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Abstract  Keywords 

Similar to how the quasi-interior ideal generalizes the ideal and interior ideal of a 

semigroup, the concept of soft intersection quasi-interior ideal generalizes the idea of 

soft intersection ideal and soft intersection interior ideal of a semigroup. In this study, 

we provide the notion of soft intersection almost quasi-interior ideal as well as the 

soft intersection weakly almost quasi-interior ideal in a semigroup. We show that any 

nonnull soft intersection quasi-interior ideal is a soft intersection almost quasi-interior 

ideal; and soft intersection almost quasi-interior ideal is a soft intersection weakly 

almost quasi-interior ideal, but the converses are not true. We further demonstrate that 

any idempotent soft intersection almost quasi-interior ideal is a soft intersection 

almost subsemigroup. With the established theorem that states that if a nonempty set 

A is almost quasi-interior ideal, then its soft characteristic function is a soft 

intersection almost quasi-interior ideal, and vice versa, we are also able to derive 

several intriguing relationships concerning minimality, primeness, semiprimeness, 

and strongly primeness between almost quasi-interior ideals, and soft intersection 

almost quasi-interior ideals. 
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1. INTRODUCTION 

 

As semigroups provide the abstract algebraic basis for "memoryless" systems, which restart on each 

iteration, semigroups are essential in many disciplines of mathematics. The formal study of semigroups 

began in the early 1900s. In practical mathematics, semigroups are essential models for linear time-

invariant systems. Since finite semigroups are inherently connected to finite automata, studying them is 

essential to theoretical computer science. Furthermore, in probability theory, semigroups, and Markov 

processes are related. 

Ideals are necessary to understand algebraic structures and their applications. The earliest ideals to help 

with the study of algebraic numbers were offered by Dedekind. Noether generalized them further by 

adding associative rings. Bi-ideals for semigroups were first introduced by Good and Hughes in 1952 

[1]. Steinfeld [2] first established the idea of quasi-ideals for semigroups and later expanded it to rings. 

For many mathematicians, generalizing ideals in algebraic structures has been a key field of research. 
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The concept of almost left, right, and two-sided ideals of semigroups was first developed by Grosek and 

Satko [3] in 1980. Later, in 1981, Bogdanovic [4] extended the concept of bi-ideals to almost bi-ideals 

in semigroups. By combining the concepts of almost ideals and quasi-ideals of semigroups, 

Wattanatripop et al. [5] proposed almost quasi-ideals in 2018. In 2020, Kaopusek et al. [6] introduced 

almost interior ideals and weakly almost interior ideals of semigroups, extending and analyzing the 

notions of almost ideals and interior ideals of semigroups. Iampan [7] in 2022, Gaketem [9] in 2022, 

Chinram and Nakkhasen [8] in 2022, and Gaketem and Chinram [10] in 2023 introduced almost 

subsemigroups, almost bi-quasi-interior ideals, almost bi-interior ideals, and almost bi-quasi-ideals of 

semigroups, respectively. Furthermore, in [5, 7–12], several almost fuzzy semigroup ideal types were 

studied. 

The concept of soft sets as a means of modeling uncertainty was initially proposed by Molodtsov [13] 

in 1999, and it has since attracted interest from several of disciplines. The basic operations of soft sets 

were studied in [14–29]. Çağman and Enginoğlu [30] modified the concept of soft sets and soft set 

operations and in [31] Çağman et al. introduced soft intersection groups by which research on other soft 

algebraic systems was inspired. Soft sets were also conveyed to semigroup theory through the notions 

of soft intersection semigroup, left, right, and two-sided, quasi-ideals, interior ideals, and (generalized) 

bi-ideals, which were extensively explored in [32–33]. Sezgin and Orbay [34] studied soft intersection 

substructures to classify various semigroups. A variety of soft algebraic structures became the subject 

of additional investigation in [35–44].  

Bi-interior ideals, bi-quasi-interior ideals, bi-quasi-ideals, quasi-interior ideals, and weak-interior ideals 

are some of the new semigroup types that Rao [45–48] has proposed. These ideals are expansions of 

existing ideals. Moreover, Baupradist et al. [49] proposed the notion of essential ideals in semigroups. 

While the quasi-interior ideal of semigroups was introduced by Rao [47] as a generalization of ideal and 

interior ideal of a semigroup; soft intersection quasi-interior ideal of a semigroup was proposed in [50] 

as a generalization of the soft intersection ideal and interior ideal of a semigroup. In this study, as a 

further generalization of the nonnull soft intersection quasi-interior ideal, the concept of soft intersection 

almost quasi-interior and its generalization soft intersection weakly almost quasi-interior ideals are 

introduced. Moreover, we demonstrate that an idempotent soft intersection almost quasi-interior ideal is 

a soft intersection almost subsemigroup. We observe that under the binary operation of soft union, a 

semigroup may be constructed by soft intersection almost quasi-interior ideals; however, this is not the 

case under the soft intersection operation. We also establish the relationship between the soft intersection 

almost quasi-interior ideal and almost quasi-interior ideal of a semigroup in terms of minimality, 

primeness, semiprimeness, and strongly primeness. This is achieved by deriving that if a nonempty set 

A is an almost quasi-interior ideal, then its soft characteristic function is also a soft intersection almost 

quasi-interior ideal, and vice versa. This paper is organized in the following manner. Section 2 reviews 

the fundamental principles of soft set theory, including semigroup ideals. Section 3 looks at the 

definition and thorough study of soft intersection almost quasi-interior ideals. In the conclusion section, 

we highlight the significance of the study's findings and their possible impact on the field. 

2. PRELIMINARIES 

In this section, we review several fundamental notions related to semigroups and soft sets. 

Definition 2.1. Let 𝑈 be the universal set, 𝐸 be the parameter set, and 𝑃(𝑈) be the power set of 𝑈 and 

𝐾 ⊆ 𝐸. A soft set 𝑓𝐾 over 𝑈 is a set-valued function such that 𝑓𝐾: 𝐸 → 𝑃(𝑈) such that for all 𝑥 ∉ 𝐾, 

𝑓𝐾(𝑥) = ∅. A soft set over 𝑈 can be represented by the set of ordered pairs 

𝑓𝐾 = {(𝑥, 𝑓𝐾(𝑥)): 𝑥 ∈ 𝐸, 𝑓𝐾(𝑥) ∈ 𝑃(𝑈)} 

[13, 30]. Throughout this paper, the set of all the soft sets over 𝑈 is designated by 𝑆𝐸(𝑈). 

Definition 2.2. Let 𝑓𝐴 ∈ 𝑆𝐸(𝑈). If 𝑓𝐴(x) = ∅ for all 𝑥 ∈ 𝐸, then 𝑓𝐴 is called a null soft set and denoted 

by ∅𝐸. If 𝑓𝐴(𝑥) = 𝑈 for all 𝑥 ∈ 𝐸, then 𝑓𝐴 is called an absolute soft set and denoted by 𝑈𝐸  [30]. 
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Definition 2.3. Let 𝑓𝐴, 𝑓𝐵 ∈ 𝑆𝐸(𝑈). If for all 𝑥 ∈ 𝐸, 𝑓𝐴(x) ⊆ 𝑓𝐵(x), then 𝑓𝐴 is a soft subset of 𝑓𝐵 and 

denoted by 𝑓𝐴 ⊆̃ 𝑓𝐵. If 𝑓𝐴(𝑥) = 𝑓𝐵(𝑥) for all 𝑥 ∈ 𝐸, then 𝑓𝐴 is called soft equal to 𝑓𝐵 and denoted by 

𝑓𝐴 = 𝑓𝐵 [30]. 

Definition 2.4. Let 𝑓𝐴, 𝑓𝐵 ∈ 𝑆𝐸(𝑈). The union of 𝑓𝐴 and 𝑓𝐵 is the soft set 𝑓𝐴 ∪̃ 𝑓𝐵, where (𝑓𝐴 ∪̃ 𝑓𝐵)(𝑥) =
𝑓𝐴(𝑥) ∪ 𝑓𝐵(𝑥) for all 𝑥 ∈ 𝐸. The intersection of 𝑓𝐴 and 𝑓𝐵 is the soft set 𝑓𝐴 ∩̃ 𝑓𝐵, where (𝑓𝐴 ∩̃ 𝑓𝐵)(𝑥) =
𝑓𝐴(𝑥) ∩ 𝑓𝐵(𝑥) for all 𝑥 ∈ 𝐸 [30]. 

