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Ozet. Bu makale, degismeli halkalar tizerindeki koatomik modiiller ve yaribasit modiiller
hakkinda iyi bilinen baz sonugclari, degigsmeli yarihalkalar tizerindeki koatomik ve yaribasit
yarimodiillere genellegtirmistir. Benzer sonuglara ulagmadaki temel zorluk, altyarimodiille-
rin saglamasi gereken ekstra ozellikleri ortaya gikarmaktir. Yar:i modiillerin ¢aligilmasinda
yarimodiillerin k-altyarimodiillerinin énemli olduklar: ispatlanmistar.t

Anahtar Kelimeler. Yarihalka, koatomik yarimodiiller, yaribasit yarimodiiller, k-tiim-
lenmis yarimodiiller.

Abstract. This paper generalizes some well known results on coatomic and semisimple
modules in commutative rings to coatomic and semisimple semimodules over commutative
semirings. The main difficulty is figuring out what additional hypotheses the subsemimod-
ules must satisfy to get similar results. It is proved that k-subsemimodules of semimodules
are important in the study of semimodules.

Keywords. Semiring, coatomic semimodules, semisimple semimodules, k-supplemented
semimodules.

1. Introduction

Study of semirings has been carried out by several authors since there are numerous
applications of semirings in various branches of mathematics and computer sciences
(see [6],[7] and [9]). It is well known that for a finitely generated module M, every
proper submodule of M is contained in a maximal submodule. As an attempt to
generalize this property of finitely generated modules we have coatomic modules.
In [12], Zoschinger calls a module M coatomic if every proper submodule of M is
contained in a maximal submodule of M. The main part of this paper is devoted to
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extending some basic results of the notion semisimple and coatomic modules from

the theory of modules to the theory of semimodules.

For the sake of completeness, we state some definitions and notations used through-
out. By a commutative semiring we mean an algebraic system R = (R, +,-) such
that (R, +) and (R, -) are commutative semigroups, connected by a(b+ c) = ab+ ac
for all a,b,c € R, and there exists 0 € R such that r+0=randr-0=0-r =20
for all r € R. Throughout this paper let R be a commutative semiring. A (left)
semimodule M over a semiring R is a commutative additive semigroup which has
a zero element, together with a mapping from R x M into M (sending (r,m) to
rm) such that (r + s)m = rm + sm, r(m + p) = rm + rp, r(sm) = (rs)m and
Om = 10y = 0y for all m,p € M and r;s € R). Let M be a semimodule over
a semiring R, and let N be a subset of M. We say that NV is a subsemimodule of
M, or an R-subsemimodule of M, precisely when N is itself an R-semimodule with
respect to the operations for M (so 0y, € N). It is easy to see that if r € R, then
rM = {rm: m € M} is a subsemimodule of M. The semiring R is considered to

be also a semimodule over itself. In this case, the subsemimodules of R are called
ideals of R.

Let M be a semimodule over a semiring R. A k-subsemimodule (subtractive sub-
semimodule) N is a subsemimodule of M such that if z, z+y € N, then y € N (so
{0pr} is a k-subsemimodule of M). A semimodule M is called a simple semimodule
if M has no non-zero k-subsemimodule. A subsemimodule (k-subsemimodule) N of
a semimodule M is called a maximal subsemimodule (maximal k-subsemimodule)
if L is a subsemimodule (k-subsemimodule) of M such that N G L, then L = M.
A subsemimodule N of a semimodule M over a semiring R is called a partitioning
subsemimodule (= @ ys-subsemimodule) if there exists a non-empty subset )y of M
such that M = J{g+ N : q € Qu} and if ¢1,q2 € Qar then (¢1 + N)N(ga+ N) # 0
if and only if ¢ = ¢o. It is easy to see that if M = @, then {0} is a Q-
subsemimodule of M.

