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Ozet. Bu makalede, sonlu atomlu bir alt-o-cebirine gore bulanik ol¢tim koruyan doniigii-
miin entropisinin afin oldugunu ispatliyor, daha sonra bir sonlu alt-o-cebirinin entropisini
hesaplama yontemini sayilabilir ¢oklukta atomlu alt-o-cebirine uygulanacak sekille genel-
lestiriyor, ve bulanik olasilik dinamik sistemlerin ergodik ozelliklerini aragtiriyoruz. Son
olarak, bu kavram kullanilarak Kolmogorov-Sinai énermesinin [6, 9, 10] bir cesidi veriliyor.t

Anahtar Kelimeler. Bulanik olasilik uzayi, entropi, bulanik dinamik sistemler, m-
denklik, m-saflagtirma, bulanik m-iireteg.

Abstract. In this paper we prove that the entropy of a fuzzy measure preserving trans-
formation with respect to a sub-o-algebra having finite atoms is affine and then we extend
the method of computing the entropy of a finite sub-o-algebra to a sub-o-algebra having
countable atoms, and we investigate the ergodic properties of fuzzy probability dynamical
systems. At the end by using this notion, a version of Kolmogorov-Sinai proposition [6, 9,
10] is given.

Keywords. Fuzzy probability space, entropy, fuzzy dynamical systems, m-equivalence,
m-refinement, fuzzy m-generator.

1. Introduction and Preliminaries

The main idea of fuzzy entropy is the substitution of partitions by fuzzy partitions.
In some previous papers [1, 2, 3] entropy of a fuzzy dynamical system has been
defined. Also the notions of m-refinements and m-equivalence have been defined
in [8]. In this paper we give a definition for the entropy of a sub-c-algebra with

countable atoms.

Received April 7, 2012; accepted February 20, 2013.

TTiirkce 6zet ve anahtar kelimeler, orijinal Ingilizce metindeki ilgili kismin dogrudan terciimesi olup
Cankaya University Journal of Science and Engineering editorliigi tarafindan yazilmisgtir. | Turkish
abstract and the keywords are written by the editorial staff of Cankaya University Journal of
Science and Engineering which are the direct translations of the related original English text.

ISSN 1309 - 6788 (©) 2013 Cankaya University



168 Ebrahimi and Mohamadi

2. Fuzzy Dynamical Systems

We recall that a fuzzy set in a nonempty set X is an element of the family I¥ of all
functions from X to closed unit interval I = [0,1]. A sequence {\;} of fuzzy sets in
X increase to A € IX (written as \; T \) if {\;(7)}$2, is monotonic increasing and
converges to A(x) for each z in X. A fuzzy o-algebra M on a non-empty set X is a

subset of IX which satisfies the following conditions:

(i) 1 e M,
i) \eM=1-Xe M,
(iil) if {\;}52, is a sequence in M then \/ \; = sup,; \; € M.

i=1
If N; and N, are fuzzy o-algebras on X then N; V N, is the smallest fuzzy o-algebra
that contains N; U Na, denoted by [N; U Ny|. A fuzzy probability measure m over
M is a function m : M — I which fulfills the conditions:

(i) m(1) =1,

(i) m(1 = A) =1 —=m(}),

(iii) m(AV ) + m(AA p) = m(X) +m(p) for each A, p e M,

(iv) for each sequence {\;}22, in M such that \; T A, m(\) = sup, m(\;).

The triple (X, M, m) is called a fuzzy probability measure space and the elements

of M are called fuzzy measurable sets [8].

Definition 2.1. Let (X, M, m) be a fuzzy probability measure space, the elements
i, A of M are called m-disjoint if m(A A ) = 0.

A relation ‘= (modm)’ on M is defined as follows;
A=pu (mod m) iff m(\) =m(pu) =mAAp), A€ M.

Relation ‘= (mod m)’ is an equivalence relation. M denotes the set of all equivalence
classes induced by this relation, and z is the equivalence class determined by p. For
A€ M, AN =0 (modm) iff A\, u are m-disjoint. We shall identify i with p [8].