Definition 2.5. For a soft set 𝑓𝐴, the support of 𝑓𝐴 is defined by  

𝑠𝑢𝑝𝑝(𝑓𝐴) = {𝑥 ∈ 𝐴: 𝑓𝐴(𝑥) ≠ ∅}[18] 

Thus, a null soft set in is indeed a soft set with an empty support, and we say that a soft set 𝑓𝐴 is nonnull 

if 𝑠𝑢𝑝𝑝(𝑓𝐴) ≠ ∅ [18]. 

Note 2.6. If 𝑓𝐴 ⊆̃ 𝑓𝐵, then 𝑠𝑢𝑝𝑝(𝑓𝐴) ⊆ 𝑠𝑢𝑝𝑝(𝑓𝐵) [51]. 

 

A semigroup 𝑆 is a nonempty set with an associative binary operation and throughout this paper, 𝑆 

stands for a semigroup and all the soft sets are the elements of 𝑆𝑆(𝑈) unless otherwise specified. A 

nonempty subset 𝐴 of 𝑆 is called a left quasi-interior ideal of 𝑆 if 𝑆𝐴𝑆𝐴 ⊆ 𝐴; and is called a right quasi-

interior ideal of 𝑆 if 𝐴𝑆𝐴𝑆 ⊆ 𝐴; and is called a quasi-interior ideal of 𝑆 if 𝐴 is both a left quasi-interior 

ideal and a right quasi-interior ideal of 𝑆 [47].  

Definition 2.7. A nonempty subset 𝐴 of 𝑆 is called an almost left quasi-interior ideal of 𝑆 if for all 𝑥, 𝑦 ∈
𝑆; 𝑥𝐴𝑦𝐴 ∩ 𝐴 ≠ ∅, and is called an almost right quasi-interior ideal of 𝑆 if for all 𝑥, 𝑦 ∈ 𝑆, 𝐴𝑥𝐴𝑦 ∩ 𝐴 ≠
∅; and is called an almost quasi-interior ideal of 𝑆 when 𝐴 is both an almost left quasi-interior ideal of 

𝑆 and an almost right quasi-interior ideal of 𝑆. 

Example 2.8. Let 𝑆 = ℤ and ∅ ≠ 2ℤ ⊆ ℤ. Since 𝑥(2ℤ)𝑦(2ℤ) ∩ 2ℤ ≠ ∅ and (2ℤ)𝑥(2ℤ)𝑦 ∩ 2ℤ ≠ ∅ for 

all 𝑥, 𝑦 ∈ ℤ, 2ℤ is an almost quasi-interior ideal of 𝑆. 

An almost (left/right) quasi-interior ideal 𝐴 of 𝑆 is called a minimal almost (left/right) quasi-interior 

ideal of 𝑆 if for any almost (left/right) quasi-interior ideal 𝐵 of 𝑆 if whenever 𝐵 ⊆ 𝐴, then 𝐴 = 𝐵. 

An almost (left/right) quasi-interior ideal 𝑃 of 𝑆 is called a prime almost (left/right) quasi-interior ideal 

if for any almost (left/right) quasi-interior ideals 𝐴 and 𝐵 of 𝑆 such that 𝐴𝐵 ⊆ 𝑃 implies that 𝐴 ⊆ 𝑃 or 

𝐵 ⊆ 𝑃. An almost (left/right) quasi-interior ideal 𝑃 of 𝑆 is called a semiprime almost (left/right) quasi-

interior ideal if for any almost (left/right) quasi-interior ideal 𝐴 of 𝑆 such that 𝐴𝐴 ⊆ 𝑃 implies that 𝐴 ⊆
𝑃. An almost (left/right) quasi-interior ideal 𝑃 of 𝑆 is called a strongly prime almost (left/right) quasi-

interior ideal if for any almost (left/right) quasi-interior ideals 𝐴 and 𝐵 of 𝑆 such that 𝐴𝐵 ∩ 𝐵𝐴 ⊆ 𝑃 

implies that 𝐴 ⊆ 𝑃 or 𝐵 ⊆ 𝑃. 

Definition 2.9. Let 𝑓𝑆 and 𝑔𝑆 be soft sets over the common universe 𝑈. Then, soft intersection product 

𝑓𝑆 ° 𝑔𝑆 is defined by [32] 

(𝑓𝑆 ° 𝑔𝑆)(𝑥) = {
⋃ {𝑓𝑆(𝑦) ∩ 𝑔𝑆(𝑧)},     𝑖𝑓 ∃𝑦, 𝑧 ∈ 𝑆 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥 = 𝑦𝑧

𝑥=𝑦𝑧

 

∅,                                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                     

 

 

Theorem 2.10. Let 𝑓𝑆, 𝑔𝑆, ℎ𝑆 ∈ 𝑆𝑆(𝑈). Then,  

i) (𝑓𝑆 ° 𝑔𝑆) ° ℎ𝑆 = 𝑓𝑆 ° (𝑔𝑆 ° ℎ𝑆). 

ii) 𝑓𝑆 ° 𝑔𝑆 ≠ 𝑔𝑆 ° 𝑓𝑆 , 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑙𝑦. 

iii) 𝑓𝑆 ° (𝑔𝑆 ∪̃ ℎ𝑆) = (𝑓𝑆 ° 𝑔𝑆) ∪̃ (𝑓𝑆 ° ℎ𝑆) and (𝑓𝑆 ∪̃ 𝑔𝑆) ° ℎ𝑆 = (𝑓𝑆 ° ℎ𝑆) ∪̃ (𝑔𝑆 ° ℎ𝑆). 
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iv) 𝑓𝑆 ° (𝑔𝑆 ∩̃ ℎ𝑆) = (𝑓𝑆 ° 𝑔𝑆) ∩̃ (𝑓𝑆 ° ℎ𝑆) and (𝑓𝑆 ∩̃ 𝑔𝑆) ° ℎ𝑆 = (𝑓𝑆 ° ℎ𝑆) ∩̃ (𝑔𝑆 ° ℎ𝑆). 

v) If 𝑓𝑆 ⊆̃ 𝑔𝑆, then 𝑓𝑆 ° ℎ𝑆 ⊆̃ 𝑔𝑆 ° ℎ𝑆 and  ℎ𝑆 ° 𝑓𝑆 ⊆̃ ℎ𝑆 ° 𝑔𝑆. 

vi) If 𝑡𝑆, 𝑘𝑆 ∈ 𝑆𝑆(𝑈) such that 𝑡𝑆 ⊆̃ 𝑓𝑆 and 𝑘𝑆 ⊆̃ 𝑔𝑆, then 𝑡𝑆 ° 𝑘𝑆 ⊆̃ 𝑓𝑆 ° 𝑔𝑆 [32]. 

Lemma 2.11. Let 𝑓𝑆 and 𝑔𝑆 be soft sets over 𝑈. Then, 𝑓𝑆 ° 𝑔𝑆 = ∅𝑆 if and only if 𝑓𝑆 = ∅𝑆 or 𝑔𝑆 = ∅𝑆. 

Definition 2.12. Let 𝐴 be a subset of 𝑆. We denote by 𝑆𝐴 the soft characteristic function of 𝐴 and define 

as 

𝑆𝐴(𝑥) = {
𝑈,     𝑖𝑓 𝑥 ∈ 𝐴              
∅,     𝑖𝑓 𝑥 ∈ 𝑆\𝐴          

 

The soft characteristic function of 𝐴 is a soft set over 𝑈, that is,  𝑆𝐴: 𝑆 ⟶ 𝑃(𝑈) [32]. 

Corollary 2.13. 𝑠𝑢𝑝𝑝(𝑆𝐴) = 𝐴 [51]. 

