA,},eo is a continuousg-frame with boundsA||C~1||~2 and
B||C~1||°. For the converse, assume tHat,},cq iS a continuousy-frame with boundsy,B'.
Then, for allf € .7
AR [ o Pdu(e) < B2,
Hence, forf € 77
/QH/\waHZdu(w) <B[ICf|> <B'[C[] f*.

Similarly, we have
A|f||? = AllCCH |2 < ACHZICT]? < IIClez/ INC fl*du().
Q
Therefore { Ay} weq is aC?-controlledg-frame with boundgV||[C~1||=2,B'||C||2. n

We conclude this section with the following lemma, that skdat the concept of ay*multiplier”
can be defined for twé2-controlled andC’2-controlled continuoug-Bessel sequences and we call
it "the (C,C’)-controlled continuoug-multiplier operator”.

Lemma 3. LetC,C' € 4.2+ () and{\y } weo and{Oy, } »cq beC?-controlled andC’?-controlled
continuousg-Bessel sequences faf’, respectively, andh € L*(Q,C). The operator

Mm,C,/\,O,C’ I — %’

defined by
(Mmcnoc (f /m )(f,C'OLACHAH(w),

is a well-defined bounded operator.

Proof. Assume tha{/A}wea and{0O,},co areC2-controlled andC’?-controlled continuoug-
Bessel sequences faf’, with boundsBx, Be, respectively. Then, we have

IMmcaec ()l = usﬁjp [{(Mmcaec (). 9l
g/=1

= sup || [ m(w)(f,C'O;A,Cadu(w)|
lol=1 /@

< sup [ Im@)|(f.COACY 0k (e
g:

} 1

< sup [l InuCol’du(@)) 2 ( ’
g:

< [[mllwv/BaBo| |-

)2( [ I10uC” fI7du(w))
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This shows thaMmc A o is well-defined and

[Mmcaec | < [[mlle\/BABe.

4. Conclusions

In this article, the concept of weighted continuaisframes is defined and the concept of multi-
pliers from continuous frames to continuogBessel sequences and continugesames is ex-
tended. Controlled frames and controlled Bessel sequemmeesxtended to controlled continuous
g-frames and controlled continuogsBessel sequences. At the end of this paper, the concept of a
" g-multiplier” for C2-controlled andC’?-controlled continuoug-Bessel sequences is defined.
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