Definition 2.2. Let (X, M, m) be a fuzzy probability measure space, and N be a
fuzzy sub-o-algebra of M. Then an element i € N is an atom of N if

(i) m(u) >0,
(i) for each A € N such that m(X A p) = m(\) # m(u) then m(\) = 0, [8].
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Proposition 2.3. Let (X, M, m) be a fuzzy probability measure space, and N be a
fuzzy sub-o-algebra of M. If i1y, pis are disjoint atoms of N then they are m-disjoint.

Proof. See [8]. O
The set of all atoms of N is denoted by N. We define F/(M) as below

F(M)={N: Nis a sub-o-algebra of M with finite atoms}.

Definition 2.4. Suppose (X, M,m) and (Y, N,n) are fuzzy probability measure
spaces. A transformation ¢ : (X, M, m) — (Y, N,n) is said to be a fuzzy measure

preserving if

(i) o1 (u) € M for every u € N,
(ii) m(e~Y(u)) = n(u) for all p € N.

Definition 2.5. A fuzzy dynamical system is denoted by (X, M, m,p) where
(X, M,m) is a fuzzy probability measure space and ¢ is a fuzzy measure preserving

transformation.

Definition 2.6. The entropy of N € F(M) is given by

w)log m(p

ZM

and the mean entropy of ¢ on N of the fuzzy dynamical system (X, M, m, ) is
defined by

n—1

1
h(N,M,p) = lim —H( \/(p ),m).

n—oo 1
1=1
Note that ~(N) = {¢~%(u) : p € N} is an element of F(M) and \/7—, p~(N) is
the smallest fuzzy o-algebra containing (JI, ¢ ~#(N), and the above limit exists [8].

Proposition 2.7. The mean entropy of @ on N of the fuzzy dynamical system
(X, M,m, ) is affine, i.e,

h(N,dmi + (1 — N)ma, @) = A(N,mq,9) + (1 — N)h(N, ma, p),

for each pair my and ms of fuzzy probability measures, N € F(M) and X € [0, 1].

Proof. 1f m; and my are two fuzzy probability measures and A € [0, 1] then

H(N, Ay + (1 = Nyma) > XH(N,my) + (1 — \)H(N, my). (1)
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The ‘concavity’ inequality (1) is a direct consequence of the definition of H(N,m)

and the ‘concavity’ of the function x — —zlogx. Conversely, one has inequalities

—log(Amy (i) 4 (1 = A)yma(p)) < —log A — log(m (1)),
and
—log(Ama (i) + (1 = A)ma(ps)) < —log(1 — A) — log(ma(pi)),
since x — — log x is decreasing. Therefore one obtains the ‘convexity’ bound
H(N,Amy + (1 = XN)ymg) < AH(N,my)
+ (1 =XN)H(N,ms) — Alog A — (1 = X)log (1 —=A). (2)
Now replacing N by \/:.L:_O1 @ "(N) in (1), dividing by n and taking the lim,, ., gives
h’<Na Amy + (1 - )‘)mQ? 90) > )‘h’(Na mu, 90) + (1 - )‘)h(N7 ma, (70)

Similarly from (2), since

—(Alog A+ (1 —A)log (1 — X))

n

— 0 as n — oo,
one deduces the converse inequality
h<N7 )‘ml + (1 - )‘)m% 90) < )‘h<N7 maq, 90) + (1 - )‘)h(Na ma, 90)

Hence one concludes the map m — h(N,m, ¢) is affine. This is a somewhat surpris-

ing and is of great significance in the application of fuzzy mean entropy. O

3. Ergodic Measures and Weak-Mixing

Definition 3.1. Given a fuzzy probability space (X, M, m), a fuzzy measure pre-
serving transformation ¢ : X — X is called ergodic if for every atom v € M with
¢ '(y) = v we have that either m(y) = 0 or m(y) = 1. Alternatively we say that

m is p-ergodic.

Proposition 3.2. Let X denote the set of fuzzy invariant probability measures on
X. m € X is ergodic if whenever there exists my, ms € ¥ and 0 < X\ < 1 with

m = Amy + (1 — N)mgy then m; = ma.