Theorem 2.14. Let 𝑋 and 𝑌 be nonempty subsets of S. Then, the following properties hold [32,51]: 

i)  𝑋 ⊆ 𝑌 if and only if 𝑆𝑋 ⊆̃ 𝑆𝑌 

ii) 𝑆𝑋 ∩̃ 𝑆𝑌 = 𝑆𝑋∩𝑌 and 𝑆𝑋 ∪̃ 𝑆𝑌 = 𝑆𝑋∪𝑌 

iii) 𝑆𝑋 ° 𝑆𝑌 = 𝑆𝑋𝑌 

Proof: In [32], (i) is given as if 𝑋 ⊆ 𝑌, then if 𝑆𝑋 ⊆̃ 𝑆𝑌. In [51], it was shown that if 𝑆𝑋 ⊆̃ 𝑆𝑌, then 𝑋 ⊆
𝑌. Let  𝑆𝑋 ⊆̃ 𝑆𝑌 and 𝑥 ∈ 𝑋. Then, 𝑆𝑋(𝑥) = 𝑈, and this implies that 𝑆𝑌(𝑥) = 𝑈 since 𝑆𝑋 ⊆̃ 𝑆𝑌, Hence, 

𝑥 ∈ 𝑌, and so 𝑋 ⊆ 𝑌. Now let 𝑥 ∉ 𝑌. Then, 𝑆𝑌(𝑥) = ∅, and this implies that 𝑆𝑋(𝑥) = ∅ since 𝑆𝑋 ⊆̃ 𝑆𝑌. 

Hence, 𝑥 ∉ 𝑋, and so 𝑌′ ⊆ 𝑋′, implying that 𝑋 ⊆ 𝑌. 

Definition 2.15. Let 𝑥 be an element in 𝑆. We denote by 𝑆𝑥 the soft characteristic function of 𝑥 and 

define as 

𝑆𝑥(𝑦) = {
𝑈,      𝑖𝑓  𝑦 = 𝑥 
∅,      𝑖𝑓  𝑦 ≠ 𝑥 

 

The soft characteristic function of 𝑥 is a soft set over 𝑈, that is,  𝑆𝑥: 𝑆 ⟶ 𝑃(𝑈) [52]. 

Corollary 2.16. Let 𝑥, 𝑦 ∈ 𝑆, 𝑓𝑆 and 𝑆𝑥 be soft sets over 𝑈. Then, 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆 = ∅𝑆 if and only if 

𝑓𝑆 = ∅𝑆 and  𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆° 𝑆𝑦 = ∅𝑆 if and only if 𝑓𝑆 = ∅𝑆. 

Proof: By Lemma 2.11,  𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆 = ∅𝑆 if and only if 𝑓𝑆 = ∅𝑆 or  𝑆𝑥 = ∅𝑆 or 𝑆𝑦 = ∅𝑆.  Since 

𝑆𝑥 ≠ ∅𝑆 and 𝑆𝑦 ≠ ∅𝑆 for all 𝑥, 𝑦 ∈ 𝑆 by Definition 2.15, hence 𝑓𝑆 = ∅𝑆. The rest of the proof is obvious 

by Lemma 2.11. 

Definition 2.17. A soft set 𝑓𝑆 over 𝑈 is called a soft intersection left (resp. right) quasi-interior ideal of 

𝑆 over 𝑈 if 𝑓𝑆(𝑥𝑦𝑧𝑡) ⊇ 𝑓𝑆(𝑦) ∩ 𝑓𝑆(𝑡) (𝑓𝑆(𝑥𝑦𝑧𝑡) ⊇ 𝑓𝑆(𝑥) ∩ 𝑓𝑆(𝑧)) for all 𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑆. A soft set 𝑓𝑆 over 

𝑈 is called a soft intersection quasi-interior ideal of 𝑆 if it is both a soft intersection left quasi-interior 

ideal and a soft intersection right quasi-interior ideal of 𝑆 over 𝑈 [50]. 
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It is easy to see that if 𝑓𝑆(𝑥) = 𝑈 for all 𝑥 ∈ 𝑆, then 𝑓𝑆 is a soft intersection (left/right) quasi-interior 

ideal of 𝑆. We denote such a kind of (left/right) quasi-interior ideal by �̃�. It is obvious that �̃� = 𝑆𝑆, that 

is, �̃�(𝑥) = 𝑈 for all 𝑥 ∈ 𝑆 [50]. 

Theorem 2.18. Let 𝑓𝑆 be a soft set over 𝑈. Then, 𝑓𝑆 is a soft intersection left (resp. right) quasi-interior 

ideal of 𝑆 if and only if �̃� ° 𝑓𝑆 ° �̃� ° 𝑓𝑆 ⊆̃ 𝑓𝑆 (𝑓𝑆 ° �̃� ° 𝑓𝑆 ° �̃� ⊆̃ 𝑓𝑆). 𝑓𝑆 is a soft intersection quasi-interior 

ideal of 𝑆 if and only if  �̃� ° 𝑓𝑆 ° �̃� ° 𝑓𝑆 ⊆̃ 𝑓𝑆  and 𝑓𝑆 ° �̃� ° 𝑓𝑆 ° �̃� ⊆̃ 𝑓𝑆 [50]. 

From now on, soft intersection left (right) quasi-interior ideal of 𝑆 is denoted by SI-left (right) QI-ideal. 

Definition 2.19. Let 𝑓𝑆 be a soft set over 𝑈. Then, 𝑓𝑆 is called a soft intersection almost subsemigroup 

of 𝑆 if (𝑓𝑆 °𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆 [51]. 

We refer to [53] for the implications of network analysis and graph applications with respect to soft sets, 

which are determined by the divisibility of determinants and to [54-56] for more about soft set 

operations. 

3. SOFT INTERSECTION ALMOST QUASI-INTERIOR IDEALS OF SEMIGROUPS 

 

Definition 3.1. Let 𝑓𝑆 be a soft set over 𝑈. 

1) 𝑓𝑆 is called a soft intersection almost left (resp. right) quasi-interior ideal of 𝑆 if for all 𝑥, 𝑦 ∈ 𝑆, 

(𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆 ) ∩̃ 𝑓𝑆 ≠ ∅𝑆  ((𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦) ∩̃ 𝑓𝑆 ≠ ∅𝑆). 

𝑓𝑆 is called a soft intersection almost quasi-interior ideal of 𝑆 if 𝑓𝑆 is both a soft intersection almost left 

quasi-interior ideal of 𝑆 and a soft intersection almost right quasi-interior ideal of 𝑆. 

2) 𝑓𝑆 is called a soft intersection weakly almost left (resp. right) quasi-interior ideal of 𝑆 if for 

all 𝑥 ∈ 𝑆, 

(𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ) ∩̃ 𝑓𝑆 ≠ ∅𝑆 ((𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑥) ∩̃ 𝑓𝑆 ≠ ∅𝑆). 

𝑓𝑆 is called a soft intersection weakly almost quasi-interior ideal of 𝑆 if 𝑓𝑆 is both a soft intersection 

weakly almost left quasi-interior ideal of 𝑆 and a soft intersection weakly almost right quasi-interior 

ideal of 𝑆. 

Hereafter, for brevity, soft intersection is abbreviated as SI, left (right) quasi-interior is as left (right) QI; 

so soft intersection (weakly) almost left (right) quasi-interior ideal of 𝑆 is denoted by SI-(weakly) almost 

left (right) QI-ideal. 

Example 3.2. Let 𝑆 = {𝑧, 𝑘} be the semigroup with the following Cayley Table. 