Let M be a semimodule over a semiring R, and let N be a @ j/-subsemimodule
of M. We put M/N = J{g+ N : ¢ € Qu}. Then M/N forms a commutative
additive semigroup which has zero element under the binary operation & defined
as follows: (¢ + N) @ (g2 + N) = g3 + N where g3 € Q) is the unique element
such that ¢; + g2 + N C g3 + N. Then M/N is a semimodule over semiring R by
mapping R x M /N into M /N (sending (r,q+ N) to rq+ N) and zero element gy + N

with go = Ops (see [3]). We call this R-semimodule the residue class semimodule or
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factor semimodule of M modulo N. A semimodule M over a semiring R is called an
M-cancellative semimodule if whenever rm = rn for elements m,n € M and r € R,

then m = n.

2. k-Supplement Subsemimodules

In this section we define k-supplement subsemimodules and the k-radical of a semi-
module. We extend some definitions and results of Wisbauer [11] to semimodules

over semirings.

Definition 2.1. Let M be a semimodule over a commutative semiring R.

(a) A subsemimodule N of M is essential (k-essential) in M, abbreviated N < M
(N Qi M), if for every subsemimodule (k-subsemimodule) L of M, NNL =0
implies L = 0.

(b) A subsemimodule K of M is k-superfluous (k-small) in M, abbreviated
K < M, in case for every k-subsemimodule L of M, K + L = M implies
L =M.

(c¢) Let {My}x be a non-empty family of k-subsemimodules of M. If M =
doen My and My 0 (32, M) = 0 for each A € A. Then M is called
the (internal) direct sum of the k-subsemimodules {M,},. This is writ-
ten as M = @, M, and M, are called direct summands of M. If only
My (3,20 M,) = 0 for each A € A is satisfied, then {My}, is called an
independent family of k-subsemimodules. It is easy to see that, if M is a
direct sum of the k-subsemimodules { M)}, then 0j; has a unique represen-
tation. A semimodule M is called indecomposable if M # 0 and it cannot be
written as a direct sum of non-zero k-subsemimodules.

(d) Let N be a subsemimodule of M. If N’ is a subsemimodule of M maximal
with respect to N N N’ = 0, then we say that N’ is an M-complement of
N. By Zorn’s Lemma, we can show that every subsemimodule of M has an

M-complement which is a k-subsemimodule of M.

Remark 2.2. For any infinite family {V;};ca of subsemimodules of M, a sum is
defined by Y, 0 Na = {177 € N, Ay € Ayny, € Ny, }. This is a subsemi-
module in M. It is easy to see that every sum of k-subsemimodules is also a k-

subsemimodule of M (see [3, Lemma 2]).
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Lemma 2.3 (Semimodularity Law). Let M be a semimodule over semiring R and
let N and K be subsemimodules of M. Let L be a k-subsemimodule of M with
NCL. Then LN(N+K)=N+(LNK).

Proof. Let x € N+ (LN K). Then x =n+a forsomen e NC Landa e LNK.
Therefore t =n+a € LN (N + K). Now, lety e LN (N + K). Theny =n"+k
for some n’ € N and k € K. Hence k € L, since L is a k-subsemimodule of M.
Therefore y =n'+k € N + (LN K). O

Proposition 2.4. Let M be a semimodule over a semiring R and N and N’ be
k-subsemimodules of M with N is a M-complement of N. Then,

(i) Ne N QM.
(i) If N’ be a Qpr-subsemimodule of M, then (N & N')/N' <, M/N'.

Proof. (i) Let 0 # L be a subsemimodule of M with (N & N’)N L = 0. Now, we
show that NN (N'@ L) =0. Let n =n' + [ for some n € N, n’ € N and [ € L.
Therefore | € N & N', since n,n’ € N & N and N & N’ is a k-subsemimodule of
M by [4, Lemma 2]. Hence le (N®& N )NL=0and n=n"€ NNN' =0. Then
NN (N'@ L) =0 that is a contradiction with the maximality of N’. Hence L =0
and N @ N' < M.