Proof. If m is not ergodic then we can find v € M with p~'(7) = yand 0 < m(y) < 1

but for every atom p € M we can write

p=(uAy) V(A L=7)).
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Therefore

m(p) = m((pAY)V (AL —=7))
MUAY)N L gy (e A=)
ne) () £ mi = (M)
= dmi(p) + (1 = A)ma,

where A = m(y) and ma(s) = m( A 3)/m(y), ma(p) = mip A (1= 7)) /m(1 =)
this shows that m = Am; + (1 — A\)ma(p). 0

Definition 3.3. Let (X, M, m, ) be a fuzzy dynamical system, we say that ¢ is
weak-mixing if for any g, A € M we have that,

%2 (e (1) AN) — m(m\)| = 0 as k- oo.

Proposition 3.4. If a transformation ¢ : X — X on a fuzzy probability measure

space (X, M, m) is weak-mizing then it is necessarily ergodic.

Proof. If ¢ is weak-mixing then by definition we have that for any pu, A € M,

k—1
L3 (e ) AN~ m(um(N) =0 as k- oo

By the triangle inequality we have that,

o

-1

o

™ I (1) A X) — m{m(A)] = 0.

| =

m(e™" (1) AA) —m(p)m(N)| <

| =
Il
o
Il
o

n n

If we assume (for a contradiction) that ¢ was not ergodic then there would exist a
@-invariant atom v € M with ¢ ~'(y) = v with 0 < m(7) < 1. If we take p = v and
A =1—7 then since m(p™"(y) A (L —7)) = m(yA (1 —7)), for all n > 0, we deduce
that m(~) m(1 —+) = 0 giving the required contradiction. Thus ¢ is ergodic. =~ O

4. Entropy of a Sub-o-Algebra with Countable Atoms

In this section we introduce the notion of entropy of a sub-c-algebra with countable
atoms. We introduce F*(M) as below,

F*(M)={N: N is a sub-cg-algebra of M with countable atoms}.

Assume that M is a o-algebra and Ny, Ny, € F*(M), and {)\;: i € N} and
{1t; : j € N} denote the atoms of Ny and N; respectively, then the atoms of Ny V Ny
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are \; A pi; which m(\; A ;) > 0 for each 4, j € N. If v € M we set
NiVy={MA~v: m(A\Avy)>0,ieN}

Proposition 4.1. Let {)\;: i € N} be an m-disjoint collection of fuzzy measurable
sets of fuzzy probability measure space (X, M, m), then,

m (\/()\i)) = m(\).
i=1 i=1
Proof. See [8]. O
Definition 4.2. Let (X, M, m) be a fuzzy probability measure space and Ny, N, €

F*(M). We say that Ny is an m-refinement of Ny, denoted by Ny <,,, Ny, if for each
i € Ny there exists A € N; such that m(\ A p) = m(p).

Proposition 4.3. Let (X, M, m) be a fuzzy probability measure space and Ny, Na,
N3 € F*(M). If N1 <,, Ny then,

Ny V N3 <,,, Ny V Ns.

Proof. See [8]. O

Definition 4.4. Let (X, M, m) be a fuzzy probability space, and N be a sub-o-
algebra of M for which N € F*(M). The entropy of N is defined as

H(N) = —logsupm(y;),

ieN
where {y; : i € N} are atoms of N.

Definition 4.5. Let (X, M, m) be a fuzzy probability measure space and N €
F*(M). The conditional entropy of N given v € M is defined by

H(N|y) = - logstelgm(mh),

where,

oy s
m(pily) = () (m(vy) #0).

Proposition 4.6. Let (X, M, m) be a fuzzy probability measure space, and Ny, Ny €
F*(M) for which Ny = {\;: i € N} and Ny = {y; : j € N}. Then,

(1) N1 < N2 = H(Nl) < H(Ng),

(i) M < No = H(Ni|y) < H(Nafy).
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Proof. (i) Suppose Ny <,,, Ny, and then for each p; € N, there exists Ai; € N; such
that, m(u; A Ni;) = m(u;) but A, A py < i, Then,
m(h Ay) < mh,) = m;) < m(h,) = mi) < sup m(\,)
/\ij €Ny
Since p; is arbitrary we have: sup,cym(p;) < sup;eym(A;) and then we have
H(N;) < H(N;) since f(x) = —logz is a decreasing function.

