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Abstract 

Traffic congestion is becoming more prevalent as the number of vehicles on the roads continues to 

rise.To shorten travel times and enhance driver comfort, a range of Advanced Driver Assistance Systems 

(ADAS) has been developed to assist drivers in urban areas and on highways. The demand for increasing 

road capacity has introduced the concept of vehicle platooning, where the use of the Adaptive Cruise Con-

trol (ACC) system is a key function within the advanced driver assistance (ADAS) technology, this tech-

nology manages the vehicle's longitudinal control in specific driving conditions. Cars equipped with ACC 

can efficiently maintain a set distance from the vehicle ahead, easing the driver’s workload while offering 

advantages such as improved road capacity, lower fuel consumption, and reduced pollution emissions. 

However, they can be susceptible to string instability, resulting in the amplification of oscillations caused 

by speed variations along the platoon's rear. This paper presents a string stability analysis of car platoons 

equipped with ACC system based on a heuristic method by choosing of the constant time headway policy 

(CTHP). The constant time headway policy selection for string stability is based on the Nyquist diagram 

of the transfer function of the spacing errors between two cars. A platoon operated by using distance-based 

ACC control structures is implemented. These structures employ a linear quadratic regulator (LQR) using 

a dual integrator. The simula-tion results were acquired by modeling and simulating the studied platoon 

within Matlab/Simulink.  
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1. Introduction 

A prominent issue in today's society is the escalating number 

of vehicles leading to congested roads and heightened environ-

mental pollution. Numerous solutions are being researched and 

developed worldwide to address these challenges faced by hu-

manity. One solution that can be used is the Intelligent Transport 

System (ITS) [1]. Automated Vehicle Control System (AVCS) 

plays a pivotal role in autonomous vehicles and is a fundamental 

component of Intelligent Vehicle Systems [2], [3]. All cars 

equipped with ACC system into a platoon are close to each other, 

can also be seen as an AVCS designed to increase the capacity 

of roads, even in the presence of uncertainties in the system and 

the environment over extended periods [4]. This involves in uti-

lizing multi sensors, a micro-controller, and suitable software to 

process sensor data and generate the necessary system output to 

follow the car in front in a safe manner [5]. The ACC systems 

have evolved into advanced features within the automobile in-

dustry [6]. ACC systems have been applied since the mid of the 

twentieth century in many companies such as Chrysler, Audi, 

BMW, etc. 

Car platooning is a highly effective approach that not only 

boosts traffic throughput but also lowers fuel consumption sig-

nificantly [7], [8]. When establishing a car platoon, there are two 

primary properties to aim for: internal stability and string stabil-

ity. Internal stability refers to the stability of each individual car, 

describing its ability to converge to the desired trajectories [9]. 

String stability is mentioned in [10], [11], [12], consistently em-

phasizes that disturbances must not amplify as they propagate 

along the string, i.e during acceleration, deceleration, or any 

other disturbances affecting the cars ahead, distance errors are 

not amplified as they propagate along the line. This reduces traf-

fic congestion and increases the benefits of platooning [13], [14], 

this is essential for car platoons. 

It is well-known that the spacing policy, which defines the 

distance between two consecutive cars, may affect a platoon's 

ability to attenuate disturbances and achieve string stability. 
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Two significant classes of spacing policies exist: the constant 

spacing policy [15], [16] and the constant time headway spacing 

Policy [6], [17], [18]. In the constant spacing policy, the desired 

inter-car distance remains constant. In contrast, the constant 

time headway spacing policy uses a linear function of velocity, 

with a proportional gain called the time headway (hi), to dictate 

the desired inter car spacing. There are also more sophisticated 

spacing policies in the literature, such as the delay-based spacing 

policy [19] and nonlinear spacing policies [20]. 

String stability with constant spacing policy has been guaran-

teed only when information from the lead vehicle is communi-

cated to all other vehicles in the platoon. However, this commu-

nication requirement becomes burdensome, especially as the 

length of the platoon increases [21]. 

