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Ozet. Bu makalede bulanik dinamik sistemler igin golgeleme 0zelligi kavramini ortaya
atiyor ve bu 6zelligin bulanik topolojik esleniklik altinda degismez oldugunu kanitliyoruz.
Golgeleme oOzellikli dinamik sistemleri kullanarak bulanik goélgeleme 6zellikli bulanik di-
namik sistemlerin insasi icin bir metot sunuyoruz.

Anahtar Kelimeler. Bulanik metrik uzayi, bulanik dinamik sistem, golgeleme 6zelligi,
limit golgeleme ozelligi.

Abstract. In this paper we introduce the notion of the shadowing property for fuzzy
dynamical systems and prove that this property is invariant under fuzzy topological con-
jugacy. By using of dynamical systems with the shadowing property we present a method
to construct fuzzy dynamical systems with the fuzzy shadowing property.

Keywords. Fuzzy metric space, fuzzy dynamical system, shadowing property, limit shad-
owing property.

1. Introduction

Qualitative theory of dynamical systems is the study of the long-term behavior of
evolving systems under perturbations [1, 2, 8, 10, 11]. The evolution of a particular
state of a dynamical system is related to its orbits. For this purpose we need to
know the structure of these orbits by solving a system of differential equations. If
we cannot solve a system of differential equations analytically, then pseudo orbits
are suggested as replacements for the orbits. Let us to explain this theory more
precisely by considering a set X and a map f: X — X. In numerical computation
of f with the initial value xy € M we can approximate f(zo) by x1. To continue
this algorithm we can compute the value x5 close to f(x;) and so on. The sequence
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{z}} is called a pseudo orbit and sometimes it is an approximation for the orbit
O(z, f) = {f™(x)}n>0- In this paper we are going to use of fuzzy distances to
approximate the pseudo orbits and their shadowing properties (stochastic stability).
In the next section we introduce the notion of the fuzzy limit shadowing property
(FLmSP), the fuzzy pseudo orbit tracing property (FPOTP) and the notion of
the unique fuzzy pseudo orbit tracing property (UFPOTP) for a fuzzy continuous
map. We prove that these properties are invariant under fuzzy topological conjugacy
(Theorem 3.2). Moreover we prove that FPOTP is a fuzzy topological property i.e.
it is invariant under a fuzzy homeomorphism. Moreover we introduce a method
to construct new fuzzy dynamical systems with the above properties by the given

dynamical systems which have those properties (Theorem 3.3).

2. Basic Notions

Let us to recall the definition of fuzzy metric space [9]. A binary operation
x : (0,1] x (0,1] — (0,1] is called a continuous triangular norm (t-norm) if x

satisfies the following conditions:

1. x is associative and commutative;

2. * is continuous;
3.ax1l=aforallac(0,1];

4. a*xb < c*d whenever a < c and b < d;
5. If axb=ax*cthen b=c.

Properties 4 and 5 of a continuous t-norm imply that if a x b < a * ¢ then b < c.

Definition 2.1 (Kramosil and Michalek [9]). A fuzzy metric space is a triple
(X, M,x) where X is a nonempty set, * is a continuous ¢-norm and
M : X x X x[0,00) — [0, 1] is a mapping which has the following properties:
For every z,y,2z € X and t,s > 0:

M(z,y,t) > 0;

M(z,y,t) = 1if and only if x = y;

M(z,y,t) = M(y, x,t);

M(z,z,t+s) > M(x,y,t)* M(y, z,s);
M(z,y,-): (0,00) — [0,1] is a continuous map.

A

Let (X, M, *) be a fuzzy metric space. A set A C X is called a fuzzy open set if for
any x € A there exist 0 <7 < 1 and Ty € (0, o) so that if M(z,y,t) > 1 —r then
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y € Aforall t > Ty, Let (X, M, *) be a fuzzy metric space. An open ball B(z,r,t)
with center x € X and radius r, 0 <r < 1, t > 0 is defined by

B(z,rt)={ye X: M(z,y,t) >1—r}.
Let (X, M, x) be a fuzzy metric space. Let
™ ={ACX:x€ A& thereexist t >0and r € (0,1) s.t B(x,r,t) C A}.

