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Abstract	

Soft set theory has many theoretical and practical applications. It was first introduced by Molodtsov in 1999 
as a way to represent specific situations including uncertainty. The fundamental building blocks of soft set 
theory are soft set operations. Since its debut, several types of soft set operations have been defined and 
utilized in diverse contexts. To further the theory, a new soft set operation known as the complementary 
extended difference operation is defined in this paper. Its properties are thoroughly discussed, with 
particular attention to how it differs from the difference operation in classical sets. Additionally, the 
distribution of this operation over other types of soft set operations is examined to determine how this 
operation relates to other soft set operations. 
 
Keywords:	Soft	set,	Conditional	complements,	Complementary	extended	difference	operation.	

Yeni	Bir	Esnek	Küme	İşlemi:	Tümleyenli	Genişletilmiş	Fark	İşlemi	

Özet	

Esnek küme teorisinin birçok teorik ve pratik uygulaması vardır. İlk kez 1999 yılında Molodtsov tarafından 
belirsizlik durumlarını temsil etmenin bir yolu olarak tanıtıldı. Esnek küme teorisinin temel yapı taşları 
esnek küme işlemleridir. İlk çıkışından bu yana, çeşitli bağlamlarda esnek küme işlemlerinin çeşitli türleri 
tanımlanmış ve kullanılmıştır. Teoriyi ilerletmek amacıyla bu çalışmada tümleyenli genişletilmiş fark işlemi 
olarak isimlendirilen yeni bir esnek küme işlemi tanımlanmıştır. Özellikleri, klasik kümelerdeki fark işlemi 
ile kıyaslanarak kapsamlı bir şekilde tartışılmıştır. Ayrıca, bu işlemin diğer esnek küme işlemleri ile nasıl 
bir ilişkisi olduğunu belirlemek amacıyla bu işlemin diğer esnek küme işlemlerine dağılımı da incelenmiştir. 
 
Anahtar	Kelimeler:	Esnek	küme,	koşullu	tümleyenler,	tümleyenli	genişletilmiş	işlemler.	
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1. Introduction	
 
It might be difficult to remark on and explain some of the events that happen in our lives. 
Some terms are ambiguous and change depending on the individual, such as "big bike," 
"quality bag," and "hot weather." Due to the uncertainty, they include, these phrases, 
circumstances, and occurrences are frequently arbitrary and contingent on people, places, 
and times. Numerous scientific disciplines, including mathematics, are susceptible to 
uncertainties. In many scientific disciplines, researchers work to find solutions to 
challenging issues, yet they have also encountered modeling uncertainties. Since 
uncertainties come in a variety of forms, it has been necessary to eradicate these 
uncertainties using ways other than classical procedures—methods that also assess 
uncertainty. As a result, scientists have developed a wide range of hypotheses to explain 
uncertainty and offer remedies. 
 
Some of the most popular and widely applied mathematical theories for modeling 
uncertainty include fuzzy set theory, interval mathematics, statistics, and probability 
theory. Among these ideas, Zadeh's fuzzy set theory [1] is one of the most well-known. 
Other hypotheses have been required since this hypothesis has some structural flaws. It is 
well known that a fuzzy set's membership function defines it. The nature of the 
membership function is extremely personalized since it is challenging to design a 
membership function for every situation. As a result, a set theory independent of the 
membership function's creation has been required. Molodstov [2] introduced the Soft Set 
Theory, which has solved the membership function issues. Molodstov has introduced soft 
set theory into several mathematical fields. Soft set theory has been effectively applied in 
the fields of operations research, game theory, probability, measurement theory, 
continuously differentiable functions, Riemann's integration, and Perron's integration. 
 
Since studies on soft algebraic structures and soft decision-making techniques depend on 
soft set operations, soft set operations form the foundation of soft set theory. Maji et al. [3] 
initiated the influential research on soft set operations in this area. Pei and Miao [4] 
suggested a definition of soft subset that is more often accepted than the definition 
provided by Maji et al. [5]. Soft set operations fall into two categories: restricted and 
extended operations [3, 5-9]. 
 
A novel form of soft set operation was proposed by Eren and Çalışıcı [10] and later on, by 
Sezgin and Çalışıcı [11], who enhanced the work of Eren and Çalışıcı [10] by examining the 
characteristics of the soft binary piecewise difference operation and contrasting it with the 
difference operation in classical sets. Aybek [12] extended the study of novel binary set 
operations by Çağman [13] and Sezgin et al. [14] to soft sets. Furthermore, several 
researchers [15-29] have presented novel types of soft set operations that differ from the 
restricted and extended forms of soft set operations. [30-43] are some additional 
applications of soft sets with relation to algebraic structures that we can refer to. 
 
One of the most crucial mathematical problems in algebra is to categorize algebraic 
structures by examining the characteristics of the operation specified on a set. To 
conceptually contribute to the literature on soft sets, we provide a new class of soft set 
operations in this paper, which we name complementary extended difference operations, 
and we go into great detail about its properties. We try to find the analogies that of the 
difference operation in classical sets. The distribution of complementary extended 
difference operations over other types of soft set operations, such as restricted and 
extended soft set operations and soft binary piecewise operations, is examined to ascertain 
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the relationship between the operation and other soft set operations. Many intriguing 
results are obtained. 
 
2. Preliminaries 
	
Definition	2.1. [2] Let 𝐸 be the parameter set, 𝑈 be the universal set, 𝑃ሺ𝑈ሻ be the power 
set of 𝑈, and 𝑀 ⊆ 𝐸. A pair ሺ𝐹, 𝑀ሻ is called a soft set over 𝑈. Here, 𝐹 is a function given by 
𝐹: 𝑀 → 𝑃ሺ𝑈ሻ. 
 
𝑆ாሺ𝑈ሻ denotes the set of all the soft sets over 𝑈 throughout this paper. Let 𝑀 be a fixed 
subset of 𝐸, then the set of all soft sets over 𝑈 with 𝑀 is indicated by 𝑆ெሺ𝑈ሻ. In other words, 
in the collection 𝑆ெሺ𝑈ሻ, only soft sets with the parameter set 𝑀 are included, while in the 
collection 𝑆ாሺ𝑈ሻ, soft sets over 𝑈 with any parameter set can be included. 
 
Definition	2.2. [5, 7] Let ሺ𝐹, 𝑀ሻ be a soft set over U. For all 𝑣 ∈ 𝑀, if 𝐹ሺ𝑣ሻ ൌ ∅, then the soft 
set ሺ𝐹, 𝑀ሻ is called a null soft set with respect to M, indicated by ∅ெ. For all 𝑣 ∈ 𝑀, if 𝐹ሺ𝑣ሻ ൌ
𝑈, then the soft set ሺ𝐹, 𝑀ሻ is called a whole soft set with respect to 𝑀, indicated by 𝑈ெ. The 
relative whole soft set 𝑈ா with respect to	𝐸 is called the absolute soft set over 𝑈. A soft set 
with an empty parameter set is indicated by ∅∅, called as empty soft set, and ∅∅ is the only 
soft set with an empty parameter set. 
 
Definition	2.3.	 [4]	For two soft sets and ሺ𝐹, 𝑀) and ሺ𝐺, 𝑌ሻ, we say that ሺ𝐹, 𝑀ሻ is a soft 
subset of ሺ𝐺, 𝑌ሻ, and it is indicated by ሺ𝐹, 𝑀ሻ ⊆෥ ሺ𝐺, 𝑌ሻ, if 𝑀 ⊆ 𝑌 and 𝐹ሺ𝑣ሻ ⊆ 𝐺ሺ𝑣ሻ, for all 
𝑣 ∈ 𝑀. Two soft sets ሺ𝐹, 𝑀ሻ and ሺ𝐺, 𝑌ሻ are said to be soft equal if ሺ𝐹, 𝑀ሻ is a soft subset of 
ሺ𝐺, 𝑌ሻ and ሺ𝐺, 𝑌ሻ is a soft subset of ሺ𝐹, 𝑀ሻ. 
	
Definition	2.4.	[5]	The relative complement of a soft set ሺ𝐹, 𝑀ሻ, indicated by ሺ𝐹, 𝑀ሻ௥, is 
defined by ሺ𝐹, 𝑀ሻ௥ ൌ ሺ𝐹௥, 𝑀ሻ , where 𝐹௥: 𝑀 → 𝑃ሺ𝑈ሻ 	is a mapping given by ሺ𝐹, 𝑀ሻ௥ ൌ
𝑈\𝐹ሺ𝑣ሻ, for all 𝑣 ∈ 𝑀. From now on, 𝑈\𝐹ሺ𝑣ሻ ൌ ሾ𝐹ሺ𝑣ሻሿᇱ will be designated by 𝐹’ሺ𝑣ሻ for the 
sake of designation. 
 
Çağman [13] defined two new complements as inclusive and exclusive complements. ൅ 
and 𝜃 denote inclusive and exclusive complements, respectively. Let 𝑀 and 𝑁 be two sets. 
Then, these binary operations are defined as follows: 𝑀 ൅ 𝑁 ൌ 𝑀'∪𝑁,	𝑀𝜃NൌM'∩N'. Sezgin 
et al. [14] analyzed the relations between these two operations and also defined three new 
binary operations and examined their relations with each other. Let 𝑀 and 𝑁 be two sets. 
Then, 𝑀 * 𝑁 ൌ 𝑀'∪ 𝑁', M𝛾Nൌ 𝑀'∩𝑁, and 𝑀 λ𝑁 ൌ 𝑀 ∪ 𝑁'.	 
 
Let ⊛ denote∩,∪,\, ∆ (symmetric difference), 𝜆, 𝛾, 𝜃 , ൅ ,*. Then, all the types of soft set 
operations can be given with the following generalized forms: 
	
Definition	2.5.	[5-9, 12]	Let (𝐹, 𝑀ሻ, ሺ𝐺, 𝑌ሻ ∈ 𝑆ா(U). The restricted ⊛	operation of (𝐹, 𝑀ሻ 
and ሺG, Yሻ is the soft set (𝐻, Ƶሻ denoted by ሺ𝐹, 𝑀ሻ ⊛ℜ ሺ𝐺, 𝑌ሻ ൌ ሺ𝐻, Ƶሻ, where Ƶൌ 𝑀 ∩ 𝑌 ്
∅ , and H(v) ൌF	(v)	⊛	G	(v), for all v∈	Ƶ. Here, if ƵൌM∩Yൌ ∅, then ሺ𝐹, 𝑀ሻ ⊛ℜ ሺ𝐺, 𝑌ሻ ൌ ∅∅	. 
 
Definition	2.6.	[3-5, 8-9, 12] Let (𝐹, 𝑀ሻ, ሺ𝐺, 𝑌ሻ ∈ 𝑆ா(U). The extended ⊛ operation (𝐹, 𝑀ሻ 
and ሺ𝐺, 𝑌ሻ is the soft set ሺ𝐻, Ƶሻ, indicated by (F,	M)	⊛ఌ(G,	Y) ൌ (H,	Ƶ), where	Ƶ ൌ 𝑀 ∪ 𝑌, and	
for all v ∈ Ƶ, 

𝐻ሺ𝑣ሻ ൌ ቐ
𝐹ሺ𝑣ሻ, 𝑣 ∈ 𝑀\𝑌
𝐺ሺ𝑣ሻ, 𝑣 ∈ 𝑌\𝑀

𝐹ሺ𝑣ሻ ⊛ 𝐺ሺ𝑣ሻ, 𝑣 ∈ 𝑀 ∩ 𝑌
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Definition	2.7.  [16-18]	
Let ሺ𝐹, 𝑀ሻ, ሺ𝐺, 𝑌ሻ ∈ 𝑆ா(U). The complementary extended ⊛ operation (𝐹, 𝑀ሻ and ሺ𝐺, 𝑌ሻ is 

the soft set ሺ𝐻, Ƶሻ, indicated by (F,	M)	
∗

 ⊛ఌ
	(G,	Y)ൌ(H,	Ƶ), where Ƶ ൌ 𝑀 ∪ 𝑌, and for all 𝑣 ∈ Ƶ, 

	

𝐻ሺ𝑣ሻ ൌ ቐ
𝐹′ሺ𝑣ሻ, 𝑣 ∈ 𝑀 െ 𝑌
𝐺′ሺ𝑣ሻ, 𝑣 ∈ 𝑌 െ 𝑀

𝐹ሺ𝑣ሻ ⊛ 𝐺ሺ𝑣ሻ, 𝑣 ∈ 𝑀 ∩ 𝑌
	

	
Definition	2.8.	 [10-11,15,28] Let ሺ𝐹, 𝑀ሻ, ሺ𝐺, 𝑌ሻ ∈ 𝑆ா (U). The soft binary piecewise ⊛ of 

(𝐹, 𝑀ሻ and ሺ𝐺, 𝑌ሻ is the soft set (𝐻, 𝑀ሻ, indicated by ሺ𝐹, 𝑀ሻ
~
⊛ሺ𝐺, 𝑌ሻ ൌ ሺ𝐻, 𝑀ሻ, where for all 

𝑣 ∈ 𝑀, 
	

𝐻ሺ𝑣ሻ ൌ ൜
𝐹ሺ𝑣ሻ, 𝑣 ∈ 𝑀\𝑌

𝐹ሺ𝑣ሻ ⊛ 𝐺ሺ𝑣ሻ, 𝑣 ∈ 𝑀 ∩ 𝑌
	

	
Definition	 2.9.	 [20-26,29] Let ሺ𝐹, 𝑀ሻ, ሺ𝐺, 𝑌ሻ ∈ 𝑆ா . The complementary soft binary 

piecewise ⊛ of (𝐹, 𝑀ሻ and ሺ𝐺, 𝑌ሻ is the soft set (𝐻, 𝑀ሻ, indicated by ሺ𝐹, 𝑀ሻ
∗
~
⊛

ሺ𝐺, 𝑌ሻ ൌ

ሺ𝐻, 𝑀ሻ, where for all 𝑣 ∈ 𝑀, 
	

𝐻ሺ𝑣ሻ ൌ ൜
𝐹′ሺ𝑣ሻ, 𝑣 ∈ 𝑀\𝑌

𝐹ሺ𝑣ሻ ⊛ 𝐺ሺ𝑣ሻ, 𝑣 ∈ 𝑀 ∩ 𝑌
	

	
Definition	2.10. [44] Let 𝑋 be a set, " ⋆ " be a binary operation on 𝑋, and 𝑂 be an element 
of the set 𝑋. Then, 𝑋 is called a BCI-algebra if the following conditions are satisfied for the 
triple ሺX; ⋆, 0ሻ, 
 

BCI-1 ሺሺɤ ⋆ ջሻ ⋆ ሺɤ ⋆ zሻሻ ⋆ ሺz ⋆ ջሻ ൌ0 
 
BCI-2 ሺɤ ⋆ ሺɤ ⋆ ջሻሻ ⋆ ջ ൌ0 
 
BCI-3 ɤ ⋆ ɤ ൌ0 
 
BCI-4 ɤ ⋆ ջൌ0 and ջ ⋆ ɤൌ0 implies ɤൌջ 
 

for all ɤ, ջ, z ∈ 𝑋. If a BCI-algebra satisfies the following additional condition, it is called a 
BCK-algebra: 
 

BCK-5 0 ⋆ ɤൌ0. 
 

If there exists an element 1 ∈ X such that ɤ⋆1ൌ0 for every ɤ ∈ X, then 𝑋 is called a bounded 
BCK algebra. An element ɤ ∈ X is called an involution for a BCK algebra if it satisfies the 
condition 1⋆ሺ1⋆ ɤሻ ൌɤ. For the possible future graph applications and network analysis as 
regards soft sets, we refer to Pant et al. [44] which is motivated by the divisibility of 
determinants. 
	
