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Ozet. Bu makalede bulamk nokta M V-cebiri ve bulanik nokta MV -idealleri kavramlarim
ortaya atiyor ve bunlarla MV -cebiri idealleri arasindaki baglantiy1 ele aliyoruz. Ayrica iki
bulanik nokta MV -cebirinin ¢arpimini inceliyoruz.t

Anahtar Kelimeler. MV -cebiri, bulanik nokta MV -cebiri, bulanik nokta idealleri, yar1
cebir, bulanik idealler.

Abstract. In this paper we introduced the notions of fuzzy point MV-algebra and fuzzy
point MV-ideals and discuss the relationship between them and the ideals of M V-algebra.
Also we study the product of two fuzzy point M V-algebras.

Keywords. MV-algebra, fuzzy point MV -algebra, fuzzy point ideals, semi algebra, fuzzy
ideals.

1. Preliminaries

MV -algebras are introduced by C. C. Chang in 1958 to provide an algebraic proof

of completeness theorem of infinite valued Lukasewicz propositional calculus [2].

The concept of fuzzy sets was first initiated by Zadeh. Since then it has become
a vigorous area of research in engineering, medical science, social science, physics,
statistics, graph theory, etc. The standard membership degrees of fuzzy sets, i.e. the
real number from the unit interval, can in a natural way be understood as the truth
degrees of an infinite valued logic, with [0,1] as its truth degree set. Pu and Liu
[6] proposed a definition of a fuzzy point belonging to fuzzy subset under a natural

equivalence on fuzzy subset.
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In this paper by using the notion of “fuzzy point” on an MV -algebra, the concept

of “semi MV -algebra” is introduced and some properties of it are discussed.

Definition 1.1. [3] An algebra M = (M,®,,0) of type < 2,1,0 > is called an
MV -algebra, if for all x,y, 2 € M, the following axioms hold:

Lzd(yd®z)=(xdy)®dz, (MV1)
2. xdy=ydux, (MV2)
3. xd0=2=0«, (MV3)
4. (2) =z, (MV4)
5280 =0, (MV5)
6. (@By)dy=(rdY) d = (MV6)

Note. From now on, in this paper M denotes an MV -algebra and 0/ = 1.

Definition 1.2. [3] A nonempty subset of M is called an ideal if:

1.0e M,
2. ifx,ye M, thenx®y € M,
3.ifye M and x < y, then z € M, where x < y < 2’ dy = 1.

Definition 1.3. [3] M is called “simple” if it has no ideal except {0} and itself.

Definition 1.4. [3] A nonempty subset S of M is called a subalgebra of M if:

1. ifx € S, then 2/ € S,
2. ifx,ye S, thenxdye S.

Definition 1.5. A fuzzy subset p of M is called a “fuzzy subalgebra” of M if:

Lop(a') = p(z),
2. p(z @ y) > min{p(z), w(y)}, Vr,y € M.

Definition 1.6. Let (M, ®,’,0) be a MV-algebra. Then the fuzzy set p : M — [0, 1]
is called a “fuzzy MV-ideal” of M if:

L u(0) > p(x),
> min{u(z S y), u(y)}, Va,y € M.
Definition 1.7. [6] A fuzzy set of a set X is called “fuzzy point” if it takes value

0 for all y € X except one, say x € X. If it’s value at x is ¢, 0 < ¢t < 1, then we
denote the fuzzy point by z; and the set of all fuzzy points of X by FP(X).
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2. Fuzzy Point MV-Algebras

Definition 2.1. Let (M,®,’,0) be an MV-algebra. We define the operations “®”
and “x” by:
©: FP(M) x FP(M) —s FP(M)

(ZasYs) = (2 © Y)min{o,5)
for all z,,ys € FP(M), and

x: FP(M) — FP(M)
(7a)" = ($/)a~

Definition 2.2. Let X be any set. For any a € (0, 1], we define the set F'P,(X) as
follows:

FP,(X)={zy : v € X}.

Proposition 2.3. (FP,(M),®,%,0,), a € (0,1] is a MV -algebra, called “fuzzy
point MV-algebra” of M.

