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Ozet. Bu caligmada Fisher ve Benjamin-Bona-Mahony denklemlerinin karmasik ¢oziimleri
icin direkt cebirsel metodu sunulur. Bu metot kullanilarak Fisher ve Benjamin-Bona-
Mahony denklemlerinin baz1 karmagik ¢oziimleri elde edilir.

Anahtar Kelimeler. Fisher denklemi, Benjamin-Bona-Mahony denklemi, direkt cebirsel
metot, karmasgik ¢oziimler, hareket eden dalga ¢oziimler.

Abstract. In this article, we give direct algebraic method for the complex solutions of the
Fisher equation and Benjamin-Bona-Mahony equation. We get some complex solutions of
the Fisher equation and Benjamin-Bona-Mahony equation by this method.
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1. Introduction

The theory of nonlinear dispersive wave motion is an interesting area investigated
in numerous articles in which it appears in relation to various subjects. We do not
attempt to characterize the general form of nonlinear dispersive wave equations [1,
2]. These studies for nonlinear partial differential equations have attracted much
attention in mathematical physics and play a crucial role in applied mathematics.
Furthermore, when an original nonlinear equation is directly calculated, the solu-
tion will be in accord with the physical characteristics of the actual phenomena [3].
Explicit solutions to the nonlinear equations are of fundamental importance. Also
different methods for acquiring explicit solutions to nonlinear evolution equations
have been suggested. Many analytical and numerical methods have been established
in [4-27]. We may list such examples as the generalized Miura transformation, Dar-
boux transformation, Cole-Hopf transformation, Hirota’s dependent variable trans-

formation, the inverse scattering transform and the Backlund transformation, the
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tanh method, sine-cosine method, Painlevé method, homogeneous balance method,
similarity reduction method, improved tanh method, etc. In [12], Parkes and Duffy
have recently constructed an automated tanh-function method. The authors present
a Mathematica package that is concerned with complicated algebra and outputs di-
rectly the required solutions for particular nonlinear equations. In this paper, our

aim is to find exact solutions of nonlinear PDE’s, especially complex solutions.

In this article, the first section presents the scope of the study as an introduction.
The second section contains an analysis of the method given in [24]. In the third
section, we apply the method given in [24] to the nonlinear Fisher equation and the

Benjamin-Bona-Mahony equation. In the last section, we present the conclusion.

2. An Analysis of the Method and Applications

Firstly, we will give a simple description of the direct algebraic method [24]. For

this, one can consider the general form of the nonlinear PDE in two variables

Q(u, Ug, Uy, Uy - . .) = 0, (1)

and transform (1) with u(z,t) = w(§), £ = ik(x — ct), where k and ¢ are real

constants. After transformation, we get a nonlinear ODE for u(§)
Q' (u, —ike iku', —k*u”,...) = 0, (2)
du
d¢’
The solution of (2) we are looking for is expressed in the form

where v’ =

u(€) =Y anF™(E), (3)

where & = ik(z — ct) (where k and c are real constants), n is a positive integer
that can be determined by balancing the highest order derivative with the highest
nonlinear terms in the equation, and a,, and & can be determined. Substituting
(3) into (2) yields a set of algebraic equations for F™, (m = 0,1,2,...), then all
coefficients of F will vanish. After this separated algebraic equation, we find
the coefficients ag, a,, and £. F(§) expresses the solution of the auxiliary ordinary
differential equation
F'(§) = a+ F*(§),

d
where F' = i and « is a constant. Some solutions were given in [24].
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In this work, we will consider complex solutions of the Fisher equation and the
Benjamin-Bona-Mahony equation by using the direct algebraic method which is
introduced by Zhang [24].

3. Applications

Example 1. Consider Fisher equation,
U + Uy — U+ u® = 0. (4)
For this example, we can use transformation with (1) and then (4) becomes
—ikeu' — k*u" —u+u? = 0. (5)
Balancing u?® with u” gives m = 1. Therefore, we may choose
u=ay+ a F. (6)
Substituting (6) into (5) yields a set of algebraic equations for ag, ai, as, k, ¢ and
«. These systems are found to be
—ag + ag —1a1cka =0,
—ay + 3a(2)a1 —2a1k%a =0,
3&0&% —1ayck =0,

a? —2a:k* = 0.