Then 7y is a topology on X [4, 5]. A fuzzy metric space (X, M, x) is called a compact

fuzzy metric space if (X, ) is a compact space.

Remark 2.1. Let (X, d) be a metric space. Then

M(z,y,t) = Mg(z,y,t) = T+ dzy)

with the t-norm a * b = ab is a fuzzy metric defined on X (called standard fuzzy

metric space [3]) and the topology 7, induced by the metric d and the topology 7/

are the same.

A fuzzy map f: X — X is said to be fuzzy continuous at x, if for each € € (0,1)
and each ¢t > 0 there is § € (0,1) so that for each x with M (x,xo,t) > 1 — 0, we
deduce M (f(x), f(xo),t) > 1 —e. Also f is called uniformly fuzzy continuous if for
any € € (0,1) there is § € (0,1) so that for each z and y with M(z,y,t) > 1 — 4,
we deduce M(f(z), f(y),t) > 1 —e. As the classical mathematical analysis one
can prove that each continuous fuzzy map on a compact fuzzy metric space is a
uniformly fuzzy continuous map [4].

In the theory of structural stability it is very important to know that a property is

invariant under topological conjugacy or not.

Definition 2.2. We say that two fuzzy maps f : X - X and g : Y — Y on
fuzzy metric spaces (X, M, x) and (Y, M’ %) are topologically conjugate if there is
a fuzzy homeomorphism ¢ : X — Y (a fuzzy continuous bijection map with fuzzy

continuous inverse) so that the following diagram commutes.

f
X—X

il/ |

HY
g
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Now we are ready to introduce the concept of the shadowing property for fuzzy

dynamical systems.

Definition 2.3. Let (X, M, %) be a fuzzy metric space. We say that a fuzzy home-
omorphism f : X — X has the fuzzy pseudo-orbit tracing property (FPOTP) on X,
if for each € € (0,1) and ¢ > 0, there exists § € (0,1) so that for a given sequence

M(f(xy),xp41,t) >1—0 forkeZ

(called d-pseudo orbit) there exists a point p € X such that
M(f*(p), zp,t) >1—¢ forkeZ

(in this case we say p € X e-shadowed £). We say that f has the unique fuzzy pseudo
orbit tracing property (UFPOTP), if there exists €’ € (0, 1) so that for each € € (0, €¢)
and each t > 0 there exists 0 € (0,1) so that any d-pseudo orbit is e-shadowed with
a unique p € X.

Definition 2.4. Let (X, M, %) be a fuzzy metric space. We say that a fuzzy home-
omorphism f : X — X has the fuzzy limit shadowing property (FLmSP) on X if
for each t > 0 and each sequence & = {z;} with

lim M(f(zy), vps1,t) =1
k—o0
there exists a point p € X so that

lim M(f*(p), zx,t) = 1.

k—o0

Example 2.1. Every constant map on a compact fuzzy metric space has both the
FPOTP and the FLmSP.

3. Main Results

We assume that (X, M, %) is a compact fuzzy metric space.

Theorem 3.1. If f : X — X is a fuzzy homeomorphism then f has the FPOTP if

and only if so does f~1.

Proof. Let € € (0,1) and ¢ > 0 be given. If f has the FPOTP, then there is 6 € (0,1)
so that for each sequence {x}rez C X with

M(f(xk-),karl,t) >1—4¢ for k € Z, (1)
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there exists a point p € X such that
M(f*(p), zp,t) > 1 —efor k € Z. (2)

We choose & € (0,1) so that the inequality M(z,y,t) > 1 — ¢ implies
M(f(x), f(y),t) > 1 —0. Let g = f~! and the sequence {yp}rez C X satisfies
the inequality

M(9(yx), Yrs1,t) > 1 =0 for k € Z.

Then
M (y, f(yrr1),t) = M(f(9(yx)), f(Yrt1),t) > 1 =6 for k € Z.

Thus the sequence {zy : p = y_g}rez satisfies the relation (1), so there exists a
point p € X such that the relation (2) holds. Therefore

M(g*(p), yp,t) = M(f " (p),x_p,t) > 1 — € for k € Z.