Moreover, string instability will inevitably occur when each 

vehicle only has information from a finite number of vehicles 

ahead [22]. So, the constant time headway spacing policy is con-

sidered in this paper, the inter-car spacing increases with veloc-

ity, which can lead to a reduction in traffic capacity. For that 

reason a small value for the time headway is necessary to max-

imize road capacity. However, excessively small time headways 

could be dangerous for the platoon, since it could lead to internal 

and/or string instability and, hence, a collision. Therefore, deter-

mining the minimum acceptable time headway (hi) that ensures 

string stability while optimizing road capacity is crucial in the 

context of platooning. To the best of the authors’ knowledge, the 

impacts of the time headway on the string stability of a platoon 

of ACC-equipped cars have been largely neglected in the afore-

mentioned works.  

The purpose of this paper is to systematically examine the ef-

fects of the time headway. To this end, a platoon of ACC-

equipped cars is proposed considering the influencing factor 

above. This is demonstrated through illustrative examples in the 

numerical evaluations. The main contributions of this paper are 

listed below: 

(i) Development of LQR using a dual integrator for homoge-

neous ACC car platoon. Tracking performance is achieved by 

incorporating a dual integrator into the control law, ensuring the 

rejection of parabolic disturbances generated by the front car's 

position. 

(ii) String stability and the minimum time headway (hi) by 

using a method through Nyquist diagrams of spacing errors 

transfer functions to ensure string stability. 

(iii)  Finally, considering a homogeneous platoon with a 

leader and n followers, the string stability is tested by simulation. 

The rest of this brief is organized as follows: In Section 2, we 

first consider the mathematical modeling. Then the ACC algo-

rithm implementation is presented in Section 3. The string sta-

bility analysis of the platoon will be described in Section 4. In 

Section 5, simulation check is implemented and in Section 6, 

conclusions will close this study. 

2. Mathematical Modeling  

The desired traction force can easily be obtained by using a 

lookup table method and appropriately commanding the throttle 

angle or fuel injection rate. It is considered that the friction force 

of the tires does not pose a limiting factor. Thus, It is assumed 

that the traction force may be directly manipulated. The balance 

of forces acting on the car's longitudinal axis is given [23], [24]: 

x Rmv F F     (1) 

where, m indicates the car mass, v is the forward velocity, xF

is the actuation force produced by the engine and drivetrain, and 

resistance forces are defined as: 

21
( ) sin cos

2
R v v v rF C A v v mg C mg         (2) 

with g the gravity constant, the road slope, v the air den-

sity, vA the frontal car area, vC the air drag coefficient, v the 

wind speed, rC the modified resistance coefficient to take ac-

count of cornering resistances. 

The Eq.1 may be linearized by taking into account a nominal 

operating condition, as 0
dv

dt
 . At equilibrium, Eq. (1) is 

solved as described in [23], [24] and the solution is repeated here 

by Eq. (3): 

2

0 0 0 0

1
( ) cos sin

2
x v v v rF A C v v C mg mg          (3) 

where 0xF can be determined by assuming appropriate values 

for 0 0, , , , , , ,r v v vv m C A C v  . By linearizing Eq.1 in relation 

to the specified operation state utilising a Taylor series, the rela-

tion in Eq. (4) is derived: 

( )v v xv v K F       (4) 

where the variables subject to increment or disturbance, as well 

as the model parameters, are specified as follows (see in [23], 

[24]): 

0 0 0

2

0

2

0

0 0

; ;

/ ( ( ) )

1/ ( ) )

( sin cos )

x x x

v v v v

v v v v

r

v v v F F F

m A C v v

K A C v v

mg C





  

 



  

     

 

 

  

  (5) 

The transfer function of the car model may be expressed by 

taking the Laplace transforms of Eq. (4) as follows: 

( )
1

v

x v

Kv
G s

F s
 


  (6) 

Eq. 4 captures the relation between the forward velocity and the 
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tractive force.  can be ignored for a flat road (no inclination). 

The car model depicted in Figure 2 is built on the basis of the 

linearized equations and may be represented by a transfer func-

tion. 