   

 

 

 

 

Let 𝑓𝑆, ℎ𝑆, and 𝑔𝑆 be soft sets over  𝑈 =  ℤ− as follows:  

𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, {−5})} 

ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, {−1})} 

 𝑧  𝑘 

𝑧 𝑧 𝑧 

 𝑘 𝑧 𝑘 
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𝑔𝑆 = {(𝑧, ∅), (𝑘, {−7, −4})} 

Here, 𝑓𝑆 and ℎ𝑆 are SI-almost QI-ideals. Let’s first show that 𝑓𝑆 is an SI-weakly almost QI-ideal: 

[(𝑆𝑘  ° 𝑓𝑆 ° 𝑆𝑘 ° 𝑓𝑆) ∩̃ 𝑓𝑆](𝑧) = [(𝑆𝑘  ° 𝑓𝑆) ° (𝑆𝑘  ° 𝑓𝑆)](𝑧) ∩ 𝑓𝑆(𝑧) = [((𝑆𝑘 ° 𝑓𝑆)(𝑧) ∩ (𝑆𝑘 ° 𝑓𝑆)(𝑧)) ∪

((𝑆𝑘  ° 𝑓𝑆)(𝑧) ∩ (𝑆𝑘  ° 𝑓𝑆)(𝑘)) ∪ ((𝑆𝑘  ° 𝑓𝑆)(𝑘) ∩ (𝑆𝑘  ° 𝑓𝑆)(𝑧))] ∩ 𝑓𝑆(𝑧) = [[((𝑆𝑘(𝑧) ∩ 𝑓𝑆(𝑧)) ∪

(𝑆𝑘(𝑧) ∩ 𝑓𝑆(𝑘)) ∪ (𝑆𝑘(𝑘) ∩ 𝑓𝑆(𝑧))) ∩ ((𝑆𝑘(𝑧) ∩ 𝑓𝑆(𝑧)) ∪ (𝑆𝑘(𝑧) ∩ 𝑓𝑆(𝑘)) ∪ (𝑆𝑘(𝑘) ∩ 𝑓𝑆(𝑧)))] ∪

[((𝑆𝑘(𝑧) ∩ 𝑓𝑆(𝑧)) ∪ (𝑆𝑘(𝑧) ∩ 𝑓𝑆(𝑘)) ∪ (𝑆𝑘(𝑘) ∩ 𝑓𝑆(𝑧))) ∩ ((𝑆𝑘(𝑘) ∩ 𝑓𝑆(𝑘)))] ∪ [((𝑆𝑘(𝑘) ∩

𝑓𝑆(𝑘))) ∩ ((𝑆𝑘(𝑧) ∩ 𝑓𝑆(𝑧)) ∪ (𝑆𝑘(𝑧) ∩ 𝑓𝑆(𝑘)) ∪ (𝑆𝑘(𝑘) ∩ 𝑓𝑆(𝑧)))]] ∩ 𝑓𝑆(𝑧) = [(𝑓𝑆(𝑧) ∩ 𝑓𝑆(𝑧)) ∪

(𝑓𝑆(𝑧) ∩ 𝑓𝑆(𝑘)) ∪ (𝑓𝑆(𝑘) ∩ 𝑓𝑆(𝑧))] ∩ 𝑓𝑆(𝑧) = 𝑓𝑆(𝑧) = {−3, −2}   

 

[(𝑆𝑘  ° 𝑓𝑆 ° 𝑆𝑘 ° 𝑓𝑆) ∩̃ 𝑓𝑆](𝑘) = [(𝑆𝑘 ° 𝑓𝑆) ° (𝑆𝑘 ° 𝑓𝑆)](𝑘) ∩ 𝑓𝑆(𝑘) = [(𝑆𝑘  ° 𝑓𝑆)(𝑘) ∩ (𝑆𝑘 ° 𝑓𝑆)(𝑘)] ∩

𝑓𝑆(𝑘) = [(𝑆𝑘(𝑘) ∩ 𝑓𝑆(𝑘)) ∩ (𝑆𝑘(𝑘) ∩ 𝑓𝑆(𝑘))] ∩ 𝑓𝑆(𝑘) = 𝑓𝑆(𝑘) ∩ 𝑓𝑆(𝑘) ∩ 𝑓𝑆(𝑘) = 𝑓𝑆(𝑘) = {−5} 

Consequently, 

(𝑆𝑘 ° 𝑓𝑆 ° 𝑆𝑘 ° 𝑓𝑆) ∩̃ 𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, {−5})} ≠ ∅𝑆 

Similarly, 

(𝑆𝑧 ° 𝑓𝑆 ° 𝑆𝑧 ° 𝑓𝑆) ∩̃ 𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, ∅)} ≠ ∅𝑆 

Therefore, for all 𝑥 ∈ 𝑆, (𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆, so 𝑓𝑆 is an SI-weakly almost left QI-ideal. And 

also, 

(𝑓𝑆 ° 𝑆𝑘  ° 𝑓𝑆 ° 𝑆𝑘) ∩̃ 𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, {−5})} ≠ ∅𝑆 

(𝑓𝑆 ° 𝑆𝑧 ° 𝑓𝑆 ° 𝑆𝑧) ∩̃ 𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, ∅)} ≠ ∅𝑆 

Therefore, for all 𝑥 ∈ 𝑆, (𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑥) ∩̃ 𝑓𝑆 ≠ ∅𝑆, so 𝑓𝑆 is an SI-weakly almost right QI-ideal. Thus, 

𝑓𝑆 is an SI-weakly almost QI-ideal. 

With similar calculations, we have 

(𝑆𝑘 ° 𝑓𝑆 ° 𝑆𝑧 ° 𝑓𝑆) ∩̃ 𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, ∅)} ≠ ∅𝑆 

(𝑆𝑧 ° 𝑓𝑆 ° 𝑆𝑘  ° 𝑓𝑆) ∩̃ 𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, ∅)} ≠ ∅𝑆 

Therefore, we have shown that for all 𝑥, 𝑦 ∈ 𝑆, (𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆, so 𝑓𝑆 is an SI-almost left 

QI-ideal. Now let’s show that 𝑓𝑆 is an SI-almost right QI-ideal. As usual calculations, we have 

(𝑓𝑆 ° 𝑆𝑘 ° 𝑓𝑆 ° 𝑆𝑧) ∩̃ 𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, ∅)} ≠ ∅𝑆 

(𝑓𝑆 ° 𝑆𝑧 ° 𝑓𝑆 ° 𝑆𝑘) ∩̃ 𝑓𝑆 = {(𝑧, {−3, −2}), (𝑘, ∅)} ≠ ∅𝑆 

Therefore, we have shown that for all 𝑥, 𝑦 ∈ 𝑆, (𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦) ∩̃ 𝑓𝑆 ≠ ∅𝑆, so 𝑓𝑆 is an SI-almost right 

QI-ideal. Thus 𝑓𝑆 is an SI-almost QI-ideal. Similarly, ℎ𝑆 is an SI-weakly almost QI-ideal since  

(𝑆𝑘 ° ℎ𝑆 ° 𝑆𝑘  ° ℎ𝑆) ∩̃ ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, {−1})} ≠ ∅𝑆 

(𝑆𝑧 ° ℎ𝑆 ° 𝑆𝑧 ° ℎ𝑆) ∩̃ ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, ∅)} ≠ ∅𝑆 

(ℎ𝑆 ° 𝑆𝑘 ° ℎ𝑆 ° 𝑆𝑘) ∩̃ ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, {−1})} ≠ ∅𝑆 

(ℎ𝑆 ° 𝑆𝑧 ° ℎ𝑆 ° 𝑆𝑧) ∩̃ ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, ∅)} ≠ ∅𝑆 
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and also since 

(𝑆𝑘 ° ℎ𝑆 ° 𝑆𝑧 ° ℎ𝑆) ∩̃ ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, ∅)} ≠ ∅𝑆 

(𝑆𝑧 ° ℎ𝑆 ° 𝑆𝑘 ° ℎ𝑆) ∩̃ ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, ∅)} ≠ ∅𝑆 

(ℎ𝑆 ° 𝑆𝑘 ° ℎ𝑆 ° 𝑆𝑧) ∩̃ ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, ∅)} ≠ ∅𝑆 

(ℎ𝑆 ° 𝑆𝑧 ° ℎ𝑆 ° 𝑆𝑘) ∩̃ ℎ𝑆 = {(𝑧, {−9, −8}), (𝑘, ∅)} ≠ ∅𝑆 

ℎ𝑆 is an SI-almost QI-ideal. One can also show that 𝑔𝑆 is not an SI-almost QI-ideal. In fact; 

[(𝑆𝑧 ° 𝑔𝑆 ° 𝑆𝑧 ° 𝑔𝑆) ∩̃ 𝑔𝑆](𝑧) = [(𝑆𝑧 ° 𝑔𝑆) ° (𝑆𝑧 ° 𝑔𝑆)](𝑧) ∩ 𝑔𝑆(𝑧) = [((𝑆𝑧 ° 𝑔𝑆)(𝑧) ∩ (𝑆𝑧 ° 𝑔𝑆)(𝑧)) ∪