Proof. We only prove (MV6). The other parts are clear:

(25, 0Ua)" OYa = ((2")a O Ya)" © ¥a

Proposition 2.4. For any z,,ys, 2, € FP(M) we have the following:

L 20O (Y8 © 29) = (Ta © Yp) © 2y,
2. 24 OYp =Yg © Ty,
3. (28)* = x4,

4. (2, ©yp)* O yp = (Ta © Y3)" © Za.



54 Hasankhani and Saeid

Proof. The parts 1-3 are obvious. For part (4) we see that:

= ((2")a ©yp)" © ys

[(2" ® Y)minfa,67]” © Y5

= ('@ y)mln{a 3y D Us

= [(2' @ Y)' & Ylminfa,- (1)

On the other hand by similar way we can see that:

(3, ©ys)" ©

(2o ©OU3)" O 20 = [(z DY) © T]minfa,s)-
By definition of a MV -algebra this is equivalent to (1). O
Note. We see that in FP(M) if a < 8, then 2500, = x4 # 2 and 2, © 15 = 1, #

14, so the conditions (MV3) and (MV'5) do not always hold. Hence by Proposition
2.4, we say that FP(M) is a “semi-M V-algebra”.

Definition 2.5. A nonempty subset A of F'P,(M) is called a “fuzzy point subalge-
bra” of F'P,(M) if:

1.2, ®ys € A,
2. (z4)* € A,

for all z,,y, € A.

Definition 2.6. A nonempty subset I, of F'P,(M) is called a “fuzzy point ideal”
of FP,(M) if:

1. 0, € 1,,
2. ify, € I, v, € FP,(M) and z, < yq, then z, € I,,
3. if Xy, Yo € I, then z, ® y, € 1,

where z, < Yy, & ) © Yy = L.
Example 2.7. Let M = [0, 1]. Define:

r®y=min{l,x+y}, 2’=1—2x foralz,ye M.

Then (M, ®,,0) is a MV-algebra and the set {0,,0.5,,1,} is a fuzzy point subal-
gebra of FP,(M).
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Example 2.8. Let M = {0,a,b,1}. Consider the following operations:

@10 a b1 10
0/0 a b 1 o0lo
ala a 1 1 ala
b|b 1 b 1 blb
111 1 11 clc

Then (M, ®,") is a MV-algebra and {0, a,} is a fuzzy point MV-ideal of F'P,(M)
for all a € (0, 1].

Lemma 2.9. Let v,y € M. Then x <y & 24 <K Yq-

Definition 2.10. Let (F'P,(M),®, *,0) be a fuzzy point MV-algebra of MV -algebra
(M,®,'0). Then for all x4, ys € FP,(M), we define z, ® y, = (2, © y%)*.

Proposition 2.11. Let (FP,(M),®,*,0,) be a fuzzy point MV -algebra of MV -
algebra (M, ®,",0). Then the following hold, for all T4, yo € FPy(M):

T Oz, = 1,4,

To @ ), = 04,

To ® 04 =04,

To X1y = x4,

To @Yo = 0o & x4 = 04 and yo, = 04,
Lo RUYa=12=1andy=1.

A N

Proof. 1. In (MV6) put y, = l,, then (2} ® 1,)* ® 14 = (x4 © 1})* ® x,, hence
(2, ©14)" © 1y = (26 ©04)* ® x4, s0 (' ®1)n))* © 1y = (x B 0)% ® z,, therefore
lo =2, © z,.

3. (2o ®0,) = (25, ©0%)* = (2, ® 1,)*
4. (2, ® 1) = (25, © 15)" = (2}, ©04)*
5. Suppose that 2, @ Yo = 04, then ¥ = 25 © (4 © yo) = (£ © o) © Ya, hence by

1% = 0,.

(IZ)* = Ta-

part (1) 2 = 1, ® Yo = 1a. So 2, = 04, similarly, y, = 0,.
6. If x4 ® yo = 1, then by parts (2),(3),(4) we see that:

Ty = (25 ® 1a) = (25 ® (32 @ ¥a)) = (73 ® Ta) ® Ya) = Oa ® Yo = Oa-
Hence z, = 1,. By similar way we can prove that y, = 1,. O

Proposition 2.12. Let (M,®,",0) be a MV -algebra. Then (FP(M),®) is an semi
group.
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Proposition 2.13. Let (M,®,,0) be a MV -algebra and (FP(M),®,*,0,) be its
fuzzy point MV -algebra for all o € (0,1]. Then:

1. T is subalgebra of M < T, is a fuzzy point subalgebra of F'P,(M),
2. I is an ideal of M < 1, is a fuzzy point ideal of FP,(M).