(ii) Supppose N; <,,, Na, by Proposition 4.3 we have, Ny Vv <,, N5V, and by (i)

we conclude that

H(Ny V) < H(NyV7y)= —logsupm(A Avy) < —logsupm(p; A7)
ieN jeN

= supm(u; Ay) < supm(X; A7)

JEN ieN
i A\ Ai A
jen  m(y) ien  m(7)
Ai A i N\
ien  m(y) jeN  m(7)

= H(Nily) < H(Na|v).
O

Definition 4.7. Let (X, M, m) be a fuzzy probability measure space and Ny, Ny €
F*(M). We say that N; and N, are m-equivalent, denoted by Ny =, No, if

(i) for each p € Nay m(p A (V{A: A € Ni})) = m(p),

(ii) for each A € Ny, m(AA (V{u: € No})) = m(N).

Proposition 4.8. Let (X, M, m) be a fuzzy probability measure space, and Ny, Ny €
F*(M). Then,
N1 ~m NQ = Nl m N1 \/NQ.
Proof. Assume that, Ny = {)\;: i € N}, Ny = {y; : j € N}. We know that
N1V Ny = {)\Z’/\,uj Yy GM, Hj Em,m(/\i/\uj) > 0}

If a={(i,7): Vij=XAp; € Ny V No} then a = J,.{(4,7) : 7 € B} where 3; =
{j : m(Vi;) >0} and i € N. Note that if j ¢ 5; then m(V;;) = 0 we have

V Vi =V Vi) =V nr(\ w).

1,7JEN 1eN j€B; 1€N JEB;:
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Since the collections of {); : i € N} and {p; : j € N} are m-disjoint, we have,
me A (N Vi) = mO A\ XAV )
i,jEN ieN JEB:
= me AV 1)
JEB;
= me A\ 1)
JEBK
= m(\ e Apy))
JE€BK
= ) m(VViy)
J€BkK
= > m(VVy)
jEN
= m(\e A\ 1))
jeN

O

Proposition 4.9. Let (X, M, m) be a fuzzy probability measure space, and Ny, Ny €
F*(M). If Ny =, Ny then,

H(N,) < H(N; V Ny).

Proof. Suppose N; =,,, Ny, by Proposition 4.8 we have N; =,,, N1V N;. Now suppose
that 8 € Ny V Ny then 0 = \; A p1; where A; € N, and 1y € N,. So for \; € Ny,
m(60) = M (6 A X;) and therefore we have Ny <,,, N1 V Ny. Now use Proposition 4.6,

(i). 0

Definition 4.10. Let (X, M, m) be a fuzzy probability measure space and N €
F*(M). The diameter of N is defined as follows

diam N = sup m(\;).
/\¢€N

Definition 4.11. Let (X, M, m) be a fuzzy probability measure space and N, C' €

F*(M), where N = {)\;: i € N}, C = {w: k € N}. The conditional entropy of
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N given C' is defined as
diam(\; vV C)
H(N = —1 _—
NIC) = Lo ™ fame

diam(N V p;)
= —1 —_—
°8 ?lelll\? diam C'

175

Proposition 4.12. Let (X, M, m) be a fuzzy probability measure space, and N, C,

D e F*(M). Then,
(i) C <, D= H(N|C) < H(N Vv D),
(il) H(N|C) < H(N v C),

(ili) N <,, C = H(N|D) < H(C|D).

Proof. Suppose that N = {\;: i € N}, C = {p;: j €N} and D = {y: k € N}.

(i) Suppose that C' <,,, D, then we have,

H(CVN)<H(DVN)= —logsupm(\; A u;) < —log sup m(A; A7)

1€N i,keN

= sup m(A\; A ;) > sup m(A; A )
i,j€EN i,keN

= sup m(A\; A pj) > sup m(A; A ) diam C
i,jEN i,kEN

= H(N|C) < H(N VD).
Note that 0 < diam C < 1.
(ii) Obvious.
(iii) Suppose N <,, C, then we have,

H(N Vv D)< H(CV D)= —log sup m(\; Ay) < —log sup m(y A ;)

i,keN k,jEN
= sup m(ye A pj) < sup m(A; A yx)
k,jeN i,keN
= su —wk A 'uj) < su —< A %)
kjen diam D iken  diam D
mi Aw) m(ve A 1)
= —1 LT g | AR o/ V4
o8 zsllle% diamD — °° kS}le% diam D

H(N|D) < H(C|D).
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Proposition 4.13. Suppose (X, M,m) is a fuzzy probability measure space, and
Ny, Ny, N3 € F*(M> Then,

H(N; V Ny|N3) = H(Ny|Ny) + H(No|Ny V N3).