For the proof of the other side it is enough to replace f~! by f. O

Theorem 3.2. Let (X, M,x) and (X, M',x) be compact fuzzy metric spaces and
let f: X — Xandg:Y — Y be two fuzzy homeomorphisms. If f and g are
topologically conjugate then

(i) f has the FPOTP if and only if so does g.
(ii) f has the FLmSP if and only if so does g.

Proof. (i) Let ¢ : X — Y be a fuzzy homeomorphism so that g o ¢ = ¢ o f and
f has the FPOTP. If € € (0,1) and ¢ > 0 there is € € (0,1) so that the inequality
M(x,y,t) > 1 — € implies M'(¢(x), ¢(y),t) > 1 — €. Since f has the FPOTP there
is 0’ € (0,1) so that for any sequence {z}rez C X with

M(f(ﬂ?k), Tht1, t) >1—0 forkeZ (3)
there exists a point p € X such that the inequality
M(f*(p), zp,t) >1—¢€ for ke Z

holds. We choose 6 € (0,1) so that the inequality M'(z,y,t) > 1 — § implies
M(¢~(z), ¢ (y),t) > 1 —¢&". Given a sequence {yjrez C Y with

M/<f(yk)ayk+17t) >1—oforke Z7
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then for the sequence {zy : zx = ¢ (yr) brez C X we deduce

M(f(zr), wpr1,t) = M(f(07 (Ur)), & (Yrt1),t)
= M(¢ ' (9(yx)); & (Y1), 1)
> 1-0

for k € Z. Thus {x}rez satisfies the relation (3). So there exists a point p € X
such that
M(f*(p), zp,t) > 1 —¢€ for k € Z.

Hence
M'(g"(d(p)), zi, t) = M'(S(F*(p)), d(x),t) > 1 — € for k € Z.

(ii) Let h : X — Y be a fuzzy homeomorphism so that go ¢ = ¢ o f and f has the
FLmSP. Given ¢t > 0 and a sequence {yx}rez C Y so that

lim Ml(.g(yk)vyk-i-lvt) =L (4)
k—o0

If ¢ € (0,1) then there is ¢ € (0,1) so that the inequality M (z,y,t) > 1 — €
implies M'(¢(x),#(y),t) > 1 —e. So there is 6 € (0,1) such that the inequality
M'(x,y,t) > 1—6 implies M (¢~ (x),p 7 (y),t) > 1 — €. By the relation (4) there is
ko € N so that

M'(g(yr), Yrs1,t) > 1 — 6 for k > k.

Hence for the sequence {xy : x, = ¢ (yx) }rsr, € X we deduce

M(f(wr), ry1,t) = Mf(@ " (Yr)), & (Yry): 1)
= M(¢ (g(yr): 8~ (Yrs1),t) > 1 = 0" for &k > ko.

Thus
lim M(f(zk), Tgs1,t) = 1.
k—o0

So there exists a point p € X such that

lim M(f*(p), zp, t) = 1.

k—o0

Therefore there is k; € N so that M (f*(p), zx,t) > 1 — 6 for k > k;. Thus

M/(gk(gb(p)),l’k,t) = M,(¢<fk(p))7¢(xk)7t) >1—ecfork Z k1~

Hence
lim M’'(g"(¢(p)), yr, t) = 1.

k—o0
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Theorem 3.3. Let (X, M, ) and (Y, M', *) be two compact fuzzy metric spaces and
let f: X — X andg:Y — Y be continuous maps. If f x g: X xY — X XY is
the map defined by

fxg(x,y) = (f(x),9(y)) for (v,y) € X xY,
then

(i) f x g has the FPOTP if and only if both f and g have the FPOTP;
(ii) f x g has the FLmSP if and only if both f and g have the FLmSP.

To prove this theorem we first prove the following lemma.