Proof. 1. Let x,,yo € T, and T be a subalgebra of M. We know that z, ® y, =
(x®Y)o But x @y €T, hence (x ®y)y € Ty ie. To Oya €T.

Now let z, € T,. Then z € T, hence 2’ € T, so (2')y = (24)" € Th.
Thus T, is a subalgebra of F'P,(M).

Conversely, assume that T, is a subalgebra of FP,(M). Then z € T so x, € T,,
hence =¥ € T,, and this means that (z’), € T,. Therefore 2’ € T.

Now, let z,y € T. Then z4,ys € Ty 80 Ty @ Yo € Ty, hence (z B y), € T, thus
rdyel.

2. By Lemma 2.9 and similar to part 1. we can prove this part. a
Definition 2.14. Let u be a fuzzy set in MV-algebra M and « € (0, 1]. Define:

FP,(u) :=={zo : p(zr) > a} and FP(u) = U FP,(u).

ae(0,1]

Note. F'P,(u) always is not a fuzzy point subalgebra of F'P,(M), for see this let
M be a as Example 2.7 and p be as follows:

(z) 0.5 if x =0.6,
€Tr) =
H 0  otherwise ,

then Fpog(,u) = {0.60.3}7 but 0.60.3 ® 0.60.3 = 10.3 ¢ FPO;),(,u)

Proposition 2.15. Let u be a fuzzy subalgebra of MV -algebra M and 0, € FP,(u)
for any a € (0,1]. Then FP,(u) is an subalgebra of FP,(M).

Proof. Let x, € FP,(u). Then pu(2’) > p(x) > «. Hence (2'), € FP,(u), that is,
xh € FP,(u).

Now let x4, Yo € FPy(p). Then p(x @ y) > min{u(z), u(y)} > «, hence (x @ y), €
FP,(1), and this means that 2, ® y, € FP,(u). O

Lemma 2.16. Let u be a fuzzy subalgebra of M. Then p(z') = u(x), for allx € M.
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Proof. By definition p(z') > u(x), then p((2")) > p(z’), so u(x) > wp(z’), hence
px) = p(a'). 0
Definition 2.17. In M, define:

S(FP(M)) ={z, € FP(M): 2,02, =0,} and S(M)={zxe M: zdx = 0}.
Proposition 2.18. Let I C FP(M), for all o, B,y € (0,1]. Then

TaOypel & x,0y, €l
Proof. Let x, ®y, € I, for all v € (0,1]. Then:

To © Yp = (ZE ¥ y)min{a,ﬁ} = Tmin{a,3} © Ymin{a.3} el
The converse is clear. a

Proposition 2.19. Let i be a fuzzy set in M. Then

if v € S(M), then xo € S(FP(M)), for all x € M, a € (0,1],
if to € S(FP(M)) for some o € (0,1], then x € S(M),
if Xy € S(FP( )) for a € (0,1], then x5 € S(FP(M)), for all 8 € (0, 1],

S(FP(M)) € FP(p) < p(z) =1, for all x € S(M),
FP(u) € S(FP(M)) < FP(M) = S(FP(M)).

.C“r“@.w’.‘

Proof. 1. Let € S(M) and o € (0,1]. Then z, ® o, = (z ® x), = 04, hence
Ty € S(FP(M)).
2. If a € (0,1] and z, € S(FP(M)), then (2 ® )y = o ® Tq = 04, s0 x D x = 0,
hence x € S(M).

3. Let z, € S(FP(M)), for « € (0,1]. Then by 2., x € S(M), by (1.), zp €
S(FP(M)), for all 8 € (0,1].

4. If v € S(M), thus 2, € S(FP(M)) € FP(u) Ya € (0,1], hence u(x) = 1.

Conversely, let z, € S(FP(M)) and pu(x) = 1, for some z € S(M). Then u(x) =
1> a, Ya € (0,1], hence z, € FP, (1) € FP(p).

5. If z, € FP(M) and u(x) = 8, B € (0,1], then 3 € FP(u), by hypothesis
rg € S(FP(M))); and by part (3) this implies that z, € S(FP(M)). Hence
FP(M)C S(FP(M)),so FP(M) = S(FP(M)).