3. Complementary	Extended	Difference	Operation	
 
In this section, the algebraic properties of the soft set operation called the complementary 
extended difference operation are examined comparatively with the properties of the 
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difference operation in classical sets. It is investigated which algebraic structure these 
operations constitute in the collection of soft sets with a ϐixed parameter set, and 
distributive rules are examined to see the relationships of this operation with other 
operations, and similar results to the distributions in classical sets are obtained. 
 
Definition	3.1.	Let	ሺ𝐹, 𝑇ሻ and ሺ𝐺, Ƶሻ be two soft sets over 𝑈. The complementary extended 

difference operation of ሺ𝐹, 𝑇ሻ and ሺ𝐺, Ƶሻ is the soft set ሺ𝐻, 𝐶ሻ, indicated by ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Ƶሻ ൌ

ሺ𝐻, 𝐶ሻ, where 𝐶 ൌ 𝑇 ∪ Ƶ, and for all ϣ ∈ 𝐶, 
 

𝐻ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

	
Example	3.2.	Let	𝐸 ൌሼ𝑒ଵ,𝑒ଶ,𝑒ଷ,𝑒ସሽ be the parameter set, Tൌሼ𝑒ଵ, 𝑒ଷሽ and Ƶ ൌሼ𝑒ଶ, 𝑒ଷ, 𝑒ସሽ be 
two subsets of 𝐸 and Uൌሼℎଵ,ℎଶ,ℎଷ,ℎସ,ℎହሽ be the universal set.  
Assume that ሺ𝐹, 𝑇ሻ ൌ ሼሺ 𝑒ଵ, ሼ ℎଶ,ℎହሽሻ ,ሺ 𝑒ଷ ,ሼ ℎଵ , ℎଶ , ℎହ ሽሻሽ, and 
ሺ𝐺, Ƶሻ ൌ ሼሺ 𝑒ଶ ,ሼ ℎଵ , ℎସ , ℎହ ሽሻ,ሺ 𝑒ଷ, ሼ ℎଶ , ℎଷ , ℎସ ሽሻ,ሺ 𝑒ସ ,ሼ ℎଷ , ℎହ ሽሻሽ be soft sets over 𝑈 . Let 

ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Ƶሻ ൌ ሺ𝐻, 𝑇 ∪ Ƶሻ, where  

𝐻ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

	
for all ϣ ∊T∪Ƶ. Hence, Hሺ𝑒ଵሻ ൌF'ሺ𝑒ଵሻൌ ሼℎଵ,ℎଷ,ℎସሽ, Hሺ𝑒ଶሻ ൌG'ሺ𝑒ଶሻൌ ሼℎଶ,ℎଷሽ, Hሺ𝑒ସሻ ൌG'ሺ𝑒ସሻൌ
ሼℎଵ , ℎଶ, ℎସሽ , and Hሺ 𝑒ଷ ሻ ൌ F ሺ 𝑒ଷሻ\𝐺ሺ𝑒ଷ ሻ ൌ ሼℎଵ, ℎହሽ . Thus, 

ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Ƶሻ=ሼሺ𝑒ଵ, ሼℎଵ,ℎଷ, ℎସሽሻ, ሺ𝑒ଶ,{ℎଶ,ℎଷ}), ሺ𝑒ଷ, ሼℎଵ, ℎହሽሻ, ሺ𝑒ସ, ሼ ℎଵ,ℎଶ,ℎସ})}. 

 
Theorem	3.3.	

1) 
∗

 \க
 is closed in 𝑆ாሺ𝑈ሻ. 

Proof:	
∗

 \ఌ
: 𝑆ாሺ𝑈ሻx 𝑆ாሺ𝑈ሻ → 𝑆ாሺ𝑈ሻ 

                  ሺሺ𝐹, 𝑇ሻ, ሺ𝐺, Ƶሻሻ → ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Ƶሻ ൌ ሺH,T ∪Ƶ ሻ 

Similarly,  
∗

 \ఌ
: 𝑆்ሺ𝑈ሻx 𝑆்ሺ𝑈ሻ → 𝑆்ሺ𝑈ሻ 

                  ሺሺ𝐹, 𝑇ሻ, ሺ𝐺, Tሻሻ → ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Tሻ ൌሺH,T ∪Tሻ 

That is, when T is a fixed subset of the set E, ሺ𝐹, 𝑇ሻ and ሺG, T ሻ are elements of 𝑆்ሺ𝑈ሻ, then 

so is ሺF,T ሻ
∗

 \ఌ
ሺG, Tሻ. Namely, 𝑆்ሺ𝑈ሻ is closed under the operation 

∗
 \ఌ

 as well. 

2) ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Ƶሻሿ
∗
\ఌ

ሺ𝐻, 𝑀ሻ ് ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሾሺ𝐺, Ƶሻሿ
∗
\ఌ

ሺ𝐻, 𝑀ሻሿ    

Proof	: Firstly, let's consider the left hand side (LHS). Suppose that ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Ƶሻ ൌ ሺS,T ∪Ƶ 

ሻ, where  

𝑆ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

for all ϣ∊T ∪Ƶ. Let ሺS,T ∪Ƶ ሻ
∗
\ఌ

ሺH,Mሻ ൌ ሺL,ሺT ∪Ƶ ሻ∪Mሻሻ, where  
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𝐿ሺϣሻ ൌ ቐ
𝑆′ሺϣሻ, ϣ ∈ ሺ𝑇 ∪ Ƶሻ\𝑀
𝐻′ሺϣሻ, ϣ ∈ 𝑀\ሺ𝑇 ∪ 𝑀ሻ

𝑆ሺϣሻ\𝐻ሺϣሻ,  ϣ ∈ ሺ𝑇 ∪ Ƶሻ ∩ 𝑀 
	

 
for all ϣ∊ሺT ∪Ƶ ሻ∪M. Thus,           
 

𝐿ሺϣሻ=

⎩
⎪
⎪
⎨

⎪
⎪
⎧

𝐹ሺϣሻ,                                               ϣ ∊ ሺ𝑇\Ƶሻ\𝑀 ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀′  
𝐺ሺϣሻ                                               ϣ ∊ ሺƵ\𝑇ሻ\𝑀 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀′
𝐹ᇱሺϣሻ ∪ 𝐺 ሺϣሻ                            ϣ ∊ ሺ𝑇 ∩ Ƶሻ\𝑀 ൌ 𝑇 ∩ Ƶ ∩ 𝑀′
𝐻ᇱሺϣሻ,                                        ϣ ∊ 𝑀\ሺ𝑇 ∪ Ƶሻ ൌ 𝑇 ′ ∩ Ƶ′ ∩ 𝑀
𝐹′ሺϣሻ ∩ 𝐻′ሺϣሻ,                           ϣ ∊ ሺ𝑇\Ƶሻ ∩ 𝑀 ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀
𝐺′ሺϣሻ ∩ 𝐻’ሺϣሻ,                          ϣ ∊ ሺƵ\𝑇ሻ ∩ 𝑀 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀

ሾ𝐹′ሺϣሻ ∪ 𝐺 ሺϣሻሿ ∩ 𝐻′ሺϣሻ       ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ 𝑀 ൌ 𝑇 ∩ Ƶ ∩ 𝑀  

 

Now, let's consider the right hand side (RHS). Suppose that ሺG,Ƶ ሻ
∗

 \ఌ
 ሺH,Mሻൌ  ሺR,Ƶ ∪Mሻ, 

where 

𝑅ሺϣሻ ൌ ቐ
𝐺′ሺϣሻ, ϣ ∊ Ƶ\𝑀
𝐻′ሺϣሻ, ϣ ∊ 𝑀\Ƶ

𝐺ሺϣሻ\𝐻ሺϣሻ,   ϣ ∊ Ƶ ∩ 𝑀
	

 

for all ϣ∊Ƶ ∪M. Let ሺ𝐹, 𝑇ሻ
∗

 \ఌ
ሺR,Ƶ ∪Mሻ ൌሺN,ሺT ∪ሺƵ ∪Mሻሻ, where 

𝑁ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\ሺƵ ∪ 𝑀ሻ
𝑅′ሺϣሻ, ϣ ∊ ሺƵ ∪ 𝑀ሻ\𝑇

𝐺ሺϣሻ\𝐻ሺϣሻ, ϣ ∊ 𝑇 ∩ ሺƵ ∪ 𝑀ሻ
	

 
for all ϣ∊T ∪ሺƵ ∪Mሻ. Thus,  
 

𝑁ሺϣሻ=

⎩
⎪
⎪
⎨

⎪
⎪
⎧

𝐹ሺϣሻ,                                                  ϣ ∊ 𝑇\ሺƵ ∪ 𝑀ሻ ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀′  
𝐺ሺϣሻ                                                     ϣ ∊ ሺƵ\𝑀ሻ\𝑇 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀′
𝐻ሺϣሻ,                                                    ϣ ∊ ሺ𝑀\Ƶሻ\𝑇 ൌ 𝑇 ′ ∩ Ƶ′ ∩ 𝑀
 𝐺′ሺϣሻ ∪ 𝐻ሺϣሻ,                               ϣ ∊ ሺƵ ∩ 𝑀ሻ\𝑇 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀

𝐹 ሺϣሻ ∩ 𝐺 ሺϣሻ,                                     ϣ ∊ 𝑇 ∩ ሺƵ\𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀′
𝐹 ሺϣሻ ∩ 𝐻ሺϣሻ,                                     ϣ ∊ 𝑇 ∩ ሺ𝑀\Ƶሻ ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀

𝐹 ሺϣሻ\ሾ𝐺 ሺϣሻ\𝐻ሺϣሻሿ ,                       ϣ ∊ 𝑇 ∩ ሺƵ ∩ 𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀  

 

 

It is seen that ሺL,ሺT∪Ƶ ሻ∪Mሻ ് ሺN,T∪ሺƵ∪Mሻሻ. That is, in the set 𝑆ாሺ𝑈ሻ, 
∗
\க

 is not associative. 

 

3) ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Tሻሿ
∗
\ఌ

ሺ𝐻, 𝑇ሻ ് ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሾሺ𝐺, Tሻሿ
∗
\ఌ

ሺ𝐻, 𝑇ሻሿ  

Proof:	Since ሾF ሺϣሻ\ G ሺϣሻሿ\ Hሺϣሻ് F ሺϣሻ\ሾ G ሺϣሻ\ Hሺϣሻሿ, 
∗
\ఌ

  is not associative in the set 

𝑆்ሺ𝑈ሻ, where T is a fixed subset of E. 
  

4) ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺG, Ƶ ሻ് ሺG, Ƶ ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ 

Proof: Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺG,Ƶ ሻ ൌ ሺH,T ∪Ƶ ሻ, where   

𝐻ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
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for all ϣ∊T∪Ƶ. Let (G,Ƶ ሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ ሺS, Ƶ ∪Tሻ, where 

𝑆ሺϣሻ ൌ ቐ
𝐺′ሺϣሻ, ϣ ∊ Ƶ\𝑇
𝐹′ሺϣሻ, ϣ ∊ 𝑇\Ƶ

𝐺ሺϣሻ\𝐹ሺϣሻ,  ϣ ∊ Ƶ ∩ 𝑇
	

 

for all ϣ∊Ƶ ∪T. Thus, ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺG,Ƶ ሻ്ሺG,Ƶ ሻ
∗
\ఌ

ሺ𝐹, 𝑇 ሻ. If Ƶ ∩Tൌ ∅, then ሺ𝐹, 𝑇ሻ
∗
\ఌ

 ሺG,Ƶ ሻ ൌ ሺG,Ƶ 

ሻ
∗
\ఌ

ሺ𝐹, 𝑇 ሻ . It is also obvious that ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ് ሺ𝐺, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇 ሻ . Thereby, 
∗
\க

  is 

commutative neither in 𝑆ாሺ𝑈ሻ  nor in 𝑆்ሺ𝑈ሻ. 
 

5) ሺ𝐹, 𝑇ሻ 
∗
\ఌ

 ሺ𝐹, 𝑇ሻ ൌ ∅் 

Proof:	 Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ ሺ𝐻, 𝑇ሻ where Hሺϣሻ ൌ F ሺϣሻ ∩ 𝐹′ ሺϣሻ ൌ ∅ , for all ϣ∊T, Thus, 

ሺH,Tሻൌ ∅். That is, 
∗
\ఌ

 is not idempotent in 𝑆ாሺ𝑈ሻ. 

 

6) ሺF,Tሻ 
∗
\ఌ

∅் ൌ ሺ𝐹, 𝑇ሻ 

Proof:	 Let ∅் ൌ  ሺS,T ሻ and ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝑆, 𝑇ሻ ൌ ሺ𝐻, 𝑇ሻ . Then, S(ϣ) ൌ ∅		and Hሺϣሻ ൌ F ሺϣሻ∩

𝑆′ሺϣሻ ൌF ሺϣሻ∩ 𝑈 ൌF ሺϣሻ, for all ϣ∊T. Thus, ሺ𝐻, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ.  
 

That is, in 𝑆்(U), the right identity element of  
∗
\க

 is the soft set ∅். 

 

7) ∅்
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ ∅் 	

Proof:	 Let  ∅் ൌ ሺ𝑆, 𝑇ሻ and ሺ𝑆, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ  ൌ ሺ𝐻, 𝑇ሻ . Then, Sሺϣሻ ൌ ∅  and Hሺϣሻ ൌ Sሺϣሻ ∩

𝐹′ሺϣሻൌ ∅ ∩ 𝐹′ሺϣሻ ൌ ∅, for all ϣ∊T. Therefore, ሺ𝐻, 𝑇ሻ ൌ ∅்.  

That is, the left absorbing element of 
∗
\க

 in 𝑆்ሺ𝑈ሻ  is the soft set ∅் . 

 

8) ሺ𝐹, 𝑇ሻ
∗
\ఌ

∅∅ൌሺ𝐹, 𝑇ሻ௥ 

Proof:	 Let ∅∅ ൌሺ𝑆, ∅ሻ and ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝑆, ∅ሻൌሺH,T ∪ ∅ሻ. Then, 

𝐻ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\∅ ൌ 𝑇
𝑆′ሺϣሻ, ϣ ∊ ∅ \𝑇 ൌ ∅

𝐹ሺϣሻ\𝑆ሺϣሻ,  ϣ ∊ ∅ \𝑇 ൌ ∅
	

 
for all ϣ∊T. Thus, 𝐻ሺϣሻ ൌ 𝐹′ሺϣሻ, for all ϣ∊T. Hence, ሺ𝐻, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ௥. 
 

9)  ∅∅ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ௥ 

Proof:	 Let ∅∅ ൌ ሺS, ∅ሻ and ሺ𝑆, ∅ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ ሺH, ∅∪Tሻ, where  

𝐻ሺϣሻ ൌ ቐ
𝑆′ሺϣሻ, ϣ ∊ ∅\𝑇 ൌ ∅
𝐹′ሺϣሻ, ϣ ∊ 𝑇\∅ ൌ 𝑇

𝑆ሺϣሻ\𝐹ሺϣሻ,  ϣ ∊  ∅ ∩ 𝑇 ൌ ∅
	

 
for all ϣ∊T. Thus, 𝐻ሺϣሻ ൌ 𝐹′ሺϣሻ, for all ϣ∊T. Thereby, ሺ𝐻, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ௥. 
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10) ሺ𝐹, 𝑇ሻ
∗
\ఌ

𝑈ா ൌ ∅ா 

Proof:	Let	𝑈ா ൌ ሺ𝐿, 𝐸ሻ and ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐿, 𝐸ሻൌሺH,T ∪Eሻ. Then, Lሺϣሻ ൌU, and 

𝐻ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\𝐸 ൌ ∅
𝐿′ሺϣሻ, ϣ ∊ 𝐸\𝑇 ൌ 𝑇’

𝐹ሺϣሻ\𝐿ሺϣሻ,  ϣ ∊ 𝑇 ∩ 𝐸 ൌ 𝑇
	

 
for all ϣ∊E. Hence, 
    

𝐻ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\𝐸 ൌ ∅

 ∅, ϣ ∊ 𝐸\𝑇 ൌ 𝑇’
 ∅,   ϣ ∊ 𝑇 ∩ 𝐸 ൌ 𝑇

	

	
for all ϣ∊E. Thereby, Hሺϣሻ ൌ ∅, for all ϣ∊E. Consequently, ሺ𝐻, 𝐸ሻ ൌ ∅ா.  
 