(i) Let N’ be a @ p-subsemimodule of M. Then (N @ N')/N’ is a k-subsemimodule
of M/N' by [4, Theorem 3]. Let 0 # L/N’ be a k-subsemimodule of M/N’. If
LN (N @ N') = N, then by semimodularity law, N' @ (L N N) = N'. Therefore
LN N =0 and by maximality of N’, L = N’, that is a contradiction. So assume
that x € LN (N @ N') and x ¢ N’. Since N’ is a @y N L-subsemimodule of L
and a Qu N (N & N')-subsemimodule of N & N’ by [2, Lemma 3.4, hence = €
(1 + N)N (g2 + N) for some ¢; € QN L and g2 € Qpr N (N & N'). Since x ¢ N/,
then q1,q2 ¢ N’'. Therefore ¢; = ¢, since N’ is a Qy-subsemimodule of M. Then
@+N=g+NecL/Nn(N@&N')/N #0. O

Proposition 2.5. Let M be a semimodule over a semiring R and U be a k-sub-
semimodule of M and let M = U + V' for some subsemimodule V' of M. If V'
is a mazimal k-subsemimodule of V', then U + V' = M or U + V' is a mazimal

k-subsemimodule of M containing U.

Proof. Let U+ V' # M and L be a k-subsemimodule of M with U + V' C L ; M.
Set ' =LNV. Then ' =V’ or L' =V since V' is a maximal subsemimodule of
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V. But L' # V since L # M. Therefore L’ = V'. Let m € L Therefore m = u + v
for some u € U and v € V. Thenv € VN L =L = V' since L is k-subsemimodule.
Thus m e U+ V' and L =U + V'. Then U + V' is a maximal k-subsemimodule of
M by [4, Lemma 2]. O

Proposition 2.6. Let M be a semimodule and V' be a k-subsemimodule of M. If
P is a maximal k-subsemimodule of M, then V. C P or PNV is a mazximal k-

subsemimodule of V.

Proof. Let V¢ P. Then PNV is a proper k-subsemimodule of V. Now, let
PNV C K for some proper k-subsemimodule K of V. Then P + K is a k-
subsemimodule of M containing P. If P+ K = P, then K C P this implies that
K=PnV. If P+ K = M, then by semimodularity law V = K +(PNV) = K

that is a contradiction. Hence P NV is a maximal k-subsemimodule of V. ]

Definition 2.7. Let M be a semimodule over semiring R and let U be a subsemi-
module of M. A proper k-subsemimodule V' of M is called a k-supplement of U
in M if V' is minimal element in the set of proper k-subsemimodules L of M with
U+L=M.

Lemma 2.8. Let M be a semimodule over a semiring R and U be a k-subsemimodule
of M. If V is a k-subsemimodule of M, then V is a k-supplement of U if and only
fM=U+V andUNV K V.

Proof. Let (UNV)+ K =V for some k-subsemimodule K of V. Then M =
U+V=U4+{UnNV)+K=U+ K. Then V = K by the minimality of V. Now
let M=U+Vand UNV < V. Let M =U + K for some k-subsemimodule K of
V. Then by semimodularity law, V = K + (U NV) and since U NV < V, then
V = K. Thus V is a supplement of U. O

Definition 2.9. Let M be a semimodule over semiring R. The k-subsemimodule
Npca AP | P is a maximal k-subsemimodule of M} of M, is called the k-radical of
M, written as Radg(M).