The converse is clear. O

Corollary 2.20. M is simple if and only if F'P,(M) is simple.
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Definition 2.21. Let X,Y be any sets, o € (0,1] and f : X — Y be a function.
Then we define f*(z) by f*(x) = [f(x)], and we call it “fuzzy point pre-image” of
f at a.

Lemma 2.22. Let f : My — M, be a homomorphism of MV -algebras. Then
1) =1,

Proof. f(1) = f(0) = (f(0)) =0 = L. O

Proposition 2.23. Let f : My — My be an onto homomorphism of MV -algebras.
Then:

1. if J is an ideal of My, then (f~1)*(J) is an ideal of FP,(M,) for all o € (0, 1],
2. if I is an ideal of My, then f*(I) is an ideal of FP,(M,) for all a € (0, 1].

Proof. 1. First we see that 0, € (f~1)*(0) C (f~1)*(J). Now if y, € (f~1)*(J) and
T, € FP(M) such that z, < ys, so < y and y € f~1(J), hence f(y) € J.

But z < y means that '@y = 1, hence f(z)' @ f(y) = f(2'®y) = 1so f(x) < f(y).
Therefore f(z) € J, and this implies that x € f~1(J), hence z, € (f~1)*(J).

2. Since 0 € I, we have 0, € f*(I). Now, let z, € FP,(Ms), y, € f*(I) such that
To K Yoo Then y, € f(I) implies that y € f(I). So there exists a z € M; such
that f(z) = y. Since z, € FP,(Ms) and f is onto, we have x = f(s), for some
s € M. Now,

f@2)=f(s)afz)=r"@y=1=fQ1)
So s’ @z =1, hence s < z. Thus s € I, so z, = f%(s) € f*(I). O

Proposition 2.24. Let y be a fuzzy set of M. Then FP(u) is a semi-subalgebra of
FP(M) if and only if FP, (1) is a fuzzy point MV -subalgebra of FP,(M), for all
a e (0,1].

Proof. If FP(u) is a semi-subalgebra of F'P(M) and z,, yo € FP,(11), hence z,,y, €
FP(p) therefore x4 © yo € F'P(p) ie. (x®y)a € FP(1) = Uyseon) F'Palp), thus
To D Yo € FPy(1).

On the other hand, let x, € FP, (1) € FP(p). Hence:

oEg(

v, € FP(u) = | FPu(p) = x, € FPu(p).
a€e(0,1]
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Conversely, assume that F'P,(u) is a fuzzy point subalgebra of semi-MV-algebra
FP,(M) and z,,ys € FP(u) hence

p(x) = a = min{a, } =,
py) = § = minfa, B} = 1.
Thus by hypothesis (z ®y), =z, ® y, € FP(u). Therefore:

To © Yp = (l’ b y)'yzmin{aﬁ} S Fy(M) C FP(,U,)
Now, let z, € FP(u). Then x, € FP,(u), hence =, € FP,(u) thus ¥ € FP(u). O

Lemma 2.25. Let p be a fuzzy ideal of M. Then pu(x) > p(l) Ve e M.

Proposition 2.26. u is a fuzzy ideal of M if and only if

L. w(0) > p(x), for allx € M,

2. 0o € FP,(u), for all o € Im(p),

3. 24 ®ys € FP(n) and yg € FP(u) implies that Tminfa,sy € FP (1), for all
a, € (0,1].

Proof. 1. If u is a fuzzy ideal of M, then by definition is clear.

2. By definition we have p(0) > p(z), for all x € M, if @ € Im(p) and p(z) = a,
then 1(0) > p(z) = a, hence 0, € FP, ().

3. f 2, ®ys € FP(p) and yg € FP(u), then p(y) > B.

Since (¢ @ Y)minfa,8) = Ta © yg € FP(u), we have pu(x @ y) > min{«, 3}. Hence
,LL(.ZL’) > mm{/ﬁ(I D y),ﬂ(y)} = min{a7ﬁ}7 50 ‘xmin{a,ﬂ} € FP(M)
Conversely, let min{u(z @ y), u(y)} = . Then p(y) > o and pu(x @ y) > «, hence:

Yo € FP(u) and 1z, ®ys € FP(p).