11) ሺ𝐹, 𝑇ሻ
∗
\ఌ

𝑈் ൌ ∅் 

Proof:	 Let 𝑈் ൌ ሺ𝐾, 𝑇ሻ  and ሺ𝐹, 𝑇ሻ
∗
\ఌ

 ሺ𝐾, 𝑇ሻ ൌ ሺ𝐾, 𝑇ሻ . Then, Kሺϣሻ ൌ U and HሺϣሻൌF ሺϣሻ∩

𝐾′ሺϣሻ ൌF ሺϣሻ∩ ∅ ൌ ∅, for all ϣ∊T. Therefore,  ሺ𝐾, 𝑇ሻ ൌ ∅்.   
 

12) 𝑈்
∗
\ఌ

 ሺ𝐹, 𝑇ሻ  ൌ ሺ𝐹, 𝑇ሻ௥   

Proof:	 Let	𝑈் ൌ  ሺ𝐾, 𝑇ሻ  and ሺ𝐾, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ  ሺ𝐻, 𝑇ሻ.  Then, KሺϣሻൌU and Hሺϣሻ ൌ Tሺϣሻ ∩

𝐹′ሺϣሻൌ 𝑈 ∩ 𝐹′ሺϣሻൌ 𝐹′ሺϣሻ, for all ϣ∊T. Thus, ሺ𝐻, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ௥. 
 

13) ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ௥ ൌ ሺ𝐹, 𝑇ሻ 

Proof:	Let ሺ𝐹, 𝑇ሻ௥ ൌ  ሺH,Tሻ and ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐻, 𝑇ሻ  ൌ  ሺ𝐿, 𝑇ሻ . Then, Hሺϣሻൌ 𝐹′ ሺϣሻ and Lሺϣሻ ൌ F 

ሺϣሻ∩ 𝐻′ሺϣሻ ൌF ሺϣሻ∩F ሺϣሻ ൌF ሺϣሻ, for all ϣ∊T. Thus, ሺ𝐿, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ. 

That is, in 𝑆ாሺ𝑈ሻ, the complement of every element is its own right identity for 
∗
\ఌ

.  

	

14) ሺ𝐹, 𝑇ሻ௥ ∗
\ఌ

 ሺ𝐹, 𝑇ሻ  ൌ ሺ𝐹, 𝑇ሻ௥ 

Proof:	 Let ሺ𝐹, 𝑇ሻ௥ ൌ ሺ𝐻, 𝑇ሻ  and ሺ𝐻, 𝑇ሻ 
∗
\ఌ

 ሺ𝐹, 𝑇ሻ  ൌ  ሺ𝐿, 𝑇ሻ . Then, Hሺϣሻൌ 𝐹′ ሺϣሻ and Tሺϣሻ 

ൌHሺϣሻ∩ 𝐹′ሺϣሻൌ 𝐹′ሺϣሻ∩ 𝐹′ሺϣሻൌ 𝐹′ሺϣሻ, for all ϣ∊T. Thus, ሺ𝐿, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ௥. 

That is, in 𝑆ாሺ𝑈ሻ, the complement of every element is its own left absorbing element for 
∗
\ఌ

.  

	

15) ሾሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺG,Ƶ ሻሿrൌ ሺ𝐹, 𝑇ሻ ൅ఌ ሺG,Ƶ ሻ 

Proof:	Let ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺG,Ƶ ሻ ൌ ሺH,T ∪Ƶሻ, where  

𝐻ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

 
for all ϣ∊ 𝑇 ∪ Ƶ. Let ሺH,T∪Ƶሻrൌ ሺK,T ∪Ƶሻ, where 
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𝐾ሺϣሻ ൌ ቐ
𝐹ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ᇱሺϣሻ ∪ 𝐺 ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

 
for all ϣ∊ 𝑇 ∪ Ƶ. Thus, ሺK,T ∪Ƶ ሻ ൌ ሺ𝐹, 𝑇ሻ ൅ఌ ሺG,Ƶሻ.   
 

16)	ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ 𝑈் ⇔ ሺ𝐹, 𝑇ሻ ൌ 𝑈் and ሺ𝐺, 𝑇ሻ ൌ ∅் 

Proof:	Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ ሺ𝐾, 𝑇ሻ  and ሺK,Tሻൌ 𝑈் . Then, KሺϣሻൌF ሺϣሻ∩ 𝐺′ ሺϣሻ ൌ U, for all 

ϣ∊T⟺F ሺϣሻ ൌU and G’ሺϣሻ ൌU, for all ϣ ∊ 𝑇 ⇔ F ሺϣሻ ൌU and G ሺϣሻ ൌ ∅, for all ϣ∊T ⇔
ሺ𝐹, 𝑇ሻ ൌ 𝑈் and ሺG,Tሻൌ ∅். 
  

17) ∅் ⊆෥ ሺ𝐹, 𝑇ሻ
∗
\ఌ

 ሺG,Ƶሻ, ∅௓ ⊆෥ ሺ𝐹, 𝑇ሻ
∗
\ఌ

 ሺG,Ƶሻ, and ∅௓ ⊆෥  ሺG,Ƶሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ , ∅் ⊆෥  ሺG,Ƶሻ
∗
\ఌ

  ሺF,Tሻ. 

Moreover, ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺG,Ƶሻ ⊆෥  𝑈்∪Ƶ and ሺG,Ƶሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ ⊆෥  𝑈Ƶ∪் 

 

18) ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ ⊆෥ሺG,Tሻr and ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ⊆෥ ሺ𝐹, 𝑇ሻ 

Proof:	Let ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ ሺ𝐻, 𝑇ሻ, where Hሺϣሻ ൌF ሺϣሻ ∩G’ሺϣሻ, for all ϣ∊T. Since 𝐻ሺϣሻ ൌ

𝐹ሺϣሻ ∩ 𝐺′ሺϣሻ ⊆ 𝐹ሺϣሻ and 𝐻ሺϣሻ ൌ 𝐹ሺϣሻ ∩ 𝐺′ሺϣሻ ⊆ 𝐺′ሺϣሻ, for all ϣ∊T, the rest of the proof 
is obvious. 
 

19) If ሺ𝐹, 𝑇ሻ  ⊆෥ ሺ𝐺, 𝑇ሻ , then ሺH,Ƶ ሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ⊆෥ ሺH,Ƶ ሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ  and ሺ𝐹, 𝑇ሻ  
∗
\ఌ

 ሺH, Ƶሻ ⊆෥ ሺ𝐺, 𝑇ሻ 
∗
\ఌ

ሺH, Ƶሻ 

Proof:	  Let ሺ𝐹, 𝑇ሻ ⊆෥ ሺ𝐺, 𝑇ሻ. Then, F ሺϣሻ⊆G ሺϣሻ and 𝐺′ሺϣሻ⊆  𝐹′ሺϣሻ, for all ϣ∊T. Let ሺH,Ƶ ሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻൌሺY,Ƶ ∪Tሻ, where  

𝑌ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

 

for all ϣ∊Ƶ ∪T. Let ሺH,Ƶ ሻ 
∗
\ఌ

ሺF ,T ሻ ൌ ሺW,Ƶ ∪Tሻ, where 

𝑊ሺϣሻ ൌ ቐ
𝐻′ሺϣሻ, ϣ ∊ Ƶ\𝑇 
𝐹′ሺϣሻ,  ϣ ∊ 𝑇\Ƶ 

𝐻ሺϣሻ\𝐹ሺϣሻ,   ϣ ∊ Ƶ ∩ 𝑇
	

 
for all ϣ∊Ƶ∪T. If ϣ∊Ƶ  \ T, then Yሺϣሻ ൌ 𝐻′ሺϣሻ ⊆  𝐻′ ሺϣሻൌWሺϣሻ. If ϣ∊T  \ Ƶ, thenYሺϣሻ ൌ
𝐺′ሺϣሻ ⊆  𝐹′ሺϣሻ ൌWሺϣሻ, and if ϣ∊Ƶ ∩T, then Yሺϣሻൌ 𝐻ሺϣሻ ∩ 𝐺′ሺϣሻ ⊆ Hሺϣሻ∩𝐹′ሺϣሻൌWሺϣሻ. 

Therefore, Yሺϣሻ⊆ Wሺϣሻ, for all ϣ∊Ƶ ∪T. Consequently, ሺH,Ƶ ሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ⊆෥ ሺH,Ƶ ሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ . 

Similarly, one can show that if ሺ𝐹, 𝑇ሻ ⊆෥ ሺ𝐺, 𝑇ሻ, then ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺH, Ƶሻ ⊆෥ ሺ𝐺, 𝑇ሻ 
∗
\ఌ

ሺH, Ƶሻ. 

 

20) If ሺ𝐻, Ƶሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ⊆෥ ሺ𝐻, Ƶሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ, then ሺ𝐹, 𝑇ሻ ⊆෥ ሺ𝐺, 𝑇ሻ needs not be true. Similarly, if 

ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐻, Ƶሻ ⊆෥ ሺ𝐺, 𝑇ሻ 
∗
\ఌ

ሺ𝐻, Ƶሻ, then ሺ𝐹, 𝑇ሻ ⊆෥ ሺ𝐺, 𝑇ሻ needs not be true. 

 
Proof:	Let	Eൌ{𝑒ଵ,𝑒ଶ ,𝑒ଷ,𝑒ସ,𝑒ହ, 𝑒଺ሽ be the parameter set, Tൌ{𝑒ଵ,𝑒ଷ} and Ƶൌ{𝑒ଵ,𝑒ଷ, 𝑒ହሽ be the 
subsets of E, and Uൌ{ℎଵ,ℎଶ, ℎଷ,ℎସ, ℎହ} be the universal and ሺ𝐹, 𝑇ሻ, ሺ𝐺, 𝑇ሻ, and ሺ𝐻, Ƶሻ be the 
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soft sets over U as follows: ሺ𝐹, 𝑇ሻ ൌ ሼሺ𝑒ଵ,,𝑈), (𝑒ଷ,U)},  ሺ𝐺, 𝑇ሻ  ൌ{ሺeଵ,, ሼℎଵ, ℎଶሽ), (eଷ, ሼℎଷ, ℎସሽ)}, 

and ሺ𝐻, Ƶሻ  ൌ {(  eଵ, ∅ ), ( eଷ , ∅ ), ( eହ ,{ ℎହሽ )}. Let ሺH,Ƶሻ
∗
\ఌ

 ሺG,Tሻ ൌ  ሺL,  Ƶ ∪ T ሻ, where 

L(𝑒ଵሻ ൌH(𝑒ଵሻ ∩G’(eଵ)ൌ ∅, L(𝑒ଷሻ ൌH(𝑒ଷሻ ∩ 𝐺’ሺ𝑒ଷ)ൌ ∅, and L(𝑒ହ)ൌH′ ൌ ሼℎଵ,ℎଶ, ℎଷ,ℎସ}, for all 

ϣ ∊ Ƶ ∪ 𝑇=ሼeଵ, eଷ, eହ}. Thereby, ሺ𝐻, Ƶሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ{(eଵ,∅), (eଷ,∅), (eହ, ሼℎଵ,ℎଶ, ℎଷ,ℎସሽ)}.  

 

Let ሺ𝐻, Ƶሻ  
∗
\ఌ

ሺ𝐹, 𝑇ሻ  ൌ  ሺW, Ƶ ∪ 𝑇 ሻ, where Wሺ𝑒ଵሻ ൌ H ሺ𝑒ଵሻ ∩ 𝐹′ሺ𝑒ଵ ሻ ൌ ∅ , Wሺ𝑒ଷሻ ൌ Hሺ𝑒ଷሻ ∩

𝐹′ሺ𝑒ଷሻ ൌ ∅, and Wሺ𝑒ହሻ ൌ 𝐻′ሺ𝑒ହሻൌ ሼℎଵ,ℎଶ, ℎଷ,ℎସሽ, for all ϣ ∊ Ƶ ∪ 𝑇 ൌ ሼ𝑒ଵ, 𝑒ଷ, 𝑒ହ}. Thus, ሺ𝐻, Ƶሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌሼሺ𝑒ଵ,∅ሻ, ሺ𝑒ଷ,∅ሻ, ሺ𝑒ହ,ሼℎଵ,ℎଶ, ℎଷ,ℎସሽ)}. Hence, ሺ𝐻, Ƶሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ ⊆෥ ሺ𝐻, Ƶሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ,  but 

ሺ𝐹, 𝑇ሻ is not a soft subset of ሺ𝐺, 𝑇ሻ. 
 

Similarly, one can show that ሺ𝐹, 𝑇ሻ  
∗
\ఌ

ሺ𝐻, Ƶሻ  ⊆෥ ሺ𝐺, 𝑇ሻ 
∗
\ఌ

ሺ𝐻, Ƶሻ  does not imply that ሺ𝐹, 𝑇ሻ 

⊆෥ ሺ𝐺, 𝑇ሻ  by taking ሺ𝐹, 𝑇ሻ  ൌ ሼሺeଵ, ,𝑈 ), (eଷ ,U)},  ሺ𝐺, 𝑇ሻ  ൌ	{ሺ𝑒ଵ,, ሼℎଵ, ℎଶሽ ),	 (𝑒ଷ	,	ሼℎଷ, ℎସሽ )}, and 
ሺ𝐻, Ƶሻ ൌ{( 𝑒ଵ, 𝑈), (𝑒ଷ,𝑈), (𝑒ହ,{ℎହሽ)}. 
 

21) If  ሺ𝐹, 𝑇ሻ  ⊆෥ ሺ𝐺, 𝑇ሻ  and  ሺ𝐾, 𝑇ሻ   ⊆෥ ሺ𝐿, 𝑇ሻ , then  ሺ𝐹, 𝑇ሻ
∗
\ఌ

  ሺ𝐿, 𝑇ሻ  ⊆෥ ሺ𝐺, 𝑇ሻ
∗
\ఌ

ሺ𝐾, 𝑇ሻ  and  

ሺ𝐾, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ⊆෥ ሺ𝐿, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ 

Proof:	Let ሺ𝐹, 𝑇ሻ  ⊆෥ ሺ𝐺, 𝑇ሻ  and ሺ𝐾, 𝑇ሻ   ⊆෥ ሺ𝐿, 𝑇ሻ , Then, F ሺϣሻ ⊆ 𝐺 ሺϣሻ  and Kሺϣሻ ⊆ Lሺϣሻ , for 
all ϣ ∊ 𝑇 . Thereby, 𝐺′ሺϣሻ ⊆  𝐹′ሺϣሻ  and 𝐿′ሺϣሻ ⊆  𝐾′ሺϣሻ,  for all ϣ ∊ T. Hence, F ሺ ϣሻ ∩
𝐿′ሺϣሻ ⊆ 𝐺 ሺϣሻ ∩ 𝐾′ሺϣሻ  and Kሺ ϣሻ ∩ 𝐺′ሺϣሻ ⊆ Lሺ ϣሻ ∩ 𝐹′ሺϣሻ,  for all ϣ ∊ T. Consequently, 

ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐿, 𝑇ሻ ⊆෥ ሺ𝐺, 𝑇ሻ
∗
\ఌ

ሺ𝐾, 𝑇ሻ and  ሺ𝐾, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ⊆෥ ሺ𝐿, 𝑇ሻ
∗
\ఌ

 ሺ𝐹, 𝑇ሻ 

 

22) ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ 
∗

∩ఌ
ሺ𝐺, 𝑇ሻ௥ 

Proof: Let ሺ𝐹, 𝑇ሻ
∗

 ∩ఌ
ሺ𝐺, 𝑇ሻ௥ ൌ ሺ𝐻, 𝑇ሻ, where HሺϣሻൌF ሺϣሻ ∩ 𝐺′ሺϣሻൌF ሺϣሻ\𝐺ሺϣሻ, for all ϣ∊T. 