Proposition 2.10. Let M be a semimodule over a semiring R and U be a proper
k-subsemimodule of M. If V is a k-supplement of U in M, then

(i) If M is a finitely generated semimodule, then V is also finitely generated.
(ii) If Radg(V) =V, then V C Rady(M).
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Proof. (i) Let {z1, s, ...,x,} be a generating set of M. Then for each i = 1,2, ..., n,
there exists u; € U and v; € V such that z; = u; + v;. Set V' the subsemimodule
of V generated by {vy, v, ...,v,}. Hence M = V' + U and by the minimality of V|
this means V = V',

(ii) Let P be a maximal k-subsemimodule of M. If V' ¢ P, then PNV is a maximal
k-subsemimodule of V' by Proposition 2.6. Since Rady(V) = V, then PNV =V
and hence V' C P. Therefore V' C Rady(M). O]

3. Coatomic Semimodules

In this section we define coatomic semimodules and we introduce their relations with

some other semimodules.

Definition 3.1. Let R be a semiring. The R-semimodule M is called coatomic if

every proper k-subsemimodule of M is contained in a maximal k-subsemimodule.

Theorem 3.2. Fvery finitely generated semimodule is coatomic.

Proof. Let M be a finitely generated semimodule and N be a k-subsemimodule of
M. Let A be the set of all proper k-subsemimodules M’ of M with N C M’. Since
N is a k-subsemimodule, then A is not empty. Of course, the relation of inclusion,
C is a partial order on A. Let {L;};er be a chain of elements of A for some index
set 1. Set L = Uie[ L;. It is clear that L is a subsemimodule of M and N C L. Let
x, x +y € L. Therefore x € L; and x + y € L;, for some element s,k € . Without
loss of generality, we can assume that Ly C Lg. Therefore y € Ly C L, since Ly is a
k-subsemimodule of M. Hence L is a k-subsemimodule of M. Now, we show that
L#M. Let M =5 " Rm; and L = M. Therefore m; € Ly, for some k; € I for
each i = 1,2,...,n. Choose j € {ky,...,ks} such that L; is the biggest element in
{L,, ..., Ly, }. Therefore m; € L; for each i = 1,2,..,n. Hence L; = M, that is a
contradiction. Then by using Zorn’s Lemma A has a maximal element, which is a

maximal k-subsemimodule of M containing N. OJ

Definition 3.3. Let M be a semimodule over semiring R. Then M is called a

k-supplemented semimodule, if every k-subsemimodule of M has a k-supplement in
M.

Proposition 3.4. Let M be a k-supplemented semimodule and Rady(M) < M.

Then M 1is coatomic.
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Proof. Let U be a proper k-subsemimodule of M and let V be a k-supplement of
U. If Radg (V) =V, then V' C Rady(M) by Proposition 2.10. Then V' < M by [10,
Proposition 3]. This implies that M = U+ V = U that is a contradiction. So V" has
a maximal k-subsemimodule, say V’. Then V' + U is a maximal k-subsemimodule
of M containing U by Proposition 2.5, since V' # V and V is a k-supplement of U.

So M is coatomic. O

Proposition 3.5. Let M be a coatomic semimodule over a semiring R. Then

Rady,(M) < M.

Proof. Let M = Rady(M) + L for some k-subsemimodule L of M. If L # M, then
there is a maximal k-subsemimodule P of M containing L. Since Rady(M) C P, so
M = P is a contradiction. Thus L = M. O

Proposition 3.6. Let M be a semimodule over a semiring R and let N be a Q-

subsemimodule of M. Then the following assertions hold:

(1) If M is a coatomic semimodule, then M /N is also coatomic.
(ii) If N and M/N are coatomic, then M is coatomic.

Proof. (i) Let K/N be a proper k-subsemimodule of M/N. Therefore K is a proper
k-subsemimodule of M by [2, Theorem 3.6]. Since M is coatomic, there exists a
maximal k-subsemimodule P of M with N C K C P. It is easy to see that P/N is
a maximal k-subsemimodule of M/N by [2, Theorem 3.5].