Proof. Suppose that Ny = {\; : i € N}, Ny = {1 : j € N} and N3 = {v; : k € N}.
We know that,

m(Ni A g A Vi)
H(N;V Ny|N3) = —1 ] .
(N v NolNs) = —log 5D ™ Fiam IV,

But we can write,
m(Xi A A Vi) _ m(Ni A g AYk)  SUP; gen M A Vi)
SUPgen M(Vk) SUpP; keN m(Xi A k) SUPgen M(Vk)

and therefore the proof is obvious. O

5. Entropy of a Measure Preserving Transformation

Definition 5.1. Suppose ¢ : X — X is a fuzzy measure preserving transformation
of the fuzzy probability measure space (X, M,m). If N € F*(M), we define the
entropy of ¢ with respect to N as
1N
hip, N) = lim EH(\/0 P ().
We say (X, M,m,p) is a fuzzy dynamical system. It is of course necessary to

establish that the limit above exists, but this is a consequence of subadditivity [1].

Proposition 5.2. Suppose ¢ : (X, M,m) — (Y, N,n) is a fuzzy measure preserving
transformation. Then for each L € F*(N) we have

H(L) = H(p™'(L)).
Proof. Since ¢ is measure preserving, for all 1 € L, we have
m(e~ (1)) = n(p) = H(e (L)) = —logsupm(e (1))
pneL

= —logsupn(u)
ueL

= H(L).
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Proposition 5.3. Let (X, M,m,¢) be a fuzzy dynamical system and N, C €

F*(M). Then,

(i) N < C = h(p,N) < h(p,C),

(i) h(ep, (N)) = h(p, N),
(iil) h(e \/l 0 ¢ “N)) = h(p,N) for everyr > 1,
(iv) if Ny, Ny € F*(M) such that Ny =,, N then,

(V1) ~m @7 (V).

Proof. (i) Follows from Proposition 4.3 and Proposition 4.6, (i).

(ii) Obvious.
(i)

M\ e ) =l S HCV (Vo)

7=0 =0
1 r+n—2
= Jlim —H( \_/0 P (V)
-2 1
—aim (CE T2y
n—o0 n r+n-—2
= h(p,o(N)).

(iv) Let ¢ (1) € ¢—1(Ny) such that z € Ny. Then,

AV ) A€M = me A (VA Ae )
pA (Vs Ae W)

= N

(
(

The proof of

ANV e () neN})) =

where ¢ 1(\) € o~ 1(N;) is similar.

6. Entropy and m-Isomorphic Dynamical Systems

Definition 6.1. Let (X, M, m,¢) be a fuzzy dynamical system and L € F*(M).
Suppose [L] denotes the m-equivalence class induced by L. Then the entropy
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h(p,[L]) of ¢ on L is defined as

h(,[L]) = sup h(p, N).

Ne[L]
Definition 6.2. A fuzzy dynamical system ¢ = (Xy, My, mq,¢1) is a factor of
fuzzy dynamical system ¢o = (Xo, Mo, ma, o) if there exists an onto fuzzy measure
preserving transformation (called homomorphism) ¢ : ¢o — ¢; such that,
Yoy =pr10,
and for each p € M,
ma(p) = ma(d~ (n)).

Proposition 6.3. Let ¢; = (X1, M1, mq,¢1) be a factor of fuzzy dynamical system
o = (Xo, My, ma, @), then for each L € F*(My),

h(¢1, [L]) < h(dz, [0~ (L)),

where V¥ : ¢po — @1 s the corresponding homomorphism.

Proof. Suppose that N € [L]. Then by Proposition 5.4, H(N) = H(¢"*(N)). Now,

honN) =l S\ 67 ()

n—oo N,

=t S HEV o))

n—oo 1M

— lim ~H(\/ 6T (V)
=0

n—oo N,

n—oo 1

=t H(\ 60 (V)
= R, ™ (N)).