By part (2.) this implies that x, € FP(u). And this implies that u(z) > a =
min{u(z & y), u(y)}- O

Definition 2.27. Let X be a any nonempty set. We define:
FP(X)={z,: a>t, x € X, a,t €(0,1]}

and
FP{(M)={z,: t<z, x,t € M}

for any MV-algebra M. We call FPL(M) as t-cut of FP,(M).
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Lemma 2.28. FP'(M) =J FP°(M).

a€(0,1]

Proof. By definition we see that FP°(M) = FP(u) and FPY(M) = FP,(M), hence

the proof is clear. a

Proposition 2.29. FP'(M) is a semi-subalgebra of semi-MV-algebra FP(M) for
any t € (0, 1].

Proof. 1. If x, € FP'(M), then it is clear that ¥ € FP'(M).

2. If zo,y3 € FPY(M). Then 24 ©® yg = ( ® Y)minfa,sy € FP(M). O

Proposition 2.30. [ is an ideal of M if and only if FP*(I) is an ideal of FP*(M),
for all t € (0,1].

Proof. Let I be an ideal of M, then we have 0, € FP*(I). Now, let y, € FP'(I),
xy € FP(M) and z; < y;. Then by Lemma 2.9 2z < y. We have y € I. So z € I,
hence z, € FP'(I).

Now, let zy,y;, € FP'(I), then x,y € I, so x ®y € I. Hence z; ® y, € FP'(I).

The converse can prove by similar way. a

Proposition 2.31. The nonempty subset S of M is a subalgebra of M if and only
if FP'(S) is a semi-subalgebra of FP(M), for all t € (0,1].

Proof. Let x, € FP'(S), so x € S, then 2/ € S, hence z¥ € FP'(S).
Now, let z,,y5 € FP'(S). Then z,y € S, so x @y € S, thus
Ta OYg = (l’ D y)mm{a,g} S Fpt(S).

By similar way we can prove the converse. a

3. Product of Fuzzy Point MV -Algebras

Definition 3.1. Let (M, ©1,%1,01) and (My, ©9,%9,03) be two MV-algebras,
M = M; x My and (FP,(M,),®1,%*), (FP3(Ms),B2,0) be two fuzzy point MV-
algebras for a, B € (0,1]. Then F Py, (M) = (FP,(My) x FP3(Ms),®,/) is a fuzzy
point M V-algebra, which called product of fuzzy point MV-algebras F'P, (M) and
F P3(M,), with the following operations:

L. (a,Yp) © (ra, 55) = ((Ta D1 7a), (Ys B2 85)),
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2. (Tayyp) = (75, 5),
3. 0= ((01)a, (02)5),
4. (xanyﬂ) < (T’Q,Sg) & Lo LTy , Ys <K S8-

Note. From now on My, M, are two MV-algebras and M = M; x M.

Proposition 3.2. (FPp(M),®,1) which is defined in Definition 8.1, is an MV -
algebra.

Proof. We prove (MV1) and (MV6), the other conditions are clear.

(MV1): (2a,Yp) ® ((Tar 58) © (Pas 48)) = (Tas Ys) ® ((Ta ®1Pa), (55 D2 ¢5))

To &1 (Ta ©1Pa), Y D2 (S5 D2 q5))
(Ta B17a) B1 Pas (Yp D2 55) D2 q5)
(Ta ®17a), (s 2 58)) ® (ra, 4s)
(

xmyﬁ) S (T!stﬁ)) D (meﬁ)'

(MV6) : ((TarYs) @ (Tas 55)) @ (Tas s5) = (25, Y5) © (T, 58)) @ (7o, 55)
D1 7a), (Y5 D2 55)) © (Tas $5)

Ty, ®170)", (Ys B2 8p)°) © (Ta), 55)

o~ o~ o~ o~ o~ o~ o~~~

D

Ty D176)" @170, (Y5 D2 55)° D2 5p)

D

1T

8

o ®175)" (s D2 53)°) @ (2a,Yp)
(ys ®2 53))° @ (Ta, Ys)
Tay Yp) D (13,55)) © (Ta, Yp)

Ta, Yg) @ (Ta, $5)') @ (Ta, Yp)-

);

)

)
o) ®1Ta, (ys B2 53)° D2 ys)
o)

);