Thereby, ሺ𝐻, 𝑇ሻ ൌ ሺF,Tሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ. 

 
In classical sets T ⊆ Ƶ ⟺T\Ƶ ൌ ∅, as an analogy we have: 
	

23) ሺ𝐹, 𝑇ሻ ⊆෥ ሺ𝐺, 𝑇ሻ ⟺ ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ ∅் 

Proof:	Let ሺ𝐹, 𝑇ሻ  ⊆෥ ሺ𝐺, 𝑇ሻ  and	ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ൌ  ሺH,Tሻ. Then, F ሺϣሻ⊆ G ሺϣሻ and Hሺϣሻ ൌ F 

ሺϣሻ\𝐺ሺ ϣሻ, for all ϣ∊T. Since F ሺϣሻ⊆ Gሺϣ), it implies that Hሺϣሻൌ Fሺϣሻ\𝐺ሺϣሻ ൌ ∅ , for all 

ϣ∊T. Therefore ሺH,Tሻൌ ∅்.  Conversely, let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ ∅் .  Then, F ሺϣሻ\𝐺ሺ ϣሻ ൌ ∅, 

and so F ሺϣሻ⊆ 𝐺ሺϣሻ, for all ϣ∊T. Thereby, ሺ𝐹, 𝑇ሻ ⊆෥ ሺ𝐺, 𝑇ሻ. 
 
 
In classical sets, T \ሺT \Ƶሻ ൌT ∩Ƶ . As an analogy we have: 

24) ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሾሺ𝐹, 𝑇ሻ\ோሺ𝐺, Ƶሻሿ  ൌ ሺF,Tሻ 
∗
~
∩

 ሺ𝐺, Ƶሻ 

Proof:	 Let ሺ𝐹, 𝑇ሻ\ோሺ𝐺, Ƶሻ ൌ  ሺK,T  ∩ Ƶሻ  and ሺ𝐹, 𝑇ሻ 
∗
\ఌ

 ሺK,T  ∩ Ƶሻ ൌ  ሺS,T  ∪ ሺ T  ∩ Ƶሻሻ ൌ  ሺ𝑆, 𝑇ሻ .  

Then, Kሺϣሻ  ൌF ሺϣሻ\𝐺 ሺϣሻ, for all ϣ ∊T ∩ Ƶ, and  
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𝑆ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\ሺ𝑇 ∩ Ƶሻ ൌ 𝑇\Ƶ
𝐾′ሺϣሻ, ϣ ∊ ሺ𝑇 ∩ Ƶሻ \𝑇 ൌ ∅

𝐹ሺϣሻ\𝐾ሺϣሻ,  ϣ ∊ 𝑇 ∩ ሺ𝑇 ∩ Ƶሻ ൌ 𝑇 ∩ Ƶ  
	

 
for all ϣ ∊ 𝑇 ∪ ሺ𝑇 ∩ Ƶሻ. Thereby,  

𝑆ሺϣሻ ൌ ൜
𝐹′ሺϣሻ,                             ϣ ∊ 𝑇\Ƶ             

𝐹 ሺϣሻ\ሾ𝐹ሺϣሻ\G ሺϣሻሿ,    ϣ ∊ 𝑇 ∩ Ƶ          
 

 
Therefore       

𝑆ሺϣሻ ൌ ൜
𝐹′ሺϣሻ,                         ϣ ∊ 𝑇\Ƶ             
 𝐹ሺϣሻ ∩ 𝐺ሺϣሻ,           ϣ ∊ 𝑇 ∩ Ƶ          

 

 

Consequently,	ሺS,T ሻ ൌሺF,T ሻ 
∗
~
∩

 ሺG,Ƶ ሻ. 

  
In classical sets, T\ሺ 𝑇 ∩Ƶ ሻൌ 𝑇 \Ƶ. As an analogy we have:   

25) ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሾሺ𝐹, 𝑇ሻ ∩ோ ሺ𝐺, Ƶሻ ൌ ሺ𝐹, 𝑇ሻ 
∗
~
\

 ሺ𝐺, Ƶሻ 

Proof:	 Let ሺ𝐹, 𝑇ሻ ∩ோ ሺ𝐺, Ƶሻ ൌ ሺK,  𝑇 ∩ Ƶሻ  and ሺ𝐹, 𝑇ሻ
∗
\ఌ

 ሺK,  𝑇 ∩ Ƶሻ ൌ ሺ 𝑆, 𝑇 ∪ ሺ𝑇 ∩ Ƶሻ ൌ ሺS,Tሻ. 

Then, Kሺϣሻ ൌFሺϣሻ∩Gሺϣሻ, for all ϣ ∊ 𝑇 ∩ Ƶ, and 

𝑆ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\ሺ𝑇 ∩ Ƶሻ ൌ 𝑇\Ƶ
𝐾′ሺϣሻ, ϣ ∊ ሺ𝑇 ∩ Ƶሻ \𝑇 ൌ ∅

𝐹ሺϣሻ\𝐾ሺϣሻ,  ϣ ∊ 𝑇 ∩ ሺ𝑇 ∩ Ƶሻ ൌ 𝑇 ∩ Ƶ  
	

 
for all ϣ ∊ 𝑇 ∪ ሺ𝑇 ∩ Ƶሻ. Thus,    

𝑆ሺϣሻ ൌ ൜
𝐹′ሺϣሻ,                                ϣ ∊ 𝑇\Ƶ             

𝐹 ሺϣሻ\ሾ𝐹ሺϣሻ ∩ G ሺϣሻሿ,    ϣ ∊ 𝑇 ∩ Ƶ          
 

 
Thereby,  

𝑆ሺϣሻ ൌ ൜
𝐹′ሺϣሻ,                         ϣ ∊ 𝑇\Ƶ             
 𝐹ሺϣሻ\𝐺ሺϣሻ,            ϣ ∊ 𝑇 ∩ Ƶ          

 

 

Therefore, ሺS,T ሻ ൌ ሺ𝐹, 𝑇ሻ
∗
~
\

 ሺ𝐺, Ƶሻ. 

 
In classical sets, if 𝑇 ∩ Ƶ ൌ ∅, then T\Ƶ ൌT . As an analogy, we have: 

26) If ሺ𝐹, 𝑇ሻ
∗

 ∩ఌ
ሺ𝐺, 𝑇ሻ ൌ ∅், then ሺ𝐹, 𝑇ሻ

∗
\ఌ

ሺ𝐺, 𝑇ሻൌ ሺ𝐹, 𝑇ሻ 

Proof:	 Let ሺ𝐹, 𝑇ሻ
∗

 ∩ఌ
ሺ𝐺, 𝑇ሻ ൌ ሺK, 𝑇ሻ ൌ ∅் . Then, Kሺϣሻ ൌ Fሺϣሻ ∩ G ሺϣሻ ൌ ∅  for all ϣ∊T. 

Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺG,Tሻ ൌ ሺL,Tሻ, where Lሺϣሻ ൌF ሺϣሻ \G ሺϣሻ, for all ϣ∊T. Since F ሺϣሻ∩G ሺϣሻ ൌ ∅, 

this implies that Lሺϣሻ ൌF ሺϣሻ \G ሺϣሻ ൌF ሺϣሻ. Thereby, ሺL,Tሻ ൌ ሺ𝐹, 𝑇ሻ. 
 
In classical sets, ሺT \Ƶሻ∩ Ƶ ൌ ∅. As an analogy, we have: 

27) ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻሿ
∗

 ∩ఌ
ሺG,Tሻൌ ∅்	

Proof:	Let ሺF,Tሻ
∗
\ఌ

 ሺG,Tሻ ൌ  ሺK,Tሻ, and ሺ𝐾, 𝑇ሻ
∗

 ∩ఌ
ሺ𝐺, 𝑇ሻ  ൌ ሺ𝐿, 𝑇ሻ . Then, Kሺϣሻ ൌ F ሺϣሻ\ G ሺϣሻ 

and Lሺϣሻ ൌKሺϣሻ∩G ሺϣሻ ൌ ሾF ሺϣሻ\G ሺϣሻሿ∩G ሺϣ) ൌ ∅, for all ϣ∊T. Thereby, ሺ𝐿, 𝑇ሻ ൌ ∅்.	
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In classical sets, since ሺT\Ƶሻ∩ Ƶൌ∅, thus ሺT\Ƶሻ \ƵൌT\Ƶ. As as an analogy, we have: 

28) ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻሿ
∗
\ఌ

ሺG,Tሻ ൌ ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ 

Proof:	Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ൌ  ሺ𝐾, 𝑇ሻ  and ሺ𝐾, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ൌ ሺ𝐿, 𝑇ሻ . Then, Kሺϣሻ ൌ F ሺϣሻ\ G ሺϣሻ 

and Lሺϣሻ ൌ Kሺϣሻ \ G ሺϣሻ ൌ  ሾF ሺϣሻ \ G ሺϣሻሿ \ G ሺϣሻ ൌ F ሺϣሻ \ G ሺϣሻ, for all ϣ∊T. Thereby, 

ሺ𝐿, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ. 

 
In classical sets, ሺT\Ƶሻ∩ ሺƵ\Tሻ ൌ ∅. As an analogy, we have: 

29) ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻሿ
∗

 ∩ఌ
ሾሺG,Tሻ 

∗
\ఌ

ሺ𝐹, 𝑇ሻሿ ൌ ∅் 

Proof:	 Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ൌ ሺ𝐾, 𝑇ሻ , ሺ𝐺, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ  ሺ𝐿, 𝑇ሻ , and ሺ𝐾, 𝑇ሻ
∗

 ∩ఌ
ሺ𝐿, 𝑇ሻ  ൌ  ሺ𝑆, 𝑇ሻ , 

Then, Kሺϣሻ ൌF ሺϣሻ\G ሺϣሻ, Lሺϣሻ ൌG ሺϣሻ \F ሺϣሻ, and Sሺϣሻ ൌKሺϣሻ∩Lሺϣሻ ൌ ሾF ሺϣሻ \G ሺϣሻሿ∩
ሾG ሺϣሻ \F ሺϣሻሿ ൌ ∅, for all ϣ∊T. Therefore, ሺ𝑆, 𝑇ሻ ൌ ∅். 
	
In classical sets, since ሺT\Ƶሻ∩ ሺƵ\Tሻ ൌ ∅, ሺT\Ƶሻ\ሺƵ\Tሻ ൌT\Ƶ. As an analogy, we have: 

30) ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻሿ
∗

 ∩ఌ
ሾሺ𝐺, 𝑇ሻ

∗
\ఌ

ሺ𝐹, 𝑇ሻሿ  ൌ ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ 

Proof: Let ሺF,T ሻ
∗
\ఌ

 ሺG,T ሻ ൌ  ሺ𝐾, 𝑇ሻ , ሺ𝐺, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ  ൌ ሺ𝐿, 𝑇ሻ , and ሺ𝐾, 𝑇ሻ
∗

 ∩ఌ
ሺ𝐿, 𝑇ሻ  ൌ  ሺ𝑆, 𝑇ሻ . 

Then, Kሺϣሻ ൌF ሺϣሻ \G ሺϣሻ, Lሺϣሻ ൌG ሺϣሻ \F ሺϣሻ, and Sሺϣሻ ൌKሺϣሻ\Lሺϣሻ ൌ ሾFሺϣሻ\Gሺϣሻሿ\

ሾGሺϣሻ\Fሺϣሻሿൌ 𝐹ሺϣሻ\𝐺ሺϣሻ, for all ϣ∊T. Thereby, ሺ𝑆, 𝑇ሻ ൌ ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ. 

 
In classical sets, ሺT \Ƶ ሻ∩ ሺT ∩Ƶሻ ൌ ∅. As an analogy, we have:  

31) ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻሿ
∗

 ∩ఌ
ሾሺ𝐹, 𝑇ሻ 

∗
 ∩ఌ

ሺ𝐺, 𝑇ሻሿ ൌ ∅் 

Proof:	Let ሺF,T ሻ 
∗
\ఌ

ሺG,T ሻ ൌ ሺ𝐾, 𝑇ሻ, ሺ𝐹, 𝑇ሻ
∗

 ∩ఌ
ሺG,T ሻൌ  ሺ𝐿, 𝑇ሻ, and ሺK,Tሻ

∗
 ∩ఌ

ሺL,TሻൌሺS,Tሻ. Then, 

Kሺϣሻ ൌF ሺϣሻ\G ሺϣሻ, LሺϣൌF ሺϣሻ∩G ሺϣሻ, and SሺϣሻൌKሺϣሻ∩LሺϣሻൌሾF ሺϣሻ \G ሺϣሻሿ∩ ሾF ሺϣሻ∩G 
ሺϣሻሿ ൌ ∅, for all ϣ∊T. Thereby, (S,T)ൌ ∅୘. 
 
In classical sets, since ሺT \Ƶሻ∩ ሺT ∩Ƶሻൌ ∅, ሺT \Ƶሻ\ሺT ∩Ƶሻൌ 𝑇\Ƶ. As an analogy, we have: 

32) ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻሿ
∗
\ఌ

ሾሺ𝐹, 𝑇ሻ 
∗

 ∩ఌ
ሺ𝐺, 𝑇ሻሿ ൌሺ𝐹, 𝑇ሻ

∗
\ఌ

ሺ𝐺, 𝑇ሻ 

Proof:	Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ ሺ𝐾, 𝑇ሻ, ሺ𝐹, 𝑇ሻ
∗

∩ఌ
ሺ𝐺, 𝑇ሻ ൌ ሺ𝐿, 𝑇ሻ, and ሺ𝐾, 𝑇ሻ

∗
\ఌ

ሺL,Tሻ ൌ ሺS,T ሻ. Then, 

Kሺϣሻ ൌ F ሺϣሻ \ G ሺϣሻ, Lሺϣሻ ൌ F ሺϣሻ ∩ Gሺϣሻ and Sሺϣሻ ൌ Kሺϣሻ \ Lሺϣሻ ൌ ሾFሺϣሻ \ Gሺϣሻሿ \

ሾFሺϣሻ∩GሺϣሻሿൌFሺϣሻ\Gሺϣሻ, for all ϣ∊T. Therefore, ሺS,Tሻൌ ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ.  

 
In classical sets, 𝑇 ∩ ሺƵ\Tሻ ൌ ∅. As an analogy, we have:  

33) ሺ𝐹, 𝑇ሻ
∗

 ∩ఌ
ሾሺ𝐺, 𝑇ሻ 

∗
\ఌ

ሺ𝐹, 𝑇ሻሿ ൌ ∅் 

Proof: Let ሺ𝐺, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ ሺK,T ሻ and  ሺ𝐹, 𝑇ሻ
∗

 ∩ఌ
ሺK,T ሻൌ ሺ𝐿, 𝑇ሻ. Then, KሺϣሻൌG ሺϣሻ\F ሺϣሻ 

and LሺϣሻൌF ሺϣሻ ∩Kሺϣሻ ൌF ሺϣሻ∩ ሾG ሺϣሻ \F ሺϣሻሿ ൌ ∅, for all ϣ∊T. Thereby, ሺ𝐿, 𝑇ሻ ൌ ∅்.	
 