3. ACC Algorithm Implementation  

In this paper, the car platoon under consideration consists of 

one lead car designed by a cruise control system (CC), and mul-

tiple follower cars installed with ACC systems, as shown in Fig-

ure 1. The ACC systems enable the followers to stay a desired 

distance to the preceding car based on their own speed. The ref-

erence of the ACC control system in close loop is determined by 

the desired spacing, ,i desD , which is defined employing the 

CTHP. 

, 0i des i iD d h v    (7) 

where 0 , ,i id h v are denoted the spacing to be kept at zero speed, 

the time headway, the actual speed of the car i. 

 

Fig. 1. Conceptual illustration of a N cars platoon 

 

Fig. 2. Block diagram of linearized car longitudinal dynamics 

Taking the measured distance into account iD , which is   

obtained from the devices, and the desired distance ,i desD , the 

spacing error for the controller based on the desired spacing and 

the actual spacing can be expressed as follows [15]: 

, , 1( )i i des i i des i i iD D D s s L         (8) 

with 1,i is s   the longitudinal position of the car, i, i-1 respectively, 

iL is the car length. 

The extended state space equations can be derived by employ-

ing the model defined by Eq. (6), then adding the actual distance 

and the two integrators in the error channel: 

1 1

2

3

4 3

(1/ ) ( / )

i i i

i v i v v xi

i

i i

x d v v

x v v K F

x

x x

y d

 




   


   



 

 

i i i i xi

T

i i i

x A x B F

y C x

 
 


 (9) 

in which, 1x is actual spacing between two cars, 2x  is the  

velocity of car, 3x is the integral of the error and 4x is the dou-

ble integral of the error, which
4

ix   are the system state. 

4 4 4 1 1 4, ,i i iA B C     are system matrices. Two integra-

tors are added to the error channel of the control system to com-

pensate for the disturbance caused by the location 1is  of the 

front car, which is not directly measured. This helps in maintain-

ing the desired distance for two consecutive cars in the spacing-

based ACC system. 

where: xiF is the control command. The inclusion of the two in-

tegrators in the car dynamics, as shown in Eq. (10), leads to the 

development of the ACC car. For this system, the feedback LQR 

control law with a dual integrator was found: 

 1 2 3 4( ) ( )xi i i i i i iF K x k v k D k d k d d               (10) 

where the coefficients 1k to 4k are the elements of the gain matrix

iK obtained after the optimization of the quadratic cost  func-

tion (11). 

0

( , ) ( )T T

i xi i i i xi i xiJ x F x Q x F R F d


   (11) 

where 0T

i iQ Q  and 0T

i iR R  are performance weights. 

To use the LQR, two extra weight matrices have to be defined. 

They are defined in Eq. (12) and Eq. (13) where ql, q2, q3 and ri 

are user-selected constants. 

1

2

3

4

0 0 0

0 0 0

0 0 0

0 0 0

i

q

q
Q

q

q

 
 
 
 
 
 

 (12) 

 i iR r  (13) 

 

Fig. 3. Spacing-based ACC system for car configuration 

4. String Stability Analysis of platoon  

To determine the stability of an ACC car platoon seen on Fig-

ure 3, it is necessary to develop a method that can assess whether 

the string is stable or unstable. The proposed approach for string 

stability analysis, as presented in [10] and [15], relies on the 

transfer function of the spacing error for two cars. 

1

( )
( )

( )

i

i

i

s
H s

s





  (14) 

Let ( )i s be the Laplace transform of ( )i t . 
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According to the definition, the string stability condition in 

the platoon may be expressed in the frequency domain as fol-

lows: 

( ) 1iH j

  (15) 

here, ( ) ( )i iH j max H j 

 . 

The condition from Eq.15 ensures that 
1 2 2i i   which im-

plies that the distance errors reduce successively as they propagate 

from one car to another within the platoon, eventually converging 

at the last car. Simultaneously, this observation serves as evidence 

that the errors do not amplify in the upstream direction [10]. 