(ii) Let N and M /N be coatomic and let X be a proper k-subsemimodule of M. If
X+ N # M, then (X + N)/N is a proper k-subsemimodule of M/N by [4, Theorem
3] and by assumption, there is a maximal k-subsemimodule L/N of M /N containing
(X + N)/N. Thus X and X + N is contained in maximal k-subsemimodule of M.
Ift X+ N =M, then X NN is a proper k-subsemimodule of N since X # M. So
X NN is contained in a maximal k-subsemimodule N' of N. So X 4+ N’ is a maximal

k-subsemimodule of M by Proposition 2.5. Then M is coatomic. U

Theorem 3.7. Let M be a semimodule over a semiring R and let N be a Q-
subsemimodule of M. If N is a small subsemimodule of M, then M is a coatomic

semimodule if and only if M/N is a coatomic semimodule.

Proof. If M is a coatomic semimodule, then M /N is also coatomic by Proposition
3.6. Suppose that M/N is a coatomic semimodule and N is a small subsemimod-
ule of M. Let L be a proper k-subsemimodule of M. If N C L, then L/N is
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a k-subsemimodule of M/N. By assumption L/N is contained in a maximal k-
subsemimodule P/N of M/N. Then L is contained in maximal k-subsemimodule
P of M. If not, Then (L + N)/N is a k-subsemimodule of M/N by [4, Theorem
3]. If (L+ N)/N = M/N then L+ N = M by [4, Theorem 4] and since N is a
small subsemimodule of M, then M = L that is a contradiction. So (L + N)/N
is a proper k-subsemimodule of M/N. Thus (L + N)/N is contained in a max-
imal k-subsemimodule of M/N. Thus L and L + N is contained in a maximal

k-subsemimodule of M. Then M is coatomic. O

4. Semisimple Semimodules

In this section we define semisimple semimodules and we show that every semisimple

semimodule is a coatomic semimodule.

Definition 4.1. Let { N, },ca be an indexed set of simple k-subsemimodules of semi-
module M over a semiring R. If M is a direct sum of this set, then
M = @,cp No is a semisimple decomposition of M. A semimodule M is said

to be semisimple in case it has a semisimple decomposition.

Proposition 4.2. Let {Ny\}a be a family of simple k-subsemimodules of the R-
semimodule M with M = %", Nx. Then for every proper k-subsemimodule K of M,
there is an index set Ax C A such that M = K @ (D,, N»).

Proof. Let K be a proper subtractive subsemimodule of M. If K N N, # 0 for
each A € A. Then K N Ny, = N, for each A € A, since N, is simple and K N N,
is a subtractive subsemimodule of N, by [4, Lemma 2|. This implies that K = M.
Now, choose a subset Ax C A maximal with respect to the property that {Ny}a,
is an independent family of simple k-subsemimodules with K N> Ax V= 0. Then
L =K+ 3}, Niis adirect summand, that is, L = K & (,, Nx). By Remark
2.2, L is a k-subsemimodule of M. It suffices to show that L = M. Since L N N,
is a k-subsemimodule of N, and N, is simple for each A € A, then LN Ny, = 0 or
LN Ny = N,. If for some A € A\ Ag, LN N, = 0, this is a contradiction to the
maximality of Ax. Hence we get Ny C L for all A € A and L = M. O

Example 4.3. In a semimodule every cyclic subsemimodule need not be a k-
subsemimodule. Let R = {0,1,u} be the idempotent semiring in which 1+ u =
u+1=wand M = R as an R-semimodule. Then cyclic subsemimodule N = {0, u}
is not k-subsemimodule, since 1 +u =wu € N but 1 ¢ N [7, Example 6.4].
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Definition 4.4. Let M be a semimodule over a semiring R. Then M is called a

subtractive semimodule, if every cyclic subsemimodule of M is a k-subsemimodule.

Example 4.5. Let R be a partitioning semiring [5, Definition 2.2] and let M = R as
an R-semimodule. Then M is a k-semimodule, since every partitioning semimodule

is a k-subsemimodule.