((𝑆𝑧 ° 𝑔𝑆)(𝑧) ∩ (𝑆𝑧 ° 𝑔𝑆)(𝑘)) ∪ ((𝑆𝑧 ° 𝑔𝑆)(𝑘) ∩ (𝑆𝑧 ° 𝑔𝑆)(𝑧))] ∩ 𝑔𝑆(𝑧) = [[((𝑆𝑧(𝑧) ∩ 𝑔𝑆(𝑧)) ∪

(𝑆𝑧(𝑧) ∩ 𝑔𝑆(𝑘)) ∪ (𝑆𝑧(𝑘) ∩ 𝑔𝑆(𝑧))) ∩ ((𝑆𝑧(𝑧) ∩ 𝑔𝑆(𝑧)) ∪ (𝑆𝑧(𝑧) ∩ 𝑔𝑆(𝑘)) ∪ (𝑆𝑧(𝑘) ∩ 𝑔𝑆(𝑧)))] ∪

[((𝑆𝑧(𝑧) ∩ 𝑔𝑆(𝑧)) ∪ (𝑆𝑧(𝑧) ∩ 𝑔𝑆(𝑘)) ∪ (𝑆𝑧(𝑘) ∩ 𝑔𝑆(𝑧))) ∩ ((𝑆𝑧(𝑘) ∩ 𝑔𝑆(𝑘)))] ∪ [((𝑆𝑧(𝑘) ∩

𝑔𝑆(𝑘))) ∩ ((𝑆𝑧(𝑧) ∩ 𝑔𝑆(𝑧)) ∪ (𝑆𝑧(𝑧) ∩ 𝑔𝑆(𝑘)) ∪ (𝑆𝑧(𝑘) ∩ 𝑔𝑆(𝑧)))]] ∩ 𝑔𝑆(𝑧) = [[(𝑔𝑆(𝑧) ∪

𝑔𝑆(𝑘)) ∩ (𝑔𝑆(𝑧) ∪ 𝑔𝑆(𝑘))] ∪  [(𝑔𝑆(𝑧) ∪ 𝑔𝑆(𝑘)) ∩ ∅] ∪ [∅ ∩ (𝑔𝑆(𝑧) ∪ 𝑔𝑆(𝑘))]] ∩ 𝑔𝑆(𝑧) =

[(𝑔𝑆(𝑧) ∪ 𝑔𝑆(𝑘)) ∪ ∅ ∪ ∅] ∩ 𝑔𝑆(𝑧) = 𝑔𝑆(𝑧) = ∅  

 

[(𝑆𝑧 ° 𝑔𝑆 ° 𝑆𝑧 ° 𝑔𝑆) ∩̃ 𝑔𝑆](𝑘) = [(𝑆𝑧 ° 𝑔𝑆) ° (𝑆𝑧 ° 𝑔𝑆)](𝑘) ∩ 𝑔𝑆(𝑘) = [(𝑆𝑧 ° 𝑔𝑆)(𝑘) ∩
(𝑆𝑧 ° 𝑔𝑆)(𝑘)] ∩ 𝑔𝑆(𝑘) = [(𝑆𝑧(𝑘) ∩ 𝑔𝑆(𝑘)) ∩ (𝑆𝑧(𝑘) ∩ 𝑔𝑆(𝑘))] ∩ 𝑔𝑆(𝑘) = ∅ ∩ ∅ ∩ 𝑔𝑆(𝑘) =

∅ 

Thus, for 𝑧 ∈ 𝑆; 

(𝑆𝑧 ° 𝑔𝑆 ° 𝑆𝑧 ° 𝑔𝑆) ∩̃ 𝑔𝑆 = {(𝑧, ∅), (𝑘, ∅)} = ∅𝑆 

Hence, 𝑔𝑆 is not an SI-weakly almost QI-ideal, thus it is not an SI-almost QI-ideal. 

Proposition 3.3. Every SI-almost QI-ideal is an SI-weakly almost QI-ideal. 

Proof: Let 𝑓𝑆 be an SI-almost QI-ideal of 𝑆. Then, for all 𝑥, 𝑦 ∈ 𝑆, (𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆 and 

(𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦) ∩̃ 𝑓𝑆 ≠ ∅𝑆. Hence, for all 𝑥 ∈ 𝑆, (𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆 and 

(𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑥) ∩̃ 𝑓𝑆 ≠ ∅𝑆.  So, 𝑓𝑆 is an SI-weakly almost QI-ideal. 

Since SI-weakly almost QI-ideal is a generalization of SI-almost QI-ideal, from now on, all the theorems 

and proofs are given for SI-almost QI-ideals instead of SI-weakly almost QI-ideals. 

The converse of Proposition 3.3 is not true in general as shown in the following example: 

Example 3.4. Let 𝑆 = {𝑎, 𝑟} be the semigroup with the following Cayley Table. 

 𝑎 𝑟 

𝑎 𝑟 𝑎 

𝑟 𝑎 𝑟 

 

 𝑓𝑠 be soft sets over 𝑈 = ℤ as follows: 



Sezgin et al. / Estuscience –Theory , 12 [2] – 2024 

 

88 

𝑓𝑠 = {(𝑎, ∅), (𝑟, {−6,3,6})} 

Let’s first show that 𝑓𝑠 is an SI-weakly almost QI-ideal, that is for all 𝑥 ∈ 𝑆, 

(𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ) ∩̃ 𝑓𝑆 ≠ ∅𝑆 

Let’s start with 𝑆𝑎, 𝑆𝑎: 

[(𝑆𝑎  ° 𝑓𝑆 ° 𝑆𝑎 ° 𝑓𝑆) ∩̃ 𝑓𝑆](𝑎) = [(𝑆𝑎 ° 𝑓𝑆) ° (𝑆𝑎 ° 𝑓𝑆)](𝑎) ∩ 𝑓𝑆(𝑎) = [((𝑆𝑎 ° 𝑓𝑆)(𝑎) ∩ (𝑆𝑎  ° 𝑓𝑆)(𝑟)) ∪

((𝑆𝑎  ° 𝑓𝑆)(𝑟) ∩ (𝑆𝑎  ° 𝑓𝑆)(𝑎))] ∩ 𝑓𝑆(𝑎) = [[((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑟)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑎))) ∩ ((𝑆𝑎(𝑎) ∩

𝑓𝑆(𝑎)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑟)))] ∪ [((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑎)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑟))) ∩ ((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑟)) ∪ (𝑆𝑎(𝑟) ∩

𝑓𝑆(𝑎)))]] ∩ 𝑓𝑆(𝑎) = [(𝑓𝑆(𝑟) ∩ 𝑓𝑆(𝑎)) ∪ (𝑓𝑆(𝑎) ∩ 𝑓𝑆(𝑟))] ∩ 𝑓𝑆(𝑎) = (𝑓𝑆(𝑎) ∩ 𝑓𝑆(𝑟)) ∩ 𝑓𝑆(𝑎) =

𝑓𝑆(𝑎) ∩ 𝑓𝑆(𝑟) = ∅ 

 

[(𝑆𝑎  ° 𝑓𝑆 ° 𝑆𝑎 ° 𝑓𝑆) ∩̃ 𝑓𝑆](𝑟) = [(𝑆𝑎 ° 𝑓𝑆) ° (𝑆𝑎 ° 𝑓𝑆)](𝑟) ∩ 𝑓𝑆(𝑟) = [((𝑆𝑎 ° 𝑓𝑆)(𝑎) ∩ (𝑆𝑎  ° 𝑓𝑆)(𝑎)) ∪

((𝑆𝑎  ° 𝑓𝑆)(𝑟) ∩ (𝑆𝑎  ° 𝑓𝑆)(𝑟))] ∩ 𝑓𝑆(𝑟) = [[((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑟)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑎))) ∩ ((𝑆𝑎(𝑎) ∩

𝑓𝑆(𝑟)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑎)))] ∪ [((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑎)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑟))) ∩ ((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑎)) ∪ (𝑆𝑎(𝑟) ∩