In classical sets, since T ∩ ሺƵ\Tሻൌ ∅, T\ሺƵ\Tሻൌ 𝑇. As an analogy, we have: 

34) ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሾሺG,T ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻሿ ൌሺ𝐹, 𝑇ሻ. 

Proof: Letሺ𝐺, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌሺ𝐾, 𝑇ሻ and ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐾, 𝑇ሻ ൌ ሺL,T ሻ. Then, Kሺϣሻ ൌG ሺϣሻ\F ሺϣሻ and 

Lሺϣሻ ൌF ሺϣሻ \Kሺϣሻ ൌF ሺϣሻ \ ሾG ሺϣሻ \F ሺϣሻሿ ൌF ሺϣሻ, for all ϣ∊T. Thus, ሺL,Tሻ ൌ ሺ𝐹, 𝑇ሻ. 
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In classical sets, Tൌ ሺT\Ƶሻ∪ሺT ∩Ƶሻ. As an analogy, we have: 

35) ሺ𝐹, 𝑇ሻ ൌ ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻሿ
∗

∪ఌ
ሾሺ𝐹, 𝑇ሻ

∗
∩ఌ

ሺ𝐺, 𝑇ሻሿ 

Proof:	 Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ ሺ𝐾, 𝑇ሻ , ሺ𝐹, 𝑇ሻ
∗

∩ఌ
ሺ𝐺, 𝑇ሻ  ൌ ሺ𝐿, 𝑇ሻ , and ሺ𝐾, 𝑇ሻ

∗
 ∪ఌ

ሺ L,T ሻ ൌ  ሺS,T ሻ. 

Then, Kሺϣሻ ൌ F ሺϣሻ\ G ሺϣሻ, Lሺϣሻ ൌ F ሺϣሻ ∩G ሺϣሻ, and Sሺϣሻ ൌ Kሺϣሻ∪Lሺϣሻ ൌ  ሺF ሺϣሻ \ G 
ሺϣሻሻ∪ሺF ሺϣሻ ∩G ሺϣሻሻ ൌF ሺϣሻ, for all ϣ∊T. Thereby, ሺS,Tሻ ൌ ሺ𝐹, 𝑇ሻ. 
 
In classical sets, T∪Ƶ ൌ ሺT \Ƶ ሻ∪ Ƶ ve 𝑇 ∪ Ƶ ൌ ሺƵ \Tሻ∪T. As an analogy, we have: 

36) ሺ 𝐹, 𝑇ሻ
∗

∪ఌ
ሺ𝐺, 𝑇ሻ ൌ ሾሺ𝐹, 𝑇ሻ

∗
\ఌ

ሺ𝐺, 𝑇ሻሿ
∗

∪ఌ
ሺ𝐺, 𝑇ሻ  and ሺ 𝐹, 𝑇ሻ

∗
∪ఌ

ሺ𝐺, 𝑇ሻ ൌ

ሾሺ𝐺, 𝑇ሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻሿ
∗

∪ఌ
ሺF,Tሻ 

Proof:	Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ ൌ ሺ𝐾, 𝑇ሻ and ሺ𝐾, 𝑇ሻ
∗

∪ఌ
ሺ𝐺, 𝑇ሻ ൌ ሺ𝐿, 𝑇ሻ. Then, Kሺϣሻ ൌF ሺϣሻ\G ሺϣሻ, 

and Lሺϣሻ ൌKሺϣሻ ∪G ሺϣሻ ൌ ሺF ሺϣሻ\G ሺϣሻሻ ∪G ሺϣሻ ൌF ሺϣሻ∪G ሺϣሻ, for all ϣ∊T. Thus, ሺL,Tሻൌ

𝐹, 𝑇ሻ
∗

∪ఌ
ሺ𝐺, 𝑇ሻ. 

 
In classical sets, T ∪Ƶ ൌ ሺT \Ƶሻ∪ሺƵ \Tሻ∪ሺ𝑇 ∩ Ƶሻ. As an analogy, we have: 

37) ሺ𝐹, 𝑇ሻ
∗

∪ఌ
ሺ𝐺, Ƶሻ ൌ ሾሺ𝐹, 𝑇ሻ

∗
\ఌ

ሺ𝐺, Ƶሻሿ
∗

∪ఌ
ሾሺ𝐺, Ƶሻ

∗
\ఌ

ሺ𝐹, 𝑇ሻሿ
∗

∪ఌ
 ሾሺ𝐹, 𝑇ሻ

∗
∩ఌ

ሺ𝐺, Ƶሻሿ 

Proof:	Let ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሺ𝐺, Ƶ ሻ ൌ  ሺH,T ∪Ƶሻ, ሺ𝐺, Ƶሻ
∗
\ఌ

ሺ𝐹, 𝑇ሻ  ൌ  ሺK,T∪Ƶሻ, and ሺ𝐹, 𝑇ሻ
∗

∩ఌ
 ሺG,Ƶ ሻൌሺS,T 

∪Ƶሻ. Then,  

𝐻ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

	

𝐾ሺϣሻ ൌ ቐ
𝐺′ሺϣሻ, ϣ ∊ Ƶ\𝑇
𝐹′ሺϣሻ, ϣ ∊ 𝑇\𝑍

𝐺ሺϣሻ\𝐹ሺϣሻ,  ϣ ∊ Ƶ ∩ 𝑇
	

and   

𝑆ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ ∩ 𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

 

for all ϣ∊T ∪Ƶ. Let ሺH,T∪Ƶሻ 
∗

∪ఌ
ሺK,Ƶ ∪Tሻ ൌ ሺM,T ∪Ƶሻ, where  

𝑀ሺϣሻ ൌ ቐ
𝐻′ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ Ƶሻ\ሺƵ ∪ 𝑇ሻ ൌ ∅
𝐾′ሺϣሻ, ϣ ∊ ሺƵ ∪ 𝑇ሻ\ሺ𝑇 ∪ Ƶሻ ൌ ∅

𝐻ሺϣሻ\𝐾ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ Ƶሻ ∩ ሺƵ ∪ 𝑇ሻ ൌ 𝑇 ∪ Ƶ
	

 
for all ϣ∊T ∪Ƶ. Therefore,  
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𝑀ሺϣሻ ൌ

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

𝐹′ሺϣሻ ∪ 𝐺′ሺϣሻ,                                                ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺƵ\𝑇ሻ ൌ ∅             
𝐹ᇱሺϣሻ ∪ 𝐹ᇱሺϣሻ,                                                       ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺ𝑇\Ƶሻ ൌ 𝑇\Ƶ 
𝐹′ሺϣሻ ∪ ሾ𝐺ሺϣሻ\𝐹ሺϣሻሿ,                                 ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺƵ ∩ 𝑇ሻ ൌ ∅           

 𝐺ᇱሺϣሻ ∪ 𝐺ᇱሺϣሻ,                                                          ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺƵ\𝑇ሻ ൌ Ƶ\𝑇
 𝐺ᇱሺϣሻ ∪ 𝐹ᇱሺϣሻ,                                                               ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺ𝑇\Ƶሻ ൌ ∅
𝐺′ሺϣሻ ∪ ሾ𝐺ሺϣሻ\𝐹ሺϣሻሿ,                             ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺ𝑇\Ƶሻ ൌ ∅                   
ሾ𝐹ሺϣሻ\𝐺ሺϣሻሿ ∪ 𝐺ᇱሺϣሻ,                                             ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺƵ\𝑇ሻ ൌ ∅
ሾ𝐹ሺϣሻ\𝐺ሺϣሻሿ ∪ 𝐹ᇱሺϣሻ,                                            ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺ𝑇\Ƶሻ ൌ ∅ 
ሾ𝐹ሺϣሻሿ\𝐺ሺϣሻ ∪ ሾ𝐺ሺϣሻ\𝐹ሺϣሻሿ,                  ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺƵ ∩ 𝑇ሻ ൌ 𝑇 ∩ Ƶ   

 

 

 
Thereby,     

𝑀ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

ሾ𝐹ሺϣሻ\𝐺ሺϣሻሿ ∪ ሾ𝐺ሺϣሻ\𝐹ሺϣሻሿ,  ϣ ∈ 𝑇 ∩ Ƶ
	

for all ϣ∊T∪Ƶ . Let ሺM,T ∪Ƶሻ 
∗

∪ఌ
ሺS,T ∪Ƶሻ ൌ ሺW,T ∪Ƶሻ, where   

 

𝑊ሺϣሻ ൌ ቐ
𝑀′ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ Ƶሻ\ሺƵ ∪ 𝑇ሻ ൌ ∅
𝑆′ሺϣሻ, ϣ ∊ ሺƵ ∪ 𝑇ሻ\ሺ𝑇 ∪ Ƶሻ ൌ ∅

𝑀ሺϣሻ\𝑆ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ Ƶሻ ∩ ሺƵ ∪ 𝑇ሻ ൌ 𝑇 ∪ Ƶ
	

for all ϣ∊T ∪Ƶ. Hence,        
   

𝑊ሺϣሻ ൌ

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

𝐹′ሺϣሻ ∪ 𝐹′ሺϣሻ,                                                                                                    ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺ𝑇\Ƶሻ ൌ 𝑇\Ƶ
𝐹ᇱሺϣሻ ∪ 𝐺ᇱሺϣሻ,                                                                                                        ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺƵ\𝑇ሻ ൌ ∅ 
𝐹′ሺϣሻ ∪ ሾ𝐺ሺϣሻ ∩ 𝐺ሺϣሻሿ,                                                                                    ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺ𝑇 ∩ Ƶሻ ൌ ∅
𝐺ᇱሺϣሻ ∪ 𝐹ᇱሺϣሻ,                                                                                                        ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺ𝑇\Ƶሻ ൌ ∅
 𝐺ᇱሺϣሻ ∪ 𝐺ᇱሺϣሻ,                                                                                                 ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺƵ \𝑇ሻ ൌ Ƶ\𝑇
𝐺′ሺϣሻ ∪ ሾ𝐹ሺϣሻ ∩ 𝐺ሺϣሻሿ,                                                                                    ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺ𝑇 ∩ Ƶሻ ൌ ∅
ሾ𝐹ሺϣሻ\𝐺ሺϣሻሿ ∪ ሾ𝐺ሺϣሻ\𝐹ሺϣሻሿ ∪ 𝐹′ሺϣሻ,                                                         ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺ𝑇\Ƶሻ ൌ ∅
ሾ𝐹ሺϣሻ\𝐺ሺϣሻሿ ∪ ሾ𝐺ሺϣሻ\𝐹ሺϣሻሿ ∪ 𝐺ᇱሺϣሻ,                                                       ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺƵ \𝑇ሻ ൌ ∅
ሾ𝐹ሺϣሻ\𝐺ሺϣሻሿ ∪ ሾ𝐺ሺϣሻ\𝐹ሺϣሻሿ ∪ ሾ𝐹ሺϣሻ ∩ 𝐺ሺϣሻሿ,                             ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺ𝑇 ∩ Ƶሻ ൌ 𝑇 ∩ Ƶ

 

 

 
Therefore, 

𝑊ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ ∪ 𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

 

for all ϣ∊T∪Ƶ . Therefore, ሺW,T∪Ƶሻ ൌ ሺ𝐹, 𝑇ሻ 
∗

∪ఌ
ሺ𝐺, Ƶሻ. 

 

Theorem	3.4. ሺ𝑆்ሺ𝑈ሻ, 
∗
\ఌ

, ∅்ሻ is a BCK-algebra whose all elements are involution. 

Proof:	Let ሺ𝐹, 𝑇ሻ, ሺ𝐺, 𝑇ሻ, ሺ𝐻, 𝑇ሻ ∊ 𝑆்ሺ𝑈ሻ. Thereby,  
 

BCI-1ሼሾሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ ሿ
∗
\ఌ

ሾሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐻, 𝑇ሻሿሽ
∗
\ఌ

ሾሺ𝐻, 𝑇ሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ ሿൌ ∅்  

Indeed, let ሺ𝐹, 𝑇ሻ   
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ൌ ሺ𝑊, 𝑇ሻ , ሺ𝐹, 𝑇ሻ   
∗
\ఌ

ሺ𝐻, 𝑇ሻ  ൌ ሺ𝑀, 𝑇ሻ , and ሺ𝑊, 𝑇ሻ
∗
\ఌ

 ሺ𝑀, 𝑇ሻ  ൌ  ሺ𝐿, 𝑇ሻ . 

Then, Wሺϣሻ ൌF ሺϣሻ\G ሺϣሻ, Mሺϣሻ ൌF ሺϣሻ \Hሺϣሻ and Lሺϣሻ ൌWሺϣሻ \Mሺϣሻ ൌ ሾF ሺϣሻ\G ሺϣሻሿ 
\ ሾF ሺϣሻ\Hሺϣሻሿ, for all ϣ∊T.  
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 Let ሺ𝐻, 𝑇ሻ
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ൌ ሺ𝑆, 𝑇ሻand ሺ𝐿, 𝑇ሻ
∗
\ఌ

ሺ𝑆, 𝑇ሻ ൌ ሺ𝑋, 𝑇ሻ. Then, Sሺϣሻ ൌHሺϣሻ\G ሺϣሻ and Xሺϣሻ 

ൌLሺϣሻ \Sሺϣሻ ൌ ሾF ሺϣሻ \G ሺϣሻሿ \ ሾF ሺϣሻ \Hሺϣሻሿ \ ሾHሺϣሻ \G ሺϣሻሿሻ ൌ ∅, for all ϣ∊T. Hence, 
ሺX,Tሻ ሻሿൌ ∅். 
 

BCI-2 ሾሺ𝐹, 𝑇ሻ
∗
\ఌ

ሾ ሺ𝐹, 𝑇ሻ
∗
\ఌ

 ሺ𝐺, 𝑇ሻ ሿሿ 
∗
\ఌ

 ሺ𝐺, 𝑇ሻ ൌ ∅் . Indeed, let ሺ𝐹, 𝑇ሻ  
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ൌ  ሺK,Tሻ and  

ሺ𝐹, 𝑇ሻ
∗
\ఌ

 ሺ𝐾, 𝑇ሻ  ൌ  ሺM,Tሻ. Then, Kሺϣሻ ൌ Fሺϣሻ\ Gሺϣሻ and Mሺϣሻ ൌ F ሺϣሻ\ Kሺϣሻ ൌ F ሺϣሻ \ሾ F 

ሺϣሻ\G ሺϣሻሿ ൌF ሺϣሻ∩G ሺϣሻ, for all ϣ∊T. Let ሺM,Tሻ
∗
\ఌ

ሺG,Tሻ ൌ ሺ𝐿, 𝑇ሻ. Then, Lሺϣሻ ൌMሺϣሻ \G 

ሺϣሻ ൌ ሾF ሺϣሻ∩G ሺϣሻሿ \G ሺϣሻ ൌ ∅, for all ϣ∊T. Therefore, ሺ𝐿, 𝑇ሻ ൌ ∅். 
  

BCI-3 By Theorem 3.3 (5), ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ∅். 

 

BCI-4 By Theorem 3.3 (24), ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐺, 𝑇ሻ  ൌ ∅் ⟹ ሺ𝐹, 𝑇ሻ ⊆෥ ሺ𝐺, 𝑇ሻ  and ሺ𝐺, 𝑇ሻ 
∗
\ఌ

ሺ𝐹, 𝑇ሻ ൌ

∅் ⟹ሺ𝐺, 𝑇ሻ ⊆෥ሺ𝐹, 𝑇ሻ. Thereby, ሺ𝐹, 𝑇ሻൌ ሺ𝐺, 𝑇ሻ.  
 