Theorem 4.6. Let M be a subtractive semimodule. Then the following properties

are equivalent:

(i) M is semisimple.
(ii)
)
)

(iii
(iv) Ewvery k-subsemimodule of M is a direct summand.

M is a sum of simple k-subsemimodules.

M has no proper essential k-subsemimodule.

Proof. (i) < (ii) by Lemma 4.2.
(i) = (iv) by Lemma 4.2.
(ii) = (iv): Let N be a k-subsemimodule of M and N’ be a k-subsemimodule of

M which is an M-complement of N, then by Proposition 2.4, N & N’ < M. Hence
Ne N =M.

(iv) = (iii) is clear.

(iv) = (ii): Let 0 # m € M. Then Rm is a k-subsemimodule of M by assumption.
So Rm has a maximal k-subsemimodule U, by Proposition 3.2. It is easy to see that
U is a k-subsemimodule of M. Then M = U & V' for some k-subsemimodule V' of
M. Set V.= V'N Rm, then V is a k-subsemimodule of M by [4, Lemma 2]. We
show that V' is a simple k-subsemimodule (minimal k-subsemimodule) of M. Let
K be a k-subsemimodule of V. Therefore U CU + K C Rm. If U + K = U, then
KCUnNnVCcUnNV' =0. If U+ K = Rm, then for every v € V, v = u+ k for some
k€ K and v € U. Since V is a k-subsemimodule and K C V, then u € VNU = 0.
Thenv =k € K, hence V = K. So V is a simple k-subsemimodule of M. Therefore
every non-zero subsemimodule of M contains a simple k-subsemimodule. Let L be
the sum of all simple k-subsemimodules of M. Then L is a k-subsemimodule of M
and there is a k-subsemimodule L’ of M with M = L & L'. Since L' cannot have

any simple k-subsemimodule, it must be zero. O

Lemma 4.7. Let M be a semisimple semimodule over semiring R. Then every

k-subsemimodule of M is semisimple.
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Proof. Let M = @,., N\ such that N is a simple k-subsemimodule of M for every
A € A and let K be a k-subsemimodule of M. Then there is an index set Ax C A
such that M = K @ (€D, Na) by Proposition 4.2. Set I = A\ Ag. We show that
K = @, Nx. Let A € I. Then K N Ny # 0 and since N, is simple we have
K N N, = N,. Therefore G})\E[ Ny C K. Now, let x € K. Then x = a + b for some
a €@y, Naand b € P; Nx. Then b € K and since K is a k-subsemimodule of M,
we have a € K. Thus a € K N (@,, Nx) = 0. Therefore x = b € ; Nx. Then
K =@, N,. O

Definition 4.8. Let M be a semimodule over a semiring R. As socle of M, we
denote the sum of all simple (minimal) k-subsemimodules of M. If there are no

simple k-subsemimodules in M, we put Soc(M) =0
Proposition 4.9. Let M be a subtractive semimodule. Then
Soc(M) = Z{K | K is a simple k-subsemimodule of M}

= ﬂ{L | L is an essential k-subsemimodule of M}.

Proof. Let L be an essential k-subsemimodule of M. Then for every simple k-
subsemimodule K of M, we have 0 # LN K. So LN K = K, since L N K is
a k-subsemimodule and K is simple. Then K C L. This implies that Soc(M) is
contained in every essential k-subsemimodule. Put Ly = (\{L | L is a subtractive
essential subsemimodule of M}, so Ly is a k-subsemimodule of M. We show that
Lg is semisimple. Let K be a k-subsemimodule of Ly and K’ be a M-complement
of K which is a k-subsemimodule of M. Then K @& K’ < M by Proposition 2.4 and
consequently Ly C K @ K’. By semimodularity, this yields Ly = Ly N (K & K') =
K @ (Lo N K'). Therefore K is a direct summand of Ly and Ly is semisimple by
Theorem 4.6. Hence Ly C Soc(M). O]

Theorem 4.10. Let M be a semisimple semimodule. Then M is a coatomic semi-

module.