𝑓𝑆(𝑟)))]] ∩ 𝑓𝑆(𝑟) = [(𝑓𝑆(𝑟) ∩ 𝑓𝑆(𝑟)) ∪ (𝑓𝑆(𝑎) ∩ 𝑓𝑆(𝑎))] ∩ 𝑓𝑆(𝑟) = (𝑓𝑆(𝑟) ∪ 𝑓𝑆(𝑎)) ∩ 𝑓𝑆(𝑟) =

𝑓𝑆(𝑟) = {−6,3,6} 

Hence, 

(𝑆𝑎  ° 𝑓𝑆 ° 𝑆𝑎 ° 𝑓𝑆 ) ∩̃ 𝑓𝑆 = {(𝑎, ∅), (𝑟, {−6,3,6})} ≠ ∅𝑆 

And also, 

(𝑆𝑟 ° 𝑓𝑆 ° 𝑆𝑟 ° 𝑓𝑆 ) ∩̃ 𝑓𝑆 = {(𝑎, ∅), (𝑟, {−6,3,6})} ≠ ∅𝑆 

Therefore, for all 𝑥 ∈ 𝑆, (𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑠) ∩̃ 𝑓𝑆 ≠ ∅𝑆, so 𝑓𝑆 is an SI-weakly almost left QI-ideal. 

Similarly, 

(𝑓𝑆 ° 𝑆𝑎 ° 𝑓𝑆 ° 𝑆𝑎) ∩̃ 𝑓𝑆 = {(𝑎, ∅), (𝑟, {−6,3,6})} ≠ ∅𝑆 

(𝑓𝑆 ° 𝑆𝑟 ° 𝑓𝑆 ° 𝑆𝑟) ∩̃ 𝑓𝑆 = {(𝑎, ∅), (𝑟, {−6,3,6})} ≠ ∅𝑆 

Hence, for all 𝑥 ∈ 𝑆, (𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑥) ∩̃ 𝑓𝑆 ≠ ∅𝑆, so 𝑓𝑆 is an SI-weakly almost right QI-ideal. Thus 𝑓𝑆 

is an SI-weakly almost QI-ideal. 

However, here not that 𝑓𝑆 is not an SI-almost QI-ideal. In deed; 

[(𝑆𝑎  ° 𝑓𝑆 ° 𝑆𝑟 ° 𝑓𝑆) ∩̃ 𝑓𝑆](𝑎) = [(𝑆𝑎 ° 𝑓𝑆) ° (𝑆𝑟 ° 𝑓𝑆)](𝑎) ∩ 𝑓𝑆(𝑎) = [((𝑆𝑎  ° 𝑓𝑆)(𝑎) ∩ (𝑆𝑟 ° 𝑓𝑆)(𝑟)) ∪

((𝑆𝑎  ° 𝑓𝑆)(𝑟) ∩ (𝑆𝑟 ° 𝑓𝑆)(𝑎))] ∩ 𝑓𝑆(𝑎) = [[((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑟)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑎))) ∩ ((𝑆𝑟(𝑎) ∩

𝑓𝑆(𝑎)) ∪ (𝑆𝑟(𝑟) ∩ 𝑓𝑆(𝑟)))] ∪ [((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑎)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑟))) ∩ ((𝑆𝑟(𝑎) ∩ 𝑓𝑆(𝑟)) ∪ (𝑆𝑟(𝑟) ∩

𝑓𝑆(𝑎)))]] ∩ 𝑓𝑆(𝑎) = [(𝑓𝑆(𝑟) ∩ 𝑓𝑆(𝑟)) ∪ (𝑓𝑆(𝑎) ∩ 𝑓𝑆(𝑎))] ∩ 𝑓𝑆(𝑎) = (𝑓𝑆(𝑟) ∪ 𝑓𝑆(𝑎)) ∩ 𝑓𝑆(𝑎) =

𝑓𝑆(𝑎) = ∅ 
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[(𝑆𝑎  ° 𝑓𝑆 ° 𝑆𝑟 ° 𝑓𝑆) ∩̃ 𝑓𝑆](𝑟) = [(𝑆𝑎  ° 𝑓𝑆)°(𝑆𝑟 ° 𝑓𝑆)](𝑟) ∩ 𝑓𝑆(𝑟) = [((𝑆𝑎 ° 𝑓𝑆)(𝑎) ∩ (𝑆𝑟 ° 𝑓𝑆)(𝑎)) ∪

((𝑆𝑎  ° 𝑓𝑆)(𝑟) ∩ (𝑆𝑟 ° 𝑓𝑆)(𝑟))] ∩ 𝑓𝑆(𝑟) = [[((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑟)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑎))) ∩ ((𝑆𝑟(𝑎) ∩

𝑓𝑆(𝑟)) ∪ (𝑆𝑟(𝑟) ∩ 𝑓𝑆(𝑎)))] ∪ [((𝑆𝑎(𝑎) ∩ 𝑓𝑆(𝑎)) ∪ (𝑆𝑎(𝑟) ∩ 𝑓𝑆(𝑟))) ∩ ((𝑆𝑟(𝑎) ∩ 𝑓𝑆(𝑎)) ∪ (𝑆𝑟(𝑟) ∩

𝑓𝑆(𝑟)))]] ∩ 𝑓𝑆(𝑟) = [(𝑓𝑆(𝑟) ∩ 𝑓𝑆(𝑎)) ∪ (𝑓𝑆(𝑎) ∩ 𝑓𝑆(𝑟))] ∩ 𝑓𝑆(𝑟) = (𝑓𝑆(𝑎) ∩ 𝑓𝑆(𝑟)) ∩ 𝑓𝑆(𝑟) =

𝑓𝑆(𝑎) ∩ 𝑓𝑆(𝑟) = ∅ 

 

Consequently, 

(𝑆𝑎 ° 𝑓𝑆 ° 𝑆𝑟 ° 𝑓𝑆) ∩̃ 𝑓𝑆 = {(𝑎, ∅), (𝑟, ∅)} = ∅𝑆 

Thus, 𝑓𝑆 is not an SI-almost QI-ideal. 

Proposition 3.5. If 𝑓𝑆 is an SI-left (resp. right) QI-ideal such that 𝑓𝑆 ≠ ∅𝑆, then 𝑓𝑆 is an SI-almost left 

(resp. right) QI-ideal. 

Proof: Let 𝑓𝑆 ≠ ∅𝑆 be an SI-left QI-ideal, then �̃�  ° 𝑓𝑆 ° �̃�  ° 𝑓𝑆 ⊆̃ 𝑓𝑆. Since 𝑓𝑆 ≠ ∅𝑆, by Corollary 2.16, 

it follows that 𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆 ≠ ∅𝑆. We need to show that for all 𝑥, 𝑦 ∈ 𝑆, 

(𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆. 

Since 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆 ⊆̃ �̃�  ° 𝑓𝑆 ° �̃�  °𝑓𝑆 ⊆̃ 𝑓𝑆, it follows that 𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆 ⊆̃ 𝑓𝑆. Thus, 

(𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 = 𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆 ≠ ∅𝑆 

implying that 𝑓𝑆 is an SI-almost left QI-ideal.  

Here it is obvious that ∅𝑆 is an SI-left QI-ideal, as �̃� ° ∅𝑆 ° �̃� ° ∅𝑆 ⊆̃ ∅𝑆; but it is not an SI-almost QI-

ideal, since (𝑆𝑥  ° ∅𝑆 ° 𝑆𝑦 ° ∅𝑆) ∩̃ ∅𝑆 = ∅𝑆 ∩̃ ∅𝑆 = ∅𝑆 for all 𝑥, 𝑦 ∈ 𝑆. 