Lemma 3.1. Let (X, M,*) and (Y, M’, %) be two compact fuzzy metric spaces. Then

(X xY, ]\7, %) is a compact fuzzy metric space where
M((21,91), (w2,92),t) = min{ M (21, 22, ), M'(y1, . 1) }.
Proof. If (z1,v1), (2, 42), (x3,y3) € X X Y and s,¢ > 0, then

M((xl,yl), (72,92),t + 5)
= min{ M (z1, o, t + 5), M'(y1,y2,t + 5)}
> min{ M (z1, x3,t) * M(x3,x2,5), M'(y1,y3,t) * M'(y3,va,5)}
> min{ M (zy, x3,t), M'(y1,y3,t)} * min{ M (z3, 22, 5), M’ (y3, Y2, 5)}

= M((l’b Y1), (23,y3),t) * M(@?n ys), (€2, 12), 5)-

Clearly other properties of fuzzy metric are hold, so (X x Y, M , %) is a fuzzy metric
space. f UXV € 77, v € Uandy € V, then x xy € U XV, so there exist r € (0, 1)
and ¢ > 0 such that By;((x,y),7,t) C UxV. Now we show that By;(z,r,t) C U and
By (y,r,t) C V. Let o' € By(x,r,t) and 3/ € Byp(y,7,t), then M(z,2',t) >1—r
and M'(y,y',t) > 1 —r. Hence (2,y') € By ((z,y),r,t) CU x V. So &' € U and
y' € V. These imply that U € 73y and V' € 7. Therefore compactness of X and
Y implies that (X x Y, M ,*%) is compact. O
Proof of Theorem 3.3. (i) Suppose that f x g has the FPOTP. Given € € (0,1) and
t > 0, there is § € (0,1) with the properties of Definition 2.3. Let two sequences
{zr}rez C X and {yx}rez C Y satisfy in the inequalities

M(f(zy), xp41,t) > 1 —0 for k € Z,

M(9(yx), Yri1,t) > 1 =0 for k € Z.



32 Ahmadi and Molaei

Then for the sequence {(xk, yx) trez C X x Y we deduce

M(f x )@k yr), (Ths1, Ypsr ), t) > 1 — 6 for k € Z.
Thus there exists (p,q) € X X Y so that
M((f X g)k(Pa q), (g, yr),t) > 1 — € for k € Z.
Hence
M(f*(p), zx,t) > 1 —efor k € Z,
M(g*(q), yi, t) > 1 — € for k € Z.
Therefore f and g have the FPOTP. Now let both f and g have the FPOTP. If the

sequence {(zx, Yr) brez C X X Y satisfies in the inequality

M((f X 9)(xr, yr), (Tht1, Yer),t) > 1 — 8 for k € Z,

then
M(f(zg), Tpy1,t) > 1 =0 for k € Z,
M(g(yk), Yks1,t) > 1 =6 for k € Z.
Hence there exist p € X and ¢ € Y so that

M(f*(p),x,t) > 1 —efor k € Z,

M(g"(q), yr,t) > 1 — e for k € Z.

Thus
M((f x g)k(Pa q), (g, yr),t) > 1 — € for k € Z.

(ii) Suppose that f x g has the FLmSP. If {2} }rez € X and {yg}trez C Y are two

sequences satisfying the relations
lim M(f(zk),zke1,t) =1 and  lim M(g(yx), yksr1,t) = 1,
k—o0 k—o0

then

klggo M((f X g)<xk7 yk)? (*Tk—l-lvyk—l—l)?t) =L
Thus there exists (p,q) € X x Y so that

lim M((f x ¢)*(p, q), (x, y), ) = 1.

k—o0

So
lim M(f*(p), zx,t) =1 and lim M (g"(q), ys,t) = 1.
k—o00 k—00

The proof of the other side is similar to the above proof. O
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Let (X,d) be a metric space and f : X — X be a homeomorphism. The notion of
POTP was first introduced by Anosov as follows. A dynamical system f has the
pseudo-orbit tracing property (POTP) on X if for each € > 0 there is 6 > 0 so that

for a given sequence £ = {z} }nez with

d(f(zk), xps1) <6 forkeZ
there exists a point x € X such that

d(f*(x),z,) <e forkeZ.

(In this case we say p € X eshadowed £). A dynamical system f has the limit
shadowing property (LmSP) on X [11] if for any sequence & = {xy }x>o with

r(f(zr), Tp1) = 0,k — o0
there exists a point x € X so that
r(f*(x),rx) =0, k— oo.