BCK-5 By Theorem 3.3 (7), ∅୘
∗
\க

ሺ𝐹, 𝑇ሻ ൌ∅୘. 

Hence, ሺ𝑆் ሺUሻ ,
∗
\ఌ

 , ∅் ሻ is a BCK-algebra. By Theorem 3.4 (11), ሺ𝐹, 𝑇ሻ
∗
\ఌ

 𝑈் ൌ∅்  for all ሺF 

, 𝑇ሻ ∈ 𝑆் ሺUሻ. Hence, ሺ𝑆் ሺUሻ, 
∗
\ఌ

 , ∅் ሻ is a bounded BCK-algebra. Moreover, since 

𝑈்
∗
\ఌ

ሾ𝑈்
∗
\ఌ

 ሺF ,𝑇 ሻሿ ൌ ሺ𝐹, 𝑇ሻ  for all ሺF, 𝑇ሻ ∈ 𝑆் ሺUሻ, (As by Theorem 3.3 (12), 𝑈்
∗
\ఌ

 ሺF, 𝑇 ሻ ൌ 

ሺF, 𝑇ሻr , and so 𝑈்
∗
\ఌ

ሺ𝐹, 𝑇ሻ௥ ൌ ሺF, 𝑇ሻ, each element of 𝑆்ሺUሻ is an involution. 

 
Theorem	 3.5.	 Let ሺ𝐹, 𝑇ሻ , ሺ𝐺, Ƶሻ and ሺ𝐻, 𝑀ሻ  be soft sets over 𝑈 . The complementary 
extended difference operation has the following distributions over other soft set 
operations: 
 
Theorem	 3.5.1 Let ሺ𝐹, 𝑇ሻ, ሺ𝐺, Ƶሻ and ሺ𝐻, 𝑀ሻ  be soft sets over 𝑈 . The complementary 
extended difference operation has the following distributions over restricted soft set 
operations: 
 
i) LHS Distribution 
 

1) If T∩ሺƵ∆Mሻ ൌ ∅, then ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሾሺ𝐺, Ƶሻ  ∪ோ ሺH,Mሻሿ ൌ ሾሺF,T ሻ 
∗
\ఌ

ሺ𝐺, Ƶሻሿ ∩ோ ሾሺF,Tሻ 
∗
\ఌ

ሺH,Mሻሿ 

	
Proof:	  Let’s ϐirst handle the RHS. Let  ሺ𝐺, Ƶሻ ∪ோ ሺH,Mሻ ൌ  ሺM,Ƶ ∩Mሻ, where Mሺϣሻ ൌ G 

ሺϣሻ∪Hሺϣሻ for all ϣ∊Ƶ ∩M. Let ሺF,Tሻ
∗
\ఌ

ሺM,Ƶ ∩Mሻ ൌ ሺN,T∪ሺƵ ∩Mሻሻ, where 

𝑁ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\ሺƵ ∩ 𝑀ሻ
𝑀′ሺϣሻ, ϣ ∊ ሺƵ ∩ 𝑀ሻ \𝑇

𝐹ሺϣሻ\𝑀ሺϣሻ, ϣ ∊ 𝑇 ∩ ሺƵ ∩ 𝑀ሻ
	

 
for all ϣ∊T ∪ሺƵ ∩Mሻ. Therefore, 

𝑁ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\ሺƵ ∩ 𝑀ሻ

𝐺′ሺϣሻ ∩ 𝐻′ሺϣሻ,   ϣ ∊ ሺƵ ∩ 𝑀ሻ \𝑇
𝐹 ሺϣሻ\ሾ𝐺 ሺϣሻ ∪ 𝐻ሺϣሻሿ, ϣ ∊ 𝑇 ∩ ሺƵ ∩ 𝑀ሻ
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Now consider the RHS. Let ሺF,T ሻ
∗
\ఌ

ሺ𝐺, Ƶሻ  ൌ ሺM,T ∪Ƶሻ, where 

𝑀ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

 

for all ϣ∊T∪Ƶ. Let ሺF,T ሻ 
∗
\ఌ

ሺH,Mሻ ൌ ሺK,T ∪Mሻ, where 

𝐾ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∊ 𝑇\𝑀
𝐻′ሺϣሻ, ϣ ∊ 𝑀\𝑇

𝐹ሺϣሻ\𝐻ሺϣሻ,  ϣ ∊ 𝑇 ∩ 𝑀
	

 
for all ϣ∊T ∪M. Let ሺM,T ∪Ƶሻ∩ோሺK,T∪MሻൌሺW,ሺT∪Ƶሻ∩ሺT∪Mሻሻ, where WሺϣሻൌMሺϣሻ∩Kሺϣ), 
for all ϣ∊ሺT∪Ƶሻ∩ሺT∪Mሻ. Hence, 
 

𝑊ሺϣሻ ൌ

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

𝐹′ሺϣሻ ∩ 𝐹′ሺϣሻ,                                                                              ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺ𝑇\𝑀ሻ ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀
 𝐹ᇱሺϣሻ ∩ 𝐻ᇱሺϣሻ,                                                                                             ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺ𝑀\𝑇ሻ ൌ ∅ 
 𝐹ᇱሺϣሻ ∩ ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ,                                                         ϣ ∊ ሺ𝑇\Ƶሻ ∩ ሺ𝑇 ∩ 𝑀ሻ ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀
 𝐺ᇱሺϣሻ ∩ 𝐹ᇱሺϣሻ,                                                                                           ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺ𝑇  \𝑀ሻ ൌ ∅ 
  𝐺ᇱሺϣሻ ∩ 𝐻ᇱሺϣሻ,                                                                          ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺ𝑀\𝑇ሻ ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀
𝐺′ሺϣሻ ∩ ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ,                                                                             ϣ ∊ ሺƵ\𝑇ሻ ∩ ሺ𝑇 ∩ 𝑀ሻ ൌ ∅
ሾ𝐹 ሺϣሻ\𝐺 ሺϣሻሿ ∩ 𝐹′ሺϣሻ,                                                          ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺ𝑇 \𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀′
ሾ𝐹 ሺϣሻ\𝐺 ሺϣሻሿ ∩ 𝐻′ሺϣሻ,                                                                            ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺ𝑀\𝑇ሻ ൌ ∅
ሾ𝐹 ሺϣሻ\𝐺 ሺϣሻሿ ∩ ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ,                                         ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ ሺ𝑇 ∩ 𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀

         

 

 
Therefore, 

𝑊ሺϣሻ ൌ

⎩
⎪
⎨

⎪
⎧

𝐹ᇱሺϣሻ,                                                                                                                   ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀
∅,                                                                                                                                ϣ ∊  𝑇 ∩ Ƶ′ ∩ 𝑀
  𝐺ᇱሺϣሻ ∩ 𝐻ᇱሺϣሻ,                                                                                                   ϣ ∊  𝑇 ′ ∩ Ƶ ∩ 𝑀
∅,                                                                                                                                ϣ ∊  𝑇 ∩ Ƶ ∩ 𝑀′
ሾ𝐹ሺϣሻ\𝐺 ሺϣሻሿ ∩ ሾ𝐹ሺϣሻ\𝐻ሺϣሻሿ,                                                                       ϣ ∊  𝑇 ∩ Ƶ ∩ 𝑀

         

 

 
Here, when considering the T\ሺƵ ∩M) in the function N, since T\ሺƵ ∩Mሻ ൌT\ሺƵ ∩Mሻ′ if an 
element is in the complement of Ƶ ∩M, it is either in Ƶ\ M or in M\ Ƶ or in ሺƵ ∪ 𝑀ሻ′. 
Therefore, if ϣ ∈ 𝑇\ሺƵ ∩ 𝑀ሻ, then ϣ∈T ∩Ƶ ∩𝑀′ or ϣ ∈T ∩Ƶ ′∩M or ϣ∈T ∩Ƶ′ ∩ 𝑀′. Hence, 
NൌW under the condition T ∩Ƶ′∩MൌT ∩Ƶ ∩𝑀′ ൌ ∅. It is obvious that the condition T ∩Ƶ 
′∩MൌT ∩Ƶ ∩𝑀′ ൌ ∅ is equivalent to the condition T ∩ሺƵ∆Mሻ ൌ ∅. 
 

2) If T ∩ሺƵ∆Mሻ ൌ ∅, then ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሾሺ𝐺, Ƶሻ  ∩ோሺH,Mሻሿ ൌ ሾሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሺ𝐺, Ƶሻሿ ∪ோ ሾሺ𝐹, 𝑇ሻ
∗

 \ఌ
ሺH,Mሻሿ   

 
ii) RHS Distributions: 
 

1) If T ∩Ƶ ∩𝑀′ ൌ ∅, then ሾሺF,T ሻ ∪ோሺG,Ƶ ሻሿ
∗

 \ఌ
ሺH,MሻൌሾሺF,T ሻ

∗
 \ఌ

ሺH,Mሻሿ ∪ோ ሾሺG,Ƶሻ
∗

 \ఌ
ሺH,Mሻሿ 

Proof:	Let’s ϐirst handle the LHS. Let ሺF,T ሻ ∪ோሺG,Ƶሻ ൌ ሺR,T ∩Ƶሻ, where Rሺϣሻ ൌF ሺϣሻ∪G ሺϣሻ, 

for all ϣ∊T ∩Ƶ. Let ሺR,T ∩Ƶሻ
∗

 \ఌ
ሺH,Mሻ ൌ ሺL,ሺT ∩Ƶሻ∪Mሻ, where 

𝐿ሺϣሻ ൌ ቐ
𝑅′ሺϣሻ, ϣ ∊ ሺ𝑇 ∩ Ƶሻ \𝑀
𝐻′ሺϣሻ, ϣ ∊ 𝑀\ሺ𝑇 ∩ Ƶሻ

𝑅ሺϣሻ\𝐻ሺϣሻ,  ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ 𝑀
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for all ϣ∊ሺT∩Ƶሻ∪M. Hence, 

𝐿ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ ∩ 𝐺′ሺϣሻ,               ϣ ∊ ሺ𝑇 ∩ Ƶሻ \𝑀

𝐻′ሺϣሻ, ϣ ∊ 𝑀\ሺ𝑇 ∩ Ƶሻ
 ሾ𝐹 ሺϣሻ ∪ 𝐺 ሺϣሻሿ \𝐻ሺϣሻ,   ϣ ∊ ሺ𝑇 ∩ Ƶሻ ∩ 𝑀

	

 

Now consider the RHS, i.e., ሾ ሺ𝐹, 𝑇ሻ
∗

 \ఌ
 ሺH,Mሻሿ ∪ோ  ሾሺG,Ƶሻ

∗
 \ఌ

 ሺH,Mሻሿ. Let ሺF,T 

ሻ
∗

 \ఌ
ሺ𝐻, 𝑀ሻൌሺS,T∪Mሻ, where 

𝑆ሺϣሻ ൌ ቐ
𝑅′ሺϣሻ, ϣ ∊ 𝑇 \𝑀
𝐻′ሺϣሻ, ϣ ∊ 𝑀 \𝑇

𝐹ሺϣሻ\𝐻ሺϣሻ,   ϣ ∊ 𝑇 ∩ 𝑀
	

 

for all ϣ∊T∪M. Let ሺG,Ƶ ሻ
∗

 \ఌ
ሺH,Mሻ ൌ ሺK,Ƶ ∪Mሻ, where 

𝐾ሺϣሻ ൌ ቐ
𝐺′ሺϣሻ,  ϣ ∊ Ƶ \𝑀
𝐻′ሺϣሻ,  ϣ ∊ 𝑀 \Ƶ

𝐹ሺϣሻ\𝐻ሺϣሻ,   ϣ ∊ Ƶ ∩ 𝑀
	

 
for all ϣ∊Ƶ ∪M. Let ሺS,T ∪Ƶ ሻ  ∪ோ ሺK,Ƶ ∪Mሻ ൌ  ሺW,ሺT ∪Ƶ ሻ∩ሺƵ ∪Mሻሻ, where Wሺϣሻ 
ൌSሺϣሻ∪Kሺϣሻ, for all ϣ∊ሺT ∪Ƶሻ∩ሺƵ ∪Mሻ. Hence, 
 

𝑊ሺϣሻ ൌ

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

𝐹′ሺϣሻ ∪ 𝐺′ሺϣሻ,                                                                        ϣ ∊ ሺ𝑇\𝑀ሻ ∩ ሺƵ\𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀′
𝐹ᇱሺϣሻ ∪ 𝐻ᇱሺϣሻ,                                                                                        ϣ ∊ ሺ𝑇\𝑀ሻ ∩ ሺ𝑀\Ƶሻ ൌ ∅
𝐹′ሺϣሻ ∪ ሾ𝐺ሺϣሻ\𝐻ሺϣሻሿ,                                                                        ϣ ∊ ሺ𝑇\𝑀ሻ ∩ ሺƵ ∩ 𝑀ሻ ൌ ∅
 𝐻ᇱሺϣሻ ∪ 𝐺′ሺϣሻ,                                                                                       ϣ ∊ ሺ𝑀\𝑇ሻ ∩ ሺƵ\𝑀ሻ ൌ ∅
  𝐻ᇱሺϣሻ ∪ 𝐻ᇱሺϣሻ,                                                                  ϣ ∊ ሺ𝑀\𝑇ሻ ∩ ሺ𝑀\Ƶሻ ൌ 𝑇 ′ ∩ Ƶ′ ∩ 𝑀
𝐻′ሺϣሻ ∪ ሾ𝐺 ሺϣሻ\𝐻ሺϣሻሿ,                                                   ϣ ∊ ሺ𝑀\𝑇ሻ ∩ ሺƵ ∩ 𝑀ሻ ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀
ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ ∪ 𝐺′ሺϣሻ,                                                                      ϣ ∊ ሺ𝑇 ∩ 𝑀ሻ ∩ ሺƵ\𝑀ሻ ൌ ∅
 ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ ∪ 𝐻′ሺϣሻ,                                                   ϣ ∊ ሺ𝑇 ∩ 𝑀ሻ ∩ ሺ𝑀\Ƶሻ ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀
ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ ∪ ሾ𝐺 ሺϣሻ\𝐻ሺϣሻሿ,                                   ϣ ∊ ሺ𝑇 ∩ 𝑀ሻ ∩ ሺƵ ∩ 𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀

         

 

 
 Therefore, 
 

𝑊ሺϣሻ ൌ

⎩
⎪
⎨

⎪
⎧

𝐹′ሺϣሻ ∪ 𝐺′ሺϣሻ,                                                                                                ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀′
  𝐻ᇱሺϣሻ,                                                                                                                 ϣ ∊ 𝑇 ′ ∩ Ƶ′ ∩ 𝑀
𝐻′ሺϣሻ ∪ ሾ𝐺 ሺϣሻ\𝐻ሺϣሻሿ,                                                                                  ϣ ∊  𝑇 ′ ∩ Ƶ ∩ 𝑀
 ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ ∪ 𝐻′ሺϣሻ,                                                                                  ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀
ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ ∪ ሾ𝐺 ሺϣሻ\𝐻ሺϣሻሿ,                                                                  ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀

         

 

Here, when considering the M\ሺT ∩Ƶ ሻ in the function L, since M\ሺT ∩Ƶ ሻൌM ∩ሺT ∩Ƶሻ′ if an 
element is in the complement of T∩Ƶ, it is either in T\Ƶ or in Ƶ\T or in ሺT ∪ Ƶሻ′. Thus, if ϣ ∈
𝑀\ሺ𝑇 ∩ Ƶሻ, then ϣ ∈M∩T ∩Ƶ ′or ϣ∈M ∩Ƶ ∩𝑇ᇱor ϣ∈M ∩𝑇′∩Ƶ ′. Therefore, NൌT under the 
condition T ∩Ƶ ∩𝑀′ ൌ ∅. 
 