As N ranges over an m-equivalence class [L] in F*(My), ' (N) ranges over a subset
of the m-equivalence class [~ (L)] in F*(M,). O

Definition 6.4. Two dynamical systems ¢; = (Xy, My, mq, 1) and
¢o = (Xo, My, my, o) are said to be m-isomorphic if there exists an invertible fuzzy
measure preserving transformation v : ¢; — ¢o (i.e both ¢ and ~! are fuzzy

measure preserving transformations) such that,

Yo =pro.
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The mapping v is called m-isomorphism.

Proposition 6.5. Suppose ¢1 = (X1, My, my, 1) and ¢ = (Xo, My, ma, o) are
m-isomorphic dynamical systems and py is an ergodic fuzzy transformation. Then

9 15 also ergodic.

Proof. Let p € My; o () = p. By definition there exists an invertible fuzzy
measure preserving transformation 1 of ¢; onto ¢ such that,
Yo =01
But ¢~ () = 7 € 7y, and,
w2l (1) = e V()
= Yoo ()
= P(y).
So we have
p1r7 () =v=mi(y) =0orl
iy (7 () = O or 1

= mgo(p) =0 or 1.
O

PI‘OpOSitiOIl 6.6. Let CZ51 = (Xl,Ml,ml,gol) and qbg = (XQ,MQ,mQ,()OQ) be m-
isomorphic dynamical systems and p be weak mizing. Then @o is also a weak

MITING.

Proof. Since ¢, is weak mixing then we have that for any u, A € M,

lim ~ S s (01" (1) A X) = 1 ()ma(A)] = 0.

We prove that for any n,v € M, we have
=
lim — Imi(e17"(n) Av) —ma(n)ma(v)| = 0.

Since ¢; and ¢, are m-isomorphic, there is an invertible fuzzy measure preserving

transformation v such that ¥ o p; = w9 0¥ we have

Y lopy =Mooy
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Since ) is surjective and measure preserving, 1~ (n) € My, "' (v) € M;. Suppose
that ¥ 1(n) = p, ¥~} () = A, then,

N

-1

lim i) A ) = )
= % i [ma (™ (03" () Av) = ma (7 () ma (0 ()]
o
= kh_{go z Z [ma(pa™"(n) Av) — ma(n)ma(v)|
— 0.

O

Proposition 6.7. Let ¢ and ¢o be m-isomorphic dynamical systems. Then for
each L € F*(M),
h(Sph [L]) = h(@% [77/}_1<L)])7

where 1 : 1 — @9 is the corresponding m-isomorphism. In the other words h(p, [L])

18 m-i1somorphism invariant.

Proof. Follows from Proposition 6.4. a

7. Entropy and m-Generators of Fuzzy Dynamical Systems

Definition 7.1. The entropy of the fuzzy dynamical system (X, M, m, ) is the
number A(p) defined by:
h(p) = Sup h(e,€),

where the supremum is taken over all sub-o-algebras of M where £ € F*(M).

Definition 7.2. £ € F*(M) is said to be a fuzzy m-generator of the fuzzy dynamical
system (X, M, m, @) if there exists an integer r > 0 such that,

n<m \/ ¢,
=0

for each n € F*(M).

Proposition 7.3. If £ is a m-generator of the fuzzy dynamical system (X, M, m, p)
then,
h(p:m) < h(p,§),
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for each n € F*(M).

Proof. Let n € F*(M) be any arbitrary sub-c-algebra of M. Since &, is an m-
generator, n <., \/i_, ¢ "¢ from Proposition 5.3, (iii),

h(,m) < h(e, \/ ©~'€) = h(p, ).

Now we can deduce the following version of Kolmogorov-Sinai proposition.

Proposition 7.4. If £ is an m-generator of fuzzy dynamical system (X, M, m, p)
then,

h(p) = h(y,§).

Proof. Obvious. a

8. Concluding Remarks and Open Problems

In this paper we investigate the ergodic properties of fuzzy dynamical systems using
the concept of atoms in a fuzzy o-algebra. In this respect we introduce the m-
generators of fuzzy dynamical systems. We have to consider a slight modification of
some previously defined notions. A fuzzy version of Kolmogorov-Sinai proposition
concerning the entropy of fuzzy dynamical system is given. This proposition enables

us to compute the entropy for a class of fuzzy systems.

An interesting open problem is to establish a proposition on existence of m-generators

having finite entropy.
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