Here note that if 𝑓𝑆 is an SI-almost left (resp. right) QI-ideal, then 𝑓𝑆 needs not to be an SI-left (resp. 

right) QI-ideal as shown in the following example: 

Example 3.6. In Example 3.2, it is shown that 𝑓𝑆 and ℎ𝑆 are SI-almost QI-ideals; however 𝑓𝑆 and ℎ𝑆 are 

not SI-QI-ideals. In fact; 

(�̃� ° 𝑓𝑆 ° �̃� ° 𝑓𝑆)(𝑧) = [(�̃� ° 𝑓𝑆)(𝑧) ∩ (�̃� ° 𝑓𝑆)(𝑧)] ∪ [(�̃� ° 𝑓𝑆)(𝑧) ∩ (�̃� ° 𝑓𝑆)(𝑘)] ∪ [(�̃� ° 𝑓𝑆)(𝑘) ∩

(�̃� ° 𝑓𝑆)(𝑧)] = [[(�̃�(𝑧) ∩ 𝑓𝑆(𝑧)) ∪ (�̃�(𝑧) ∩ 𝑓𝑆(𝑘)) ∪ (�̃�(𝑘) ∩ 𝑓𝑆(𝑧))] ∩ [(�̃�(𝑧) ∩ 𝑓𝑆(𝑧)) ∪ (�̃�(𝑧) ∩

𝑓𝑆(𝑘)) ∪ (�̃�(𝑘) ∩ 𝑓𝑆(𝑧))]] ∪ [[(�̃�(𝑧) ∩ 𝑓𝑆(𝑧)) ∪ (�̃�(𝑧) ∩ 𝑓𝑆(𝑘)) ∪ (�̃�(𝑘) ∩ 𝑓𝑆(𝑧))] ∩ [(�̃�(𝑘) ∩

𝑓𝑆(𝑘))]] ∪ [[(�̃�(𝑘) ∩ 𝑓𝑆(𝑘))] ∩ [(�̃�(𝑧) ∩ 𝑓𝑆(𝑧)) ∪ (�̃�(𝑧) ∩ 𝑓𝑆(𝑘)) ∪ (�̃�(𝑘) ∩ 𝑓𝑆(𝑧))]] = [(𝑓𝑆(𝑧) ∪

𝑓𝑆(𝑘) ∪ 𝑓𝑆(𝑧)) ∩ (𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘) ∪ 𝑓𝑆(𝑧))] ∪ [(𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘) ∪ 𝑓𝑆(𝑧)) ∩ 𝑓𝑠(𝑘)] ∪ [(𝑓𝑠(𝑘) ∩ (𝑓𝑆(𝑧) ∪

𝑓𝑆(𝑘) ∪ 𝑓𝑆(𝑧))] = (𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘)) ∪ 𝑓𝑠(𝑘) ∪ 𝑓𝑠(𝑘) = (𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘)) = {−5, −3, −2} ⊈ 𝑓𝑆(𝑧) =
{−3, −2} 

Or similarly,  

(𝑓𝑆 ° �̃� ° 𝑓𝑆 ° �̃�)(𝑧) = [(𝑓𝑆 ° �̃�)(𝑧) ∩ (𝑓𝑆 ° �̃�)(𝑧)] ∪ [(𝑓𝑆 ° �̃�)(𝑧) ∩ (𝑓𝑆 ° �̃�)(𝑘)] ∪ [(𝑓𝑆 ° �̃�)(𝑘) ∩

(𝑓𝑆 ° �̃�)(𝑧)] = [[(𝑓𝑆(𝑧) ∩ �̃�(𝑧)) ∪ (𝑓𝑆(𝑧) ∩ �̃�(𝑘)) ∪ (𝑓𝑆(𝑘) ∩ �̃�(𝑧))] ∩ [(𝑓𝑆(𝑧) ∩ �̃�(𝑧)) ∪ (𝑓𝑆(𝑧) ∩

�̃�(𝑘)) ∪ (𝑓𝑆(𝑘) ∩ �̃�(𝑧))]] ∪ [[(𝑓𝑆(𝑧) ∩ �̃�(𝑧)) ∪ (𝑓𝑆(𝑧) ∩ �̃�(𝑘)) ∪ (𝑓𝑆(𝑘) ∩ �̃�(𝑧))] ∩ [(𝑓𝑆(𝑘) ∩
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�̃�(𝑘))]] ∪ [[(𝑓𝑆(𝑘) ∩ �̃�(𝑘))] ∩ [(𝑓𝑆(𝑧) ∩ �̃�(𝑧)) ∪ (𝑓𝑆(𝑧) ∩ �̃�(𝑘)) ∪ (𝑓𝑆(𝑘) ∩ �̃�(𝑧))]] = [(𝑓𝑆(𝑧) ∪

𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘)) ∩ (𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘))] ∪ [(𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘)) ∩ 𝑓𝑆(𝑘)] ∪ [(𝑓𝑆(𝑘) ∩ (𝑓𝑆(𝑧) ∪

𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘))] = (𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘)) ∪ 𝑓𝑆(𝑘) ∪ 𝑓𝑆(𝑘) = (𝑓𝑆(𝑧) ∪ 𝑓𝑆(𝑘)) = {−5, −3, −2} ⊈ 𝑓𝑆(𝑧) =
{−3, −2} 

 

Thus, 𝑓𝑆 is not an SI-QI-ideal. Similarly, 

(�̃� ° ℎ𝑆 ° �̃� ° ℎ𝑆)(𝑧) = (ℎ𝑆(𝑧) ∪ ℎ𝑆(𝑘)) = {−9, −8, −1} ⊈ ℎ𝑆(𝑧) = {−9, −8} or 

(ℎ𝑆 ° �̃� ° ℎ𝑆 ° �̃�)(𝑧) = (ℎ𝑆(𝑧) ∪ ℎ𝑆(𝑘)) = {−9, −8, −1} ⊈ ℎ𝑆(𝑧) = {−9, −8} 

Hence, ℎ𝑆 is not an SI-QI-ideal. 

Proposition 3.7. Let 𝑓𝑆 be an idempotent SI-almost left (right) QI-ideal. Then, 𝑓𝑆 is an SI-almost 

subsemigroup. 

Proof: Assume that 𝑓𝑆 is an idempotent SI-almost left QI-ideal. Then, 𝑓𝑆 ° 𝑓𝑆 = 𝑓𝑆 and for all 𝑥, 𝑦 ∈ 𝑆, 

(𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦) ∩̃ 𝑓𝑆 ≠ ∅𝑆. We need to show that for all 𝑥 ∈ 𝑆, 

(𝑓𝑆 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆 

Since, 

∅𝑆 ≠ (𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦) ∩̃ 𝑓𝑆 = [(𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦) ∩̃ 𝑓𝑆] ∩̃ 𝑓𝑆 =

[(𝑓𝑆 ° 𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦) ∩̃ 𝑓𝑆] ∩̃ (𝑓𝑆° 𝑓𝑆) ⊆̃ (𝑓𝑆 ° 𝑓𝑆) ∩̃ 𝑓𝑆  

hence 𝑓𝑆 is an SI-almost subsemigroup. 

Theorem 3.7. Let 𝑓𝑆 ⊆̃ ℎ𝑆 such that 𝑓𝑆 is an SI-almost left (resp. right) QI-ideal, then ℎ𝑆 is an SI-almost 

left (resp. right) QI-ideal. 

Proof: Assume that 𝑓𝑆 is an SI-almost left QI-ideal. Hence, for all 𝑥, 𝑦 ∈ 𝑆, (𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠

∅𝑆. We need to show that (𝑆𝑥 ° ℎ𝑆 ° 𝑆𝑦 ° ℎ𝑆) ∩̃ ℎ𝑆 ≠ ∅𝑆. In fact, 

(𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆 ) ∩̃ 𝑓𝑆 ⊆̃ (𝑆𝑥  ° ℎ𝑆 ° 𝑆𝑦 ° ℎ𝑆) ∩̃ ℎ𝑆 

Since (𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆, it is obvious that (𝑆𝑥 ° ℎ𝑆 ° 𝑆𝑦 ° ℎ𝑆) ∩̃ ℎ𝑆 ≠ ∅𝑆. This completes the 

proof. 

Theorem 3.8. Let 𝑓𝑆 and ℎ𝑆 be SI-almost left (resp. right) QI-ideals. Then, 𝑓𝑆 ∪̃ ℎ𝑆 is an SI-almost left 

(resp. right) QI-ideal. 