2)	If ሺT∆Ƶሻ ∩MൌT ∩Ƶ ∩𝑀′ ൌ ∅, then ሾሺ𝐹, 𝑇ሻ ∩ோሺG,Ƶ ሻሿ
∗

 \ఌ
ሺH,Mሻ ൌ ሾሺ𝐹, 𝑇ሻ

∗
 \ఌ

ሺH,Mሻሿ∩ோ ሾሺG,Ƶ 

ሻ
∗

 \ఌ
 ሺH,Mሻሿ 

 
Theorem	 3.5.2. Let ሺ𝐹, 𝑇ሻ, ሺ𝐺, Ƶሻ, and ሺ𝐻, 𝑀ሻ  be soft sets over 𝑈 . The complementary 
extended difference operation has the following distributions over extended soft set 
operations: 
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i) LHS Distributions 
 

1) If T ∩ሺƵ∆Mሻ ൌ ∅, then ሺ𝐹, 𝑇ሻ
∗
\ఌ

ሾሺG,Ƶሻ ∩ఌሺH,Mሻሿ ൌ ሾሺ𝐹, 𝑇ሻ 
∗

 \ఌ
ሺG,Ƶሻሿ∪ఌ ሾሺ𝐹, 𝑇ሻ

∗
 \ ఌ

ሺH,Mሻሿ 

Proof:	 Let’s consider ϐirst the LHS. Let ሺG,Ƶ ሻ ∩ఌሺH,Mሻ ൌ ሺR,Ƶ ∪Mሻ, where 

𝑅ሺϣሻ ൌ ቐ
𝐺ሺϣሻ,  ϣ ∊ Ƶ \𝑀
𝐻ሺϣሻ,  ϣ ∊ 𝑀 \Ƶ

𝐺ሺϣሻ\𝐻ሺϣሻ,   ϣ ∊ Ƶ ∩ 𝑀
	

 
for all ϣ∊Ƶ ∪M. Let ሺR,Ƶ ∪Mሻ ൌ ሺN,ሺT∪ሺƵ∪Mሻሻ, where 

𝑁ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ ,  ϣ ∊ 𝑇 \ሺƵ ∪ 𝑀ሻ
𝑅′ሺϣሻ,  ϣ ∊ ሺƵ ∪ 𝑀ሻ\𝑇

𝐹 ሺϣሻ\𝑅ሺϣሻ,  ϣ ∊ 𝑇 ∩ ሺƵ ∪ 𝑀ሻ
	

 
for all ϣ∊T∪ሺƵ ∪Mሻ. Hence, 
 

Nሺϣሻ ൌ

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

𝐹′ሺϣሻ,                                                                                                        ϣ ∊ 𝑇\ሺƵ ∪ 𝑀ሻ ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀′
 𝐺ᇱሺϣሻ,                                                                                                        ϣ ∊ ሺƵ\𝑀ሻ \𝑇 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀′
 𝐻ᇱሺϣሻ,                                                                                                        ϣ ∊ ሺ𝑀\Ƶሻ\𝑇 ൌ 𝑇 ′ ∩ Ƶ′ ∩ 𝑀
 𝐺′ሺϣሻ ∪ 𝐻′ሺϣሻ,                                                                                      ϣ ∊ ሺƵ ∩ 𝑀ሻ\𝑇 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀
  𝐹 ሺϣሻ\𝐺 ሺϣሻ,                                                                                          ϣ ∊ 𝑇 ∩ ሺƵ\𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀′
𝐹 ሺϣሻ\𝐻ሺϣሻ,                                                                                            ϣ ∊ 𝑇 ∩ ሺ𝑀\Ƶሻ ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀
ሾ𝐹 ሺϣሻ\ሾ𝐺 ሺϣሻ ∩ 𝐻ሺϣሻሿ,                                                                     ϣ ∊ 𝑇 ∩ ሺƵ ∩ 𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀

         

 

 

Let’s consider the RHS. Let ሺ𝐹, 𝑇ሻ
∗

 \ఌ
ሺG,Ƶ ሻ ൌ ሺK,T ∪Ƶሻ, where 

𝐾ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

 

for all ϣ∊T ∪Ƶ. Let ሺ𝐹, 𝑇ሻ
∗

 \ఌ
ሺH,Mሻ ൌ ሺS,T∪Mሻ, where 

𝑆ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\M
𝐻′ሺϣሻ, ϣ ∈ M\𝑇

𝐹ሺϣሻ\𝐻ሺϣሻ,  ϣ ∈ 𝑇 ∩ M
	

 
for all ϣ∊T∪M. Let ሺK,T∪Ƶሻ ∪ఌሺS,T ∪Mሻ ൌ ሺL,ሺT∪Ƶሻ∪ሺT∪Mሻሻ, where 

𝐿ሺϣሻ ൌ ቐ
𝐾ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ Ƶሻ\ሺ𝑇 ∪ 𝑀ሻ
𝑆ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ 𝑀ሻ\ሺ𝑇 ∪ Ƶሻ

𝐾ሺϣሻ ∪ 𝑆 ሺϣሻ,  ϣ ∊ ሺ𝑇 ∪ Ƶሻ ∩ ሺ𝑇 ∪ 𝑀ሻ
	

 
for all ϣ∊ሺT∪Ƶሻ∪ሺT∪Mሻ. Hence, 
 

Lሺϣሻ ൌ

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 𝐺ᇱሺϣሻ,                                                                                                            ϣ ∊ 𝑇’ ∩ Ƶ ∩ 𝑀′
 𝐻ᇱሺϣሻ,                                                                                                           ϣ ∊ 𝑇’ ∩ Ƶ′ ∩ 𝑀
𝐹ᇱሺϣሻ,                                                                                                             ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀′
𝐹ᇱሺϣሻ ∪ 𝐻ᇱሺϣሻ,                                                                                           ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀
𝐺ᇱሺϣሻ ∪ 𝐻ᇱሺϣሻ,                                                                                           ϣ ∊  𝑇’ ∩ Ƶ ∩ 𝑀
ሾ𝐹 ሺϣሻ\𝐺ሺϣሻሿ ∪ 𝐹ᇱሺϣሻ,                                                                            ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀′

ሾ𝐹 ሺϣሻ\𝐺 ሺϣሻሿ ∪ ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ,                                                                  ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀        
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It is observed that NൌL, where T ∩Ƶ ∩ 𝑀′ ൌT ∩Ƶ’′∩Mൌ ∅. It is obvious that the condition T 
∩Ƶ ′ ∩MൌT ∩Ƶ ∩𝑀′ ൌ ∅is equivalent to the condition T ∩ሺƵ∆Mሻ ൌ ∅. 
 

2) If T ∩ሺƵ∆Mሻ, then ሺ𝐹, 𝑇ሻ 
∗
\ఌ

ሾሺG,Ƶ ሻ ∪ఌሺH,Mሻሿ ൌ ሾሺF,T ሻ
∗

 \ఌ
ሺG,Ƶ ሻሿ∩ఌ ሾሺF,T ሻ

∗
 \ఌ

ሺH,Mሻሿ 

 
ii) RHS Distributions 
 

1) If T ∩Ƶ ∩𝑀′ ൌ ∅, then ሾሺF,T ሻ ∩ఌ ሺG,Ƶ ሻሿ
∗

 \ఌ
ሺH,Mሻ ൌ ሾሺF,Tሻ

∗
 \ఌ

ሺH,Mሻሿ ∩ఌ ሾሺG,Ƶ ሻ
∗

 \ఌ
ሺH,Mሻሿ 

	
Proof:	First let’s consider the LHS. Let ሺF,T ሻ ∩ఌሺG,Ƶ ሻ ൌ ሺR,T ∪Ƶሻ, where 

𝑅ሺϣሻ ൌ ቐ
𝐹ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹 ሺϣሻ ∩ 𝐺 ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

 

for all ϣ∊T∪Ƶ, Let ሺR,T∪Ƶሻ 
∗

 \ఌ
ሺH,Mሻ ൌ ሺN,ሺT∪Ƶሻ∪Mሻ, where 

𝑁ሺϣሻ ൌ ቐ
 𝑅′ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ Ƶሻ \𝑀
𝐻′ሺϣሻ, ϣ ∊ 𝑀\ሺ𝑇 ∪ Ƶሻ

𝑅ሺϣሻ\𝐻ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ Ƶሻ ∩ 𝑀
	

 
 for all ϣ∊ሺT∪Ƶሻ∪M. Hence, 

Nሺϣൌ

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

𝐹′ሺϣሻ,                                                                                 ϣ ∊ ሺ𝑇\Ƶሻ\𝑀 ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀′
 𝐺ᇱሺϣሻ,                                                                                  ϣ ∊ ሺƵ\𝑇ሻ \𝑀 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀′
 𝐹ᇱሺϣሻ ∪ 𝐺ᇱሺϣሻ,                                                                  ϣ ∊ ሺ𝑇 ∩ Ƶሻ \𝑀 ൌ 𝑇 ∩ Ƶ ∩ 𝑀′

 𝐻′ሺϣሻ,                                                                                    ϣ ∊ 𝑀\ሺ𝑇 ∪ Ƶሻ ൌ 𝑇 ′ ∩ Ƶ′ ∩ 𝑀
  𝐹 ሺϣሻ\𝐻ሺϣሻ,                                                                    ϣ ∊ ሺ𝑇\Ƶሻ ∩ 𝑀 ൌ 𝑇 ∩ Ƶ′ ∩ 𝑀

𝐺ሺϣሻ\𝐻ሺϣሻ,                                                                        ϣ ∊ ሺƵ\𝑇ሻ ∩ 𝑀 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀
ሾ𝐹 ሺϣሻ ∩ 𝐺 ሺϣሻሿ\𝐻ሺϣሻ,                                                     ϣ ∊ 𝑇 ∩ ሺƵ ∩ 𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀

         

 

 Consider the RHS. Let ሺ𝐹, 𝑇ሻ
∗

 \ఌ
ሺH,Mሻ ൌ ሺK,T∪Mሻ, where 

𝐾ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\M
𝐻′ሺϣሻ, ϣ ∈ M\𝑇

𝐹ሺϣሻ\𝐻ሺϣሻ,  ϣ ∈ 𝑇 ∩ M
	

 

for all ϣ∊T ∪M. Let ሺG,Ƶ ሻ
∗

 \ఌ
ሺH,Mሻ ൌ ሺS, Ƶ ∪Mሻ, where 

𝑆ሺϣሻ ൌ ቐ
𝐺′ሺϣሻ, ϣ ∊ Ƶ\𝑀
𝐻′ሺϣሻ, ϣ ∊ 𝑀\Ƶ

𝐺ሺϣሻ\𝐻ሺϣሻ,  ϣ ∊ Ƶ ∩ 𝑀
	

 
for all ϣ∊Ƶ ∪M. Let ሺK,T∪Mሻ ∩ఌሺS,Ƶ ∪Mሻ ൌ ሺL,ሺT∪Mሻ∪ሺƵ ∪Mሻሻ, where   

𝐿ሺϣሻ ൌ ቐ
𝐾ሺϣሻ, ϣ ∊ ሺ𝑇 ∪ 𝑀ሻ\ሺƵ ∪ 𝑀ሻ
𝑆ሺϣሻ, ϣ ∊ ሺƵ ∪ 𝑀ሻ\ሺ𝑇 ∪ 𝑀ሻ

 𝐾ሺϣሻ ∩ 𝑆ሺϣሻ,  ϣ ∊ ሺ𝑇 ∪ 𝑀ሻ ∩ ሺƵ ∪ 𝑀ሻ
	

 
for all ϣ∊ሺT∪Mሻ∪ሺƵ∪Mሻ. Hence, 
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Lሺϣሻ ൌ

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

𝐹′ሺϣሻ,                                                                                                        ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀′
 𝐺ᇱሺϣሻ,                                                                                                        ϣ ∊  𝑇 ′ ∩ Ƶ ∩ 𝑀′
 𝐹ᇱሺϣሻ ∩ 𝐺ᇱሺϣሻ,                                                                                          ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀′
 𝐻′ሺϣሻ,                                                                                                          ϣ ∊ 𝑇 ′ ∩ Ƶ′ ∩ 𝑀
  𝐹 ሺϣሻ\𝐻ሺϣሻ,                                                                                              ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀
𝐺ሺϣሻ\𝐻ሺϣሻ,                                                                                                ϣ ∊  𝑇 ′ ∩ Ƶ ∩ 𝑀
ሾ𝐹 ሺϣሻ ∩ 𝐺 ሺϣሻሿ\𝐻ሺϣሻ,                                                                              ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀

         

 

         
It is observed that N ൌ L, where T ∩Ƶ ∩M’ൌ ∅.   
 

2) If ሺT ∆ Ƶ ሻ∩M  ൌ T ∩Ƶ ∩ 𝑀′ ൌ ∅ , then ሾሺF,T ሻ  ∪ఌ ሺG,Ƶሻሿ
∗

 \ఌ
 ሺH,Mሻ ൌ  ሾሺF,T 

ሻ
∗

 \ఌ
 ሺH,Mሻሿ∪ఌ ሾሺG,Ƶሻ

∗
 \ఌ

ሺH,Mሻሿ 

 
Theorem	 3.5.3. Let ሺ𝐹, 𝑇ሻ, ሺ𝐺, Ƶሻ, and ሺ𝐻, 𝑀ሻ  be soft sets over 𝑈 . The complementary 
extended difference operation has the following distributions over soft binary piecewise 
operations: 
 
i) LHS Distributions 
 

1)If T ∩ሺƵ∆Mሻ ൌ ∅, then ሺ𝐹, 𝑇ሻ
∗

 \ఌ
ሾሺG,Ƶ ሻ 

~
∩ ሺH,Mሻሿ ൌ ሾሺF,T ሻ

∗
 \ఌ

ሺG,Ƶ ሻሿ 
~
∪ሾሺF,T ሻ

∗
 \ఌ

ሺH,Mሻሿ 

	
Proof:	 First let’s consider the LHS. Let ሺG,Ƶ ሻ 

~
∩ ሺH,Mሻ ൌ ሺR,Ƶ ሻ, where  

𝑅ሺϣሻ ൌ ൜
𝐺ሺϣሻ,                              ϣ ∊ Ƶ\𝑀             

 𝐺 ሺϣሻ ∩ 𝐻ሺϣሻ,                 ϣ ∊ Ƶ ∩ 𝑀           

 

for all ϣ∊Ƶ. Let ሺ𝐹, 𝑇ሻ 
∗

 \ఌ
ሺR,Ƶ ሻ ൌ ሺN,T∪Ƶሻ, where 

𝑁ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝑅′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝑅ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
 

for all ϣ∊T∪Ƶ. Hence,                                
  

Lሺϣሻ ൌ

⎩
⎪
⎨

⎪
⎧

𝐹′ሺϣሻ,                                                                                                                           ϣ ∊ 𝑇 \Ƶ
 𝐺ᇱሺϣሻ,                                                                                    ϣ ∊ ሺƵ\𝑀ሻ\𝑇 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀′
  𝐺′ሺϣሻ ∪ 𝐻′ሺϣሻ,                                                                ϣ ∊ ሺƵ ∩ 𝑀ሻ\𝑇 ൌ 𝑇 ′ ∩ Ƶ ∩ 𝑀
 𝐹 ሺϣሻ\𝐺 ሺϣሻ,                                                                      ϣ ∊ 𝑇 ∩ ሺƵ\𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀′
𝐹 ሺϣሻ\ሾ𝐺 ሺϣሻ ∩ 𝐻ሺϣሻሿ,                                                 ϣ ∊ 𝑇 ∩ ሺƵ ∩ 𝑀ሻ ൌ 𝑇 ∩ Ƶ ∩ 𝑀 