From the solutions of the system, we have the following two cases:

Case 1.

1 i 3 i
aGpw=——,0,=——,c=——, k=—7+— a#0. 7
T2 T 2/ V2 2v/2/a 7 @)
Case 2. ) , 5 .
1 1 1
a -4 =—=,c=—, k=—7——, a#0. 8
R R W NG 2v/2y/a # ®)

By means of Mathematica, substituting (7) and (8) into (6), we have obtained the
following exact complex traveling wave solutions of (4). These solutions are as

follows:
Family 1.

1 1
Uy = —= —

s~ ava (Ve (V5 (o) (- 731))
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where a < 0,

1 l

e s (e (k) ()

-t p (oo 3)

where a > 0,

where o > 0.

Family 2.

where a < 0,

b s (o (k) - )

where a < 0,

—_

where a > 0,

DO | —

sty e )

Example 2. Consider the Benjamin-Bona-Mahony equation,

where o > 0.

Uy + Uy + Uy — Uggy = 0. (9)
For this example, if we use transformation with (1), then (9) becomes
—ikeu + iku' + ikuu + PEPcu” =0,

or equivalently,
' (1 —¢) +uu — ke = 0. (10)
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Balancing uu' with u"” gives m = 2. Therefore, we may choose

u=ag+a F + ayF?. (11)

Substituting (11) into (10) yields a set of algebraic equations for ag, aq, az, k, ¢ and

«. These systems are found to be
ay + apa; — arc — 2a,ck*a = 0,
a% + 2a9 + 2a9ay — 2a9¢ — 16ascka = 0,
ai + apa; — arc + 3a1as00 — Sajck’a =0,
a% + 2a9 + 2agas — 2a9¢ + 2a§a — 40ayck*a = 0,
3ajas — 6ajck? =0,

2a5 — 24ayck® = 0.

From the solutions of the system, we have the following two cases:

Case 1.
ap=—1+c+8ck’*a, a1 =0, ay=12ck?, ck#0, a#0. (12)

Case 2.
ap=—-14+c, a1=0, ay=12ck?* a=0. (13)

By means of Mathematica, substituting (12), (13) into (11), we have obtained the
following exact complex traveling wave solutions of (9). These solutions are as

follows:

Family 1.
u = =14 ¢+ 8ck’o + 12ck* (—v/—atanh (vV—aik(z — ct)))2 :

where a0 < 0,

uy = —1+ ¢+ 8ck’a + 12ck* (—v/—a coth (vV—aik(z — ct)))2 ,

where o < 0,

us = —1+ ¢+ 8ck®a + 12ck* (Vatan (Vaik(z — ct)))2 ,

where a > 0,
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uy = —1+ ¢+ 8ck’a + 12¢ck* (—v/a cot (Vaik(z — ct)))2 ,

where o > 0.

Famaly 2.

Uy = —

ik(x —ct)’

where oo = 0.

4.

Conclusion

In this paper, we implement a direct algebraic method [24] with symbolic compu-

tation to construct new exact complex solutions of the Fisher equation and the

Benjamin-Bona-Mahony equation. The method can be used for many other non-

linear equations. In addition, this method is computerizable, which allows us to

perform complicated and tedious algebraic calculations on a computer.

References

[1]
2]

[3]

8]

[9]

L. Debtnath, Nonlinear Partial Differential Equations for Scientist and Engineers, Birkhauser,
Boston, MA 1997.

A. M. Wazwaz, Partial Differential Equations: Methods and Applications, Balkema, Rotter-
dam 2002.

W. Hereman, P. P. Banerjee, A. Korpel, G. Assanto, A. Van Immerzeele and A. Meerpoel,
Exact solitary wave solutions of nonlinear evolution and wave equations using a direct algebraic
method, J. Phys. A 19 (1986), 607-628.

A. H. Khater, M. A. Helal and O. H. El-Kalaawy, Bécklund transformations: exact solutions
for the KdV and the Calogero-Degasperis-Fokas mKdV equations, Math. Meth. Appl. Sci. 21
(1998), 719-731.

A. M. Wazwaz, A study of nonlinear dispersive equations with solitary-wave solutions having
compact support, Math. Comput. Simulation 56 (2001), 269-276.