Proof: Since 𝑓𝑆 is an SI-almost left QI-ideal by assumption and 𝑓𝑆 ⊆̃ 𝑓𝑆 ∪̃ ℎ𝑆, 𝑓𝑆 ∪̃ ℎ𝑆 is an SI-almost 

left QI-ideal by Theorem 3.7.  

Here note that if 𝑓𝑆 and ℎ𝑆 are SI-almost left (resp. right) QI-ideals, then 𝑓𝑆 ∩̃ ℎ𝑆 needs not to be an SI-

almost left (resp. right) QI-ideal. 

Example 3.9. Consider the SI-almost QI-ideals 𝑓𝑆 and ℎ𝑆 in Example 3.2. Since, 

𝑓𝑆 ∩̃ ℎ𝑆 = {(𝑧, ∅), (𝑘, ∅)} = ∅𝑆 

𝑓𝑆 ∩̃ ℎ𝑆 is not an SI-almost QI-ideals. 



Sezgin et al. / Estuscience –Theory , 12 [2] – 2024 

 

91 

Now, we give the relationship between almost QI-ideal and SI-almost QI-ideal. But first of all, we 

remind the following lemma to use it in Theorem 3.11. 

Lemma 3.10. Let 𝑥 ∈ 𝑆 and 𝑌 be nonempty subset of  𝑆. Then, 𝑆𝑥 ° 𝑆𝑌 = 𝑆𝑥𝑌. If 𝑋 is a nonempty subset 

of 𝑆 and 𝑦 ∈ 𝑆, then it is obvious that 𝑆𝑋 ° 𝑆𝑦 = 𝑆𝑋𝑦 [52]. 

Theorem 3.11. Let 𝐴 be a nonempty subset of 𝑆. Then, 𝐴  is an almost left (resp. right) QI-ideal if and 

only if 𝑆𝐴, the soft characteristic function of 𝐴, is an SI-almost left (resp. right) QI-ideal. 

Proof: Assume that  ∅ ≠ 𝐴 is an almost left QI-ideal. Then, 𝑥𝐴𝑦𝐴 ∩ 𝐴 ≠ ∅ for all 𝑥, 𝑦 ∈ 𝑆, and so there 

exist 𝓉 ∈ 𝑆 such that 𝓉 ∈ 𝑥𝐴𝑦𝐴 ∩ 𝐴. Since, 

((𝑆𝑥 ° 𝑆𝐴 ° 𝑆𝑦 ° 𝑆𝐴) ∩̃ 𝑆𝐴) (𝓉) = (𝑆𝑥𝐴𝑦𝐴 ∩̃ 𝑆𝐴)(𝓉) = (𝑆𝑥𝐴𝑦𝐴∩𝐴)(𝓉) = 𝑈 ≠ ∅ 

it follows that (𝑆𝑥  ° 𝑆𝐴 ° 𝑆𝑦 ° 𝑆𝐴) ∩̃ 𝑆𝐴 ≠ ∅𝑆. Thus, 𝑆𝐴 is an SI-almost left QI-ideal. 

Conversely assume that 𝑆𝐴 is an SI-almost left QI-ideal. Hence, we have (𝑆𝑥  ° 𝑆𝐴 ° 𝑆𝑦 ° 𝑆𝐴) ∩̃ 𝑆𝐴 ≠ ∅𝑆 

for all 𝑥, 𝑦 ∈ 𝑆. To show that 𝐴 is an almost left QI-ideal of 𝑆, we should show that 𝐴 ≠ ∅ and  𝑥𝐴𝑦𝐴 ∩
𝐴 ≠ ∅ for all 𝑥, 𝑦 ∈ 𝑆. 𝐴 ≠ ∅ is obvious from assumption. Now, 

   ∅𝑆 ≠  (𝑆𝑥  ° 𝑆𝐴 ° 𝑆𝑦 ° 𝑆𝐴) ∩̃ 𝑆𝐴 ⇒ ∃𝓃 ∈ 𝑆 ; ((𝑆𝑥  ° 𝑆𝐴 ° 𝑆𝑦 ° 𝑆𝐴) ∩̃ 𝑆𝐴) (𝓃) ≠ ∅ 

              ⇒  ∃𝓃 ∈ 𝑆 ;  (𝑆𝑥𝐴𝑦𝐴 ∩̃ 𝑆𝐴)(𝓃) ≠ ∅ 

                                                            ⇒  ∃𝓃 ∈ 𝑆 ;  (𝑆𝑥𝐴𝑦𝐴∩𝐴)(𝓃) ≠ ∅ 

         ⇒  ∃𝓃 ∈ 𝑆 ;  (𝑆𝑥𝐴𝑦𝐴∩𝐴)(𝓃) = 𝑈 

         ⇒  𝓃 ∈ 𝑥𝐴𝑦𝐴 ∩ 𝐴 

Hence, 𝑥𝐴𝑦𝐴 ∩ 𝐴 ≠ ∅ for all 𝑥, 𝑦 ∈ 𝑆. Consequently, 𝐴 is an almost left QI-ideal. 

Lemma 3.12. Let 𝑓𝑆 be a soft set over 𝑈. Then, 𝑓𝑆 ⊆̃ 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆) [51]. 

Theorem 3.13. If 𝑓𝑆 is an SI-almost left (resp. right) QI-ideal, then 𝑠𝑢𝑝𝑝(𝑓𝑆) is an almost left (resp. 

right) QI-ideal. 

Proof: Assume that 𝑓𝑆 is an SI-almost left QI-ideal. Thus, 𝑓𝑆 ≠ ∅𝑆, 𝑠𝑢𝑝𝑝(𝑓𝑆) ≠  ∅ and 

(𝑆𝑥  ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆 for all 𝑥, 𝑦 ∈ 𝑆. To show that 𝑠𝑢𝑝𝑝(𝑓𝑆) is an almost left QI-ideal, by 

Theorem 3.11, it is enough to show that 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆) is an SI-almost left QI-ideal. By Lemma 3.12, 

(𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ⊆̃ (𝑆𝑥  ° 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆) ° 𝑆𝑦 ° 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆)) ∩̃ 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆)  

and since (𝑆𝑥 ° 𝑓𝑆 ° 𝑆𝑦 ° 𝑓𝑆) ∩̃ 𝑓𝑆 ≠ ∅𝑆, it implies that  (𝑆𝑥 ° 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆) ° 𝑆𝑦 ° 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆)) ∩̃ 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆) ≠

∅𝑆. Consequently, 𝑆𝑠𝑢𝑝𝑝(𝑓𝑆) is an SI-almost left QI-ideal of 𝑆 and by Theorem 3.11, 𝑠𝑢𝑝𝑝(𝑓𝑆) is an 

almost left QI-ideal. 

Here note that the converse of Theorem 3.13 is not true in general as shown in the following example. 

Example 3.14. Let 𝑆 ={ℎ, 𝑖, 𝑘} be the semigroup with the following Cayley Table. 

 ℎ 𝑖 𝑘 

ℎ 𝑘 ℎ ℎ 

𝑖 ℎ 𝑘 𝑘 

𝑘 ℎ 𝑘 𝑘 
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𝑓𝑆 be soft sets over 𝑈 = ℤ as follows: 

𝑓𝑆 = {(ℎ, {1,9}), (𝑖, {0,5}), (𝑘, ∅)} 

Let’s first show that 𝑓𝑆 is not an SI-almost QI-ideal: 

[(𝑓𝑆 ° 𝑆𝑖 ° 𝑓𝑆 ° 𝑆𝑖) ∩̃ 𝑓𝑆](ℎ) = [(𝑓𝑆 ° 𝑆𝑖) ° (𝑓𝑆 ° 𝑆𝑖)](ℎ) ∩ 𝑓𝑆(ℎ) =  [((𝑓𝑆 ° 𝑆𝑖)(ℎ) ∩ (𝑓𝑆 ° 𝑆𝑖)(𝑖)) ∪

((𝑓𝑆 ° 𝑆𝑖)(ℎ) ∩ (𝑓𝑆 ° 𝑆𝑖)(𝑘)) ∪ ((𝑓𝑆 ° 𝑆𝑖)(𝑖) ∩ (𝑓𝑆 ° 𝑆𝑖)(ℎ)) ∪ ((𝑓𝑆 ° 