Proposition 3.1. Let f : (X,d) — (X, d) be a homeomorphism, then f : (X, My, %)

— (X, My, *) is a fuzzy homeomorphism and we deduce

(i) f has the POTP if and only if it has the FPOTP;
(ii) f has the LmSP if and only if it has the FLmSP.

Proof. (i) Assume that f has the POTP. Given ¢ € (0,1), t > 0 and choose
¢ € (0,te/(1 —€)) N (0,1). Therefore there is ¢’ € (0,1) so that for any sequence

{1 }rez with
d(f(zy),2p41) <8 fork €Z

there exists a point p € X such that
d(f*(p),zy) < € for k € Z.
If we choose § € (0,0"/(t + 0")) then for each sequence {zy }rez with
My(f(xy), xps1,t) >1—0 for k€ Z

we deduce
d(f(l’k),karl) < forkeZ.

So there exists a point p € X such that

A (p)mn) < € < 1

— €

for k € Z.
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Thus
My(f*(p), zp,t) > 1 —€ fork € Z.

Now we assume that f has the FPOTP as a fuzzy homeomorphism on (X, My, *).
If e € (0,1) and € € (0,¢/(1 +€)), then there is ¢’ € (0,1) so that for each sequence

{l’k}kez with
Md(f(l’k), Tkt1, 1) >1—¢ forkeZ

there exists a point p € X such that
My(f*(p), 2, 1) > 1 —€  for k € Z.
Now if 6 € (0,0"/(1 — ")) N (0,1) then for each sequence with
d(f(zg), xps1) <6 for ke Z

we have
Md(f(l’k),l’kJrl, 1) >1—¢ forkeZ.

Hence there is p € X so that

1
My(f* )>1—¢€>
d(f (p)axk’v ) € 1+€

for k € Z.

Thus
d(f*(p),zr) < e fork e Z.

(ii) This part is clear because for each two sequences zj and y; we deduce
limy_ o0 d(zg, yx) = 0 if and only if for each ¢ > 0 limy_, oo My(xg, Y, t) = 1. O

Definition 3.1. We say that a homeomorphism f : X — X is ezpansive if
there exists e € (0,1) (called expansive constant) so that for each t > 0, if
M(f*(z), f¥(y),t) > 1 —e for all k € Z, then z = y.

Proposition 3.2. Let f : X — X be an expansive homeomorphism. If f has the
FPOTP then it has the UFPOTP.

Proof. Let f be expansive with expansive constant e € (0,1). By continuity of
there exists ¢ € (0,1) so that (1 —€¢)x (1 —¢€¢) > (1 —e). If € € (0,€¢) then there
exists 0 € (0,1) so that any d-pseudo-orbit is e-shadowed with a point p € X. Let
d-pseudo-orbit {xy}rez, e-shadowed with two points p,q € X. So for all k € Z we

deduce

M(f*(p), f*(a),2t) = M(f*(p), i, t) * M(f*(q), 2, t) > (1 =€)« (1 —¢) > 1 —e.
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Hence p = gq. O

4. Examples

Example 4.1. Let X = S! be the unit circle and axb = ab. If d(x,y) is the distance

between z and y as follows then (X, d) is a compact metric space.
d(x = (cos 2mt,sin 27t), y = (cos 2ws,sin27ws)) = |t — s| ; ¢,s € [0,1).

So (X, M, x) where M(x,y,t) =t/(t+d(z,y)) is a compact fuzzy metric space. We
consider the homeomorphism f(x) = x on X. Let ¢ € (0, %) and fixed o € X. We
can choose xy so that M (xy,zg,1) =1 —g and xo € X so that M (x9,21,1) =1— g.

To continue the algorithm we find the sequence {zy}x>¢ so that
M(f(zg), Tps1,1) =1 — g for k > 0.
Clearly there is no point p € X such that
M(f*(p), z,1) > 1 — % for k> 0.
Hence f does not have the FPOTP.

Example 4.2. In [11, Example 1.19] is presented a homeomorphism on a compact
metric space so that it has the LmSP but does not have the POTP. Hence by
Proposition 3.1 it has the FLmSP but does not have the FPOTP (with respect to

the standard fuzzy metric).
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