S. A. Elwakil, S. K. El-Labany, M. A. Zahran and R. Sabry, Modified extended tanh-function
method for solving nonlinear partial differential equations, Phys. Lett. A 299 (2002), 179-188.
Y. Lei, Z. Fajiang and W. Yinghai, The homogeneous balance method, Lax pair, Hirota
transformation and a general fifth-order KdV equation, Chaos, Solitons Fractals 13 (2002),
337-340.

J. F. Zhang, New exact solitary wave solutions of the KS equation, Int. J. Theor. Phys. 38
(1999), 1829-1834.

M. L. Wang, Exact solutions for a compound KdV-Burgers equation, Phys. Lett. A 213
(1996), 279-287.



CUJSE 7 (2010), No. 2 93

[10]
11]
12]
13]
14]
[15]
[16]
17]
18]
[19]
[20]
[21]
22]
23]
[24]

[25]

[26]

[27]

M. L. Wang, Y. B. Zhou and Z. B. Li, Application of a homogeneous balance method to exact
solutions of nonlinear equations in mathematical physics, Phys. Lett. A 216 (1996), 67-75.
M. L. Malfliet, Solitary wave solutions of nonlinear wave equations, Am. J. Phys. 60 (1992),
650-657.

E. J. Parkes and B. R. Duffy, An automated tanh-function method for finding solitary wave
solutions to nonlinear evolution equations, Comput. Phys. Commun. 98 (1996), 288-300.

B. R. Duffy and E. J. Parkes, Travelling solitary wave solutions to a seventh-order generalized
KdV equation, Phys. Lett. A 214 (1996), 271-272.

E. J. Parkes and B. R. Duffy, Travelling solitary wave solutions to a compound KdV-Burgers
equation, Phys. Lett. A 229 (1997), 217-220.

N. Bildik and H. Bayramoglu, The solution of two dimensional nonlinear differential equation
by the Adomian decomposition method, Appl. Math. and Comput. 163 (2005), 519-524.

T. Ozis and A. Yildirim, Traveling wave solution of Korteweg-de Vries equation using He’s
homotopy perturbation method, Int. J. Nonlinear Sci. and Numer. Simul. 8 (2007), 239-242.
E. G. Fan, Extended tanh-function method and its applications to nonlinear equations, Phys.
Lett. A 277 (2000), 212-218.

H. Chen and H. Zhang, New multiple soliton solutions to the general Burgers-Fisher equation
and the Kuramoto-Sivashinsky equation, Chaos, Solitons Fractals 19 (2004), 71-76.

H. Chen and H. Zhang, New multiple soliton-like solutions to the generalized (2 + 1)-
dimensional KP equation, Appl. Math. Comput. 157 (2004), 765-773.

Z.Y. Yan and H. Q. Zhang, New explicit solitary wave solutions and periodic wave solutions
for Whitham-Broer-Kaup equation in shallow water, Phys. Lett. A 285 (2001), 355-362.

E. G. Fan, Auto-Bécklund transformation and similarity reductions for general variable coef-
ficient KAV equations, Phys. Lett. A 294 (2002), 26-30.

M. L. Wang and Y. M. Wang, A new Bécklund transformation and multi-soliton solutions to
the KdV equation with general variable coefficients, Phys. Lett. A 287 (2001), 211-216.

E. G. Fan and H. Q. Zhang, New exact solutions to a system of coupled KdV equations, Phys.
Lett. A 245 (1998), 389-392.

H. Zhang, A direct algebraic method applied to obtain complex solutions of some nonlinear
partial differential equations, Chaos, Solitons Fractals 39 (2009), 1020-1026.

S. T. Mohyud-Din, A. Yildirim and G. Demirli, Traveling wave solutions of Whitham-Broer-
Kraup equations by homotopy perturbation method, Journal of King Saud University-Science.
22 (2010), 173-176.

B. Raliari and A. Yildirim, The Application of homotopy perturbation method for MHD Flows
of UCM Fluids above Porous Stretching Sheets, Comput. Math. Appl. 59 (2010), 3328-3337.
A. Yildirim, S. T. Mohyud-Din and D. H. Zhang, Analytical solutions to the pulsed Klein-
Gordon equation using Modified Variational Iteration (MVIM) and Boubaker Polynomials
Expansion Scheme (BPES), Comput. Math. Appl. 59 (2010), 2473-2477.