         

 

Consider the RHS. Let ሺ𝐹, 𝑇ሻ
∗

 \ఌ
 ሺG, Ƶ ሻ ൌ ሺK,T∪Ƶሻ, where  

𝐾ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\Ƶ
𝐺′ሺϣሻ, ϣ ∈ Ƶ\𝑇

𝐹ሺϣሻ\𝐺ሺϣሻ,  ϣ ∈ 𝑇 ∩ Ƶ
	

for all ϣ∊T ∪Ƶ. ሺ𝐹, 𝑇ሻ 
∗

 \ఌ
ሺH,Mሻ ൌ ሺS,T ∪Mሻ, where 

𝑆ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\M
𝐻′ሺϣሻ, ϣ ∈ M\𝑇

𝐹ሺϣሻ\𝐻ሺϣሻ,  ϣ ∈ 𝑇 ∩ M
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for all ϣ∊T ∪M. Let ሺK,T∪Ƶሻ 

~
∪ሺS,T ∪Mሻ ൌ ሺL,ሺT ∪Ƶሻ∪ሺT∪Mሻሻ, where 

𝐿ሺϣሻ ൌ ൜
𝐾ሺϣሻ,                              ϣ ∊ ሺ𝑇 ∪ Ƶሻ\ሺ𝑇 ∪ 𝑀ሻ            

 𝐾ሺϣሻ ∪ 𝑆ሺϣሻ,                   ϣ ∊ ሺ𝑇 ∪ Ƶሻ ∩ ሺ𝑇 ∪ 𝑀ሻ          

 
for all ϣ∊ሺT ∪Ƶሻ∪ሺT ∪Mሻ. Hence, 
 
                 𝐹′ሺϣሻ,ϣ∊ሺT\Ƶሻ\ሺT∪Mሻ ൌ ∅ 
                 𝐺′ሺϣሻ,ϣ∊ሺƵ\Tሻ\ሺT∪Mሻ ൌT ′∩Ƶ ∩𝑀′ 
                 F ሺϣሻ\G ሺϣሻ,ϣ∊ሺT ∩Ƶሻ\ሺT∪Mሻ ൌ ∅ 
                 𝐹′ሺϣሻ∪𝐹′ሺϣሻ,ϣ∊ሺT\Ƶሻ∩ሺT\Mሻ ൌT ∩Ƶ′ ∩ 𝑀′ 
Lሺϣሻൌ   𝐹′ሺϣሻ∪𝐻′ሺϣሻ,ϣ∊ሺT\Ƶሻ∩ሺM\Tሻ ൌ ∅ 
                 𝐹′ሺϣሻ∪ሾF ሺϣሻ\Hሺϣሻሿ,ϣ∊ሺT\Ƶሻ∩ሺT ∩Mሻ ൌT ∩Ƶ′∩M 
                 𝐺′ሺϣሻ∪𝐹′ሺϣሻ,ϣ∊ሺƵ\Tሻ∩ሺT\Mሻ ൌ ∅ 
                 𝐺′ሺϣሻ∪𝐻′ሺϣሻ,ϣ∊ሺƵ\Tሻ∩ሺM\Tሻ ൌT ′ ∩Ƶ ∩M 
                 𝐺′ሺϣሻ∪ሾF ሺϣሻ\Hሺϣሻሿ,ϣ∊ሺƵ \Tሻ∩ሺT ∩Mሻ ൌ ∅ 
                 ሾF ሺϣሻ\G ሺϣሻሿ∪𝐹′ሺϣሻ,ϣ∊ሺT ∩Ƶሻ ∩ሺT\Mሻ ൌT ∩Ƶ ∩M’ 
                 ሾF ሺϣሻ\G ሺϣሻሿ ∪𝐻′ሺϣሻ,ϣ∊ሺT ∩Ƶሻ∩ሺM\Tሻ ൌ ∅ 
                 ሾF ሺϣሻ\G ሺϣሻሿ ∪ሾF ሺϣሻ\Hሺϣሻሿ,ϣ∊ሺT ∩Ƶሻ∩ሺT ∩Mሻ ൌT ∩Ƶ ∩M 
 
Hence, 

Lሺϣሻ ൌ

⎩
⎪
⎪
⎨

⎪
⎪
⎧

𝐺′ሺϣሻ,                                                                                                            ϣ ∊  𝑇 ′ ∩ Ƶ ∩ 𝑀′
 𝐹ᇱሺϣሻ,                                                                                                             ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀′
 𝐹′ሺϣ ∪ 𝐻′ሺϣሻ,                                                                                               ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀
 𝐺′ሺϣሻ ∪ 𝐻′ሺϣሻ,                                                                                           ϣ ∊  𝑇 ′ ∩ Ƶ ∩ 𝑀
𝐺 ሺϣሻ ∪ 𝐹ᇱሺϣሻ,                                                                                              ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀′ 
ሾ𝐹 ሺϣሻ\𝐺 ሺϣሻሿ ∪ ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ                                                                ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀

         

 

 
Here, if we consider T\ Ƶ in the function N, since T\ Ƶൌ T∩Ƶ’ ′  if an element is in the 
complement of Ƶ, the element is either in M\Ƶ or in ሺM ∪Ƶሻ.′ Thus, if ϣ∈T\Ƶ, then ϣ∈T 
∩M∩Ƶ’′ or ϣ∈T ∩𝑀′∩Ƶ’′. Therefore, NൌL, where T ∩Ƶ’′∩MൌT ∩Ƶ ∩𝑀′ ൌ ∅. It is obvious 
that the condition T ∩Ƶ’′∩MൌT ∩Ƶ ∩𝑀′ ൌ ∅ is equivalent to the condition T ∩ሺƵ∆Mሻ ൌ ∅. 
 

2) If T ∩ሺƵ∆Mሻ ൌ ∅, then ሺ𝐹, 𝑇ሻ
∗

 \ఌ
ሾሺG,Ƶ ሻ 

~
∪ ሺH,Mሻሿ ൌ ሾሺF,T ሻ

∗
 \ఌ

ሺG,Ƶ ሻሿ 
~
∩ሾሺF,T ሻ

∗
 \ఌ

ሺH,Mሻሿ 

 
ii) RHS Distributions: 
 

1)If T∩ሺƵ∆Mሻ ൌ ∅, then ሾሺ𝐹, 𝑇ሻ
~
∪ ሺG,Ƶ ሻሿ

∗
 \ఌ

 ሺH,Mሻ ൌ ሾሺF,T ሻ 
∗

 \ఌ
ሺH,Mሻሿ 

~
∪ ሾሺG,Ƶ ሻ

∗
 \ఌ

 ሺH,Mሻሿ 

	
Proof:	 Let’s ϐirst consider the LHS. Let ሺF,T ሻ 

~
∪ ሺG,Ƶ ሻ ൌ ሺR,T ሻ, where 

𝑅ሺϣሻ ൌ ൜
𝐹ሺϣሻ,                                    ϣ ∊ 𝑇\Ƶ            
 𝐹ሺϣሻ ∪ 𝐺ሺϣሻ,                     ϣ ∊ 𝑇 ∩ Ƶ          

 

 for all ϣ∊T. Let ሺR,Tሻ 
∗

 \ఌ
ሺH,Mሻ ൌ ሺN,T∪Mሻ, where  

𝑁ሺϣሻ ൌ ቐ
𝑅′ሺϣሻ, ϣ ∈ 𝑇\M
𝐻′ሺϣሻ, ϣ ∈ M\𝑇

𝑅ሺϣሻ\𝐻ሺϣሻ,  ϣ ∈ 𝑇 ∩ M
	

for all ϣ∊T∪M. Hence,    
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Nሺϣሻ ൌ

⎩
⎪
⎨

⎪
⎧

𝐹′ሺϣሻ,                                                                                                  ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀′
  𝐹ᇱሺϣሻ ∩ 𝐺ᇱሺϣሻ,                                                                                ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀′ 
  𝐻′ሺϣሻ,                                                                                                           ϣ ∊ 𝑀\𝑇
 𝐹 ሺϣሻ\𝐻ሺϣሻ                                                                                    ϣ ∊  𝑇 ∩ Ƶ′ ∩ 𝑀
 ሾ𝐹 ሺϣሻ ∪ 𝐺 ሺϣሻሿ\𝐻ሺϣሻ                                                                  ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀  

         

 

Now consider the RHS. Let ሺ𝐹, 𝑇ሻ
∗

 \ఌ
ሺH,Mሻ ൌ ሺK,T ∪Mሻ, where  

𝐾ሺϣሻ ൌ ቐ
𝐹′ሺϣሻ, ϣ ∈ 𝑇\M
𝐻′ሺϣሻ, ϣ ∈ M\𝑇

𝐹ሺϣሻ\𝐻ሺϣሻ,  ϣ ∈ 𝑇 ∩ M
	

 

for all ϣ∊T∪M. Let ሺG,Ƶ ሻ
∗

 \ఌ
ሺH,Mሻ ൌ ሺS, Ƶ ∪Mሻ, where  

𝑆ሺϣሻ ൌ ቐ
𝐺′ሺϣሻ, ϣ ∊ Ƶ\𝑀
𝐻′ሺϣሻ, ϣ ∊ 𝑀\Ƶ

𝐺ሺϣሻ\𝐻ሺϣሻ,  ϣ ∊ Ƶ ∩ 𝑀
	

 
for all ϣ∊Ƶ∪M. Let ሺK,T ∪Mሻ 

~
∪ሺS,Ƶ ∪MሻൌሺL,ሺT∪Mሻ ∪ሺƵ ∪Mሻሻ, where 

𝐿ሺϣሻ ൌ ൜
𝐾ሺϣሻ,                                   ϣ ∊ ሺ𝑇 ∪ 𝑀ሻ\ሺƵ ∪ 𝑀ሻ         

 𝐾ሺϣሻ ∪ 𝑆ሺϣሻ,                     ϣ ∊ ሺ𝑇 ∪ 𝑀ሻ ∩ ሺƵ ∪ 𝑀ሻ         

 
for all ϣ∊ሺT ∪Mሻ∪ሺƵ ∪Mሻ. Thereby, 
 
             𝐹′ሺϣሻ,ϣ∊ሺT\Mሻ\ሺƵ ∪Mሻ ൌT ∩Ƶ′ ∩ 𝑀′ 
               𝐻′ሺϣሻ, ϣ∊ሺM\Tሻ\ሺƵ ∪Mሻ ൌ ∅ 
               F ሺϣሻ\Hሺϣሻ,ϣ∊ሺT ∩Mሻ\ሺƵ ∪Mሻ ൌ ∅  
               𝐹′ሺϣሻ ∪𝐺′ሺϣሻ,ϣ∊ሺT\Mሻ∩ሺƵ\Mሻ ൌT ∩Ƶ ∩𝑀′ 
Lሺϣሻൌ 𝐹′ሺϣሻ∪𝐻′ሺϣሻ,ϣ∊ሺT\Mሻ∩ሺM\Ƶሻ ൌ ∅ 
               𝐹′ሺϣሻ∪ሾG ሺϣሻ\Hሺϣሻሿ,  ϣ∊ሺT\Mሻ∩ሺƵ ∩Mሻ ൌ ∅ 
               𝐻′ሺϣሻ∪𝐺′ሺϣሻ,ϣ∊ሺM\Tሻ∩ሺƵ\Mሻ ൌ ∅ 
               𝐻′ሺϣሻ∪H’ሺϣሻ, ϣ∊ሺM\Tሻ∩ሺM\Ƶሻ ൌT ′ ∩ Ƶ′∩M 
               𝐻′ሺϣሻ∪ሾG ሺϣሻ\Hሺϣሻሿ,ϣ∊ሺM\Tሻ∩ሺƵ ∩Mሻ ൌT ′∩Ƶ ∩M 
               ሾF ሺϣሻ\Hሺϣሻሿ∪𝐺′ሺϣሻ,ϣ∊ሺT ∩Mሻ∩ሺƵ\Mሻ ൌ ∅ 
               ሾF ሺϣሻ\Hሺϣሻሿ∪𝐻′ሺϣሻ,ϣ∊ሺT ∩Mሻ∩ሺM\Ƶሻ ൌT ∩Ƶ′∩M 
               ሾF ሺϣሻ\Hሺϣሻሿ∪ሾG ሺϣሻ\Hሺϣሻሿ,ϣ∊ሺT ∩Mሻ∩ሺƵ ∩Mሻ ൌT ∩Ƶ∩M 
 
for all ϣ∊ሺT∪Mሻ∪ሺƵ∪Mሻ. Thus, 
 

Lሺϣሻ ൌ

⎩
⎪
⎪
⎨

⎪
⎪
⎧

𝐹′ሺϣሻ,                                                                                                      ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀′
  𝐹ᇱሺϣሻ ∪ 𝐺ᇱሺϣሻ,                                                                                   ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀′ 
  𝐻′ሺϣሻ,                                                                                                 ϣ ∊  𝑇 ′ ∩ Ƶ′ ∩ 𝑀
 𝐻′ሺϣሻ,                                                                                                   ϣ ∊  𝑇 ′ ∩ Ƶ ∩ 𝑀
𝐻′ሺϣሻ,                                                                                                     ϣ ∊ 𝑇 ∩ Ƶ′ ∩ 𝑀 
ሾ𝐹 ሺϣሻ\𝐻 ሺϣሻሿ ∪ ሾ𝐹 ሺϣሻ\𝐻ሺϣሻሿ                                                        ϣ ∊ 𝑇 ∩ Ƶ ∩ 𝑀

         

 

 
Here, if we consider M\T in the function N, since M\TൌM ∩T’, then if an element is in the 
complement of T, then it is either in Ƶ\T or in ሺƵ∪ 𝑇ሻ′. Thus, NൌL, where T ∩Ƶ’′∩MൌT ∩Ƶ 
∩𝑀′ ൌ ∅ . It is obvious that the condition T ∩Ƶ’′ ∩Mൌ T ∩Ƶ ∩𝑀′ ൌ ∅ is equivalent to the 
condition T ∩ሺƵ∆Mሻ ൌ ∅. 
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2) If ሺT∆Mሻ∩ Ƶ ൌ ∅, then ሾሺ𝐹, 𝑇ሻ
~
∩ ሺG,Ƶ ሻሿ

∗
 \ఌ

 ሺH,Mሻ ൌ ሾሺ𝐹, 𝑇ሻ 
∗

 \ఌ
ሺH,Mሻሿ 

~
∩ ሾሺG,Ƶ ሻ

∗
 \ఌ

 ሺH,Mሻሿ 

 
4. Conclusion 
 
The most essential building component of soft set theory for its advancement in both 
theoretical and practical domains is soft set operations. Numerous restricted and 
expanded operations have been introduced since the theory's 1999 introduction. The 
complementary extended difference operation is a novel soft set operation that is 
proposed and its algebraic properties are studied in this study. We address the 
distributions of complementary extended difference operations over other different kinds 
of soft set operations. We believe that this work contributes to the literature of both 
classical algebra and soft set theory as the ideas associated with soft set operations are as 
important for soft sets as fundamental operations from classical set theory. Specifically, 
studying the algebraic structures of soft sets in relation to new soft set operations gives us 
a thorough understanding of their application as well as new examples of algebraic 
structures. Many types of complemented extended soft set operations may be examined in 
future studies together with their distributions and characteristics to find out what 
algebraic structures are formed in the classes of soft sets with a fixed parameter set or over 
the universe. 
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