Ia@lr

(
(
(
(
(Za
(
(
(
(

O

Proposition 3.3. Let M = M; x My, (FP,(My),®1,*) and (FP,(Ms), s, ) be
two fuzzy point MV -algebras. Then K = 1, x Jg is an ideal of (F Pa,p),®,/) if and
only if 1, Jg are MV -ideals of FP,, FPg, respectively, for a, 5 € (0,1].
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Proof. Let K be an ideal of F'P, g(M). Then since ((01)a, (02)5) =0 € K, we have
(01>a S Ia-

Suppose that ., Yo € 1o, then (24, (02)3), (Ya, (02)s) € K, hence (24 B1 Yo, (02)5) €
K. Therefore x, ®1 yo € I,.

Now, let y, € I, and x4 < Yo. Then (24, (02)5) K (Ya, (02)5) and (ya, (02)5) € K.
Therefore (4, (02)s) € K, hence z, € I, thus I, is an MV-ideal of FP,(M).

By similar way we can prove that Jg is an MV-ideal of F'Pg(Ms).

Conversely, let I, and Jg be two MV-ideals of FP, (M), FP3(My). Then 0 =
((01)a, (02)p) € 1o x Jg = K. Let (4,ys),(ra,ss) € K, then x,,7, € I, and
ys, Sp € Jg, hence x, @114 € 1, and yg B9 55 € Jz. So:

(xon yﬁ) D (raa Sﬁ) - (I’a D1 TayYp D2 SB) S ]oz S¥ JB'

Now, let (rn,sg) € K and (z4,y5) € M such that (z4,y3) < (T, s5). Then z, <
re € I and yg < sg € Js. So x, € I, and ys € Jz. Thus (z4,y5) € [n X Jsg = K,
so K is an MV-ideal of M. O

Definition 3.4. Let pu,v be two fuzzy subset of My, My respectively. Then the
product of u,v is defined by:

px v(z,y) = min{u(z),v(y)}, V(z,y) € My X Ma.
Proposition 3.5. Let p,v be two fuzzy ideals of My, My respectively. Then p X v
18 a fuzzy ideal of My x Ms.
Proof. Let (z,y), (r,s) € My x My. Then
px v(x,y) = min{pu(z), v(y)}
> min{min{(r), p(z &1 7)}, min{v(s), v(y &2 5)}}
= min{min{p(r), v(s)}, min{u(z Sy 7), v(y S2 5)}}
= min{pu x v(r,s), u X v((x By 1), (y B2 5))}
= min{u x v(r,s), u x v((z,y) ® (r,s))}.

Proposition 3.6. There is an isomorphism
f: FP,(M;) x FP,(My) — FP,(M)

(Tar Ya) = (7, 9)a
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where a € (0, 1].
Proposition 3.7. The following are equivalence:

1. I,J are MV -ideals of My, My respectively;

2. I x Jis an MV -ideal of My X My,

3. (I x J)q is an MV -ideal of F'P,(M);

4. 1y, Jo are MV -ideals of FP,(M,), FP,(Ms) respectively,

for all o € (0, 1].

Proof. (2 — 3): By Proposition 3.6, is clear.
(3 — 4): is obvious.

(1 — 2): Let I and J are M V-ideals of M; and M, respectively. Then ((01)q, (02)5) €
I xJ.

Suppose that (z,y), (r,a) € I x J, then z,r € [ and y,s € J. Hence x ®;r € I and
YDos€ J,so(x®rr,ydes) el xJ.

Now, let (z,y) < (r,s) where (r,s) € I x J. Then z < r,y < sandr € I,s € J,
hence z € [ and y € J, thus (z,y) € I x J.

(4 — 1): Let I, be an ideal of FP,(M;). Then (01), € I, hence 0, € I. Suppose
that x,y € I, then 24,y € Io. SO0 (X S Y)a = To 1 Yo € La, therefore zoy € I.

Now, let x+ < y and y € I. Then z, < y, and y, € I,. So x, € I,, hence x € I. O

4. Conclusion

In this work we generalized the notion of MV -algebra by using fuzzy points. Also,

we obtained some results in fuzzy point MV -algebras.

In our opinion, these definitions and main results can be similarly extended to some
other algebraic systems such as lattices and Lie algebras. It is our hope that this

work would form foundations for further study of the theory of fuzzy MV -algebra.
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