To conduct the string stability analysis, the heuristic approach   

proposed by [10] is employed. This method involves in selecting 

various values for the CTHP hi and examining whether the condi-

tion specified in Eq.15 is satisfied or unsatisfied. Beginning from 

0, the CTHP hi is systematically increased in ascending order, and 

the coresponding Nyquist diagrams ( )iH j are made. For the di-

agram created based on Eq.15, it is necessary to consider its com-

plex domain form: ( ) 1iH j

 where 0  . When the 

Nyquist diagrams are contained within the unit radius circle cen-

tered at the origin of the codinate axes, Eq.15 is satisfied, indicating 

that the string is stable for a specific hi value. Of interest is the min-

imum value of hi at which the Nyquist diagram lies entirely within 

the unit radius circle. 

Given the CTHP, the spacing error may be determined utilizing 

Eq.8. 

0i i i id hv D      (16) 

The time derivative of the Eq.16 is: 

1 1

1 1

1 1

i i i i i i i i i i

i i i i i i i i i i

i i i i i i i i i

h v v v v v h v

h v v v v v h v

h v v v v v h v

 

 

 

 

 

 

      

      

      

  (17) 

Bring the equation Eq.17 into the Eq.9 leads to: 

( 1)( )v i i v i xi x i xiK hT T T         (18) 

After a calculation, it results: 

3 2 3 3 4

4 2 1 3 1 4 1

(1 ( ) ( )v i v d i v i v i i

v i v i v i v i

e K k e K k h k e K k k h e

K k e K k e K k e K k e



  

     

   
  (19) 

Finally, by applying the Laplace transform to Eq.19 with zero 

initial conditions, we obtain the transfer function describing the 

tracking errors: 

1

2

2 3 4

4 3 2

3 2 3 3 4 4

( )
( )

( )

(1 ) ( ) ( )

i
i

i

v v v

v v v i v i v

s
H s

s

K k s K k s K k

s K k s K k h k s K k k h s K k




 


 

       
 

  (20) 

5. Simulation Check  

String stability analysis was conducted through simulation us-

ing Matlab/Simulink. The platoon setup consisted of a lead car 

controlled by a CC functions, and 10 followers controlled by 

ACC functions. 

All cars within the platoon are identical in terms of their con-

struction and dynamics. The parameters for each car in a homo-

geneous platoon are shown in Table 1. 

Table 1. The vehicle parameter values [23], Qi and Ri matrices 

Symbol Value Unit 

m  1000 [kg] 

0v  25 [m/s] 

v  2 [m/s] 

  5 [o] 

g  9.81 [m/s] 

v  1.202 [kg/m3] 

vA  1.5 [m2] 

vC  0.5 [-] 

rC  0.015 [-] 

0d  2 [m] 

iL  5 [m] 

iq  0.1 [-] 

iR  0.001 [-] 

The matrix iK is derived by minimizing the cost function in 

Eq.11, leading to: 

2

4 3 2

371.40 294.10 102.00
( ) :

[75.60 237.50 (294.16 371.40 )

(294.10 120.00 ) 102.00]

i

i

i

s s
H s

s s h s

h s

 


  

  

  (21) 

String stability analysis of the spacing errors for two consecutive 

cars, as described by Eq.21, based on the string stability conditions 

from inequality Eq.15. This conditions are examined by plotting 

the Nyquist diagrams, as shown in Figure 4, by the transfer func-

tion ( )iH s , the ih  is systematically increased in ascending or-

der to a value that satisfies the stability condition. 

We can see that the time headway is increased with different values 

 0 ;  0.35 ;  0.55i s s sh  , none of the Nyquist diagrams fulfills the 

stability condition as the representation of ( )iH s in the complex 

domain is not contained within the unit circle, suggesting that the 

approach of maintaining these values does not lead to a stable 

string. Increasing the time headway to 0.75ih s , the calculated 

value satisfying the string stability condition from Eq.15 is ob-

served in Figure 4, with the Nyquist diagram situated inside the 

unit circle. 

A comparative analysis of the string stability of a platoon using 

ACC structures was performed through simulations with various 
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speed profiles. The simulation results showcase the effectiveness 

and advantages of the proposed method. The speed reference of 

leader car employed in this simulation study is the driving cycle 

shown in Figure 5. 