Proof. Let M = @/\e A M) such that M), is a simple k-subsemimodule of M for
every A € A and let N be a k-subsemimodule of M. Then there is an index set
Ax C A such that M = N @ (@, Ma) by Proposition 4.2. Since N # M, then
Ay #0. Let 8 € Ay. Then L = N & (B cn,\ (5 M») is a k-subsemimodule of M
and M = L & Mgz. We show that L is a maximal k-subsemimodule of M. Let L’ be
a k-subsemimodule of M with L C L/ ; M. Then L' " Mg = 0. Let x € L'. Then
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r =y + z for some y € L and z € Mp. Therefore z € L' N M = 0 since L' is a
k-subsemimodule. Thus L = L'. Therefore L is a maximal k-subsemimodule of M
and N C L. O

Theorem 4.11. Let M be a semimodule. Then M is semisimple if and only if M

1s coatomic and every maximal k-subsemimodule of M s a direct summand.

Proof. (=) Let M be a semisimple semimodule. Then M is coatomic and every
maximal k-subsemimodule of M is a direct summand by Theorem 4.6 and Proposi-
tion 4.10.

(<) Let Soc(M) # M. Since Soc(M) is a k-subsemimodule of M and M is coatomic,
then Soc(M) is contained in a maximal k-subsemimodule P of M. By assumption
there is a k-subsemimodule K of M such that M = P & K. Now we show that K
is a simple k-subsemimodule of M. Let K, be a non-zero k-subsemimodule of K.
If P+ Ky= P, then Kb C PN K = 0 that is a contradiction. So P + Ky = M.
Therefore by semimodularity K = Ky + (PN K) = K. Thus K is a simple k-
subsemimodule of M and K C Soc(M) C P. Then P = M that is a contradiction.
So, Soc(M) = M and M is semisimple. O

References

[1] G. Bilhan and T. Giiroglu, W-Coatomic modules, Cankaya University Journal of Science and
Engineering 7 (2010), 17-24.

[2] J. N. Chaudhari and D. R. Bonde, On partitioning and subtractive subsemimodules of semi-
modules over semirings, Kyungpook Mathematical Journal 50 (2010), 329-336.

[3] R. E. Atani and S. E. Atani, Ideal theory in commutative semirings, Buletinul Academiei de
Stiinte a Republicii Moldova. Matematica 2 (2008), 14-23.

[4] R. E. Atani and S. E. Atani, On subsemimodules of semimodules, Buletinul Academiei de
Stiinte a Republicii Moldova. Matematica 2 (2010), 20-30.

[5] S. E. Atani and R. E. Atani, Some remarks on partitioning semirings, Analele Stiintifice ale
Universitatii Ovidius Constanta Seria Matematica 18 (2010), 49-62.

[6] J. S. Golan, Semirings and their Applications, Kluwer Academic Publishers, Dordrecht 1999.

[7] J. S. Golan, The Theory of Semirings with Applications in Mathematics and Theoretical
Computer Science (Pitman Monographs and Surveys in Pure and Applied Mathematics),
Longman Scientific and Thechnical, Harlow UK 1992.

[8] G. Giingoroglu, Coatomic modules, Far East Journal of Mathematical Sciences Special Vol-
ume, Part II (1998), 153-162.

[9] U. Hebisch and H. J. Weinert, Halbringe Algebraische Theorie und Anwendungen in der
Informatik, Teubner Studienbiicher, Stuttgart 1993.



200 Atani and Saraei

[10] N. X. Tuyen and H. X. Thang, On superfluous subsemimodules, Georgian Mathematical
Journal 10 (2003), 763-770.

[11] R. Wisbauer, Foundations of Module and Ring Theory, Gordon and Breach, Philadelphia
1991.

[12] H. Zoéschinger, Koatomare Moduln, Mathematische Zeitschrift 170 (1980), 221-232.