 

Fig. 4. String stability plots for different values of headway time hi 

With hi of 0.35s, the signals obtained through simulation are 

illustrated in the next figures as follows: 

Figure 6(a) depicts both the platoon traveling distance and the 

car locations, Figure 6(b) contains the car velocities with 10 fol-

lowers, Figure 6(c) illustrates the inter-car spacing between suc-

cessive pairs of cars, Figure 6(d) depicts the spacing errors as 

the difference between the actual spacing and the desired inter-

car spacing. 

In the case of hi of 0.75s with LQR controllers for 10 follow-

ers, the signals resulted after simulation is performed as follows: 

In Figure 7(a), the path of the cars' movement, indicated by 

their positions, along with the total traveling distance, can be     

observed. The car velocities are shown in Figure 7(b), where it 

can be observed that they follow the velocity profile set by the 

leader's velocity reference, Figure 7(c) displays the spacings be-

tween successive pairs of cars during their movement, the spac-

ing errors as being the difference between the real spacing and 

the spacing reference is depicted in Figure 7(c). 

 

Fig. 5. The velocity profiles

 

(a) 

 
(c) 

 
(b)  

 
(d)  

Fig. 6. Simulation result with headway time hi =0.35s: (a) Longitudinal position of the cars; (b) The velocity; (c) Inter-car distance;         

(d): Spacing errors 
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(a)  

 

(b)  

 

(c)  

 

(d)  

Fig. 7. Simulation result with headway time hi =0.75s:  
(a) Longitudinal position of the cars; (b) The velocity;  

(c) Inter-car distance; (d): Spacing errors 

For hi of 0.35s, the driving behaviour of the leader car consists 

continuous acceleration and deceleration. In Figure 6(c), it is    

apparent that the car platoon cannot stay an inter-car distance to 

the car in front. This instability is notable due to the amplifica-

tion of spacing errors, as shown in Figure 6(c). 

In both cases, it can be seen that the velocity of followers fol-

low the velocity profile introduced as the leader’s velocity ref-

erence. 

The inter-car distances obtained with hi of 0.75s for the pla-

toon structures are shown in Figure 7(c). It is clearly shown that 

the car platoon under the ACC strategy successfully achieves the 

desired spacing and maintains the desired velocity of the leading 

car. The stability of the platoon configuration with hi of 0.75s is 

reinforced by the fact that the spacing errors shown in Figure 

7(d) decrease from the leader car to the last car in the platoon. 

We can find that the spacing errors propagating the platoon 

upstream are not amplified, which is also in good agreement 

with the results of the previous stability analysis. 

As the value of hi increases, the Nyquist diagram becomes 

more enclosed within the circle, indicating better stability. How-

ever, a higher time headway leads to a larger distance desired 

for the platoon, resulting in increased distance between cars in a 

platoon. To achieve stable car platoons with the shortest possible 

length, it's important to determine the smallest value of that en-

sures string stability. 

Therefore, Figure 7 generally reflects that hi of 0.75s can con-

duct safe and stable longitudinal control under CTHP Strategy 

which is also in good agreement with the results of the previous 

stability analysis. 

 

6. Conclusions  

In this paper, the design of a Linear Quadratic Integral Regu-

lator problem is studied for a homogenous platoon of ACC cars 

with the controller's two integrators ensure tracking perfor-

mance by rejecting the parabolic disturbances caused by the 

front car's position, which the system can guarantee the desired 

tracking performance and string stability requirement. To ensure 

string stability, a method based on the transfer functions of the 

spacing errors was proposed. This method guarantees string sta-

bility by selecting CTHP using the Nyquist diagram. This 

method ensures that the Nyquist diagram containes the circle of 

unit radius centered at the origin of the coordinate axis. The min-

imum time headway is determined to ensures string stability 

while optimizing road capacity. A comparative analysis of the 

string stability of a platoon using ACC structures was performed 

through simulations with various speed profiles.The simulation 

results show the effectiveness and advantages of the proposed 

method. 

As a further study, it is worth studying how ACC affects the 

traffic flow in a simulation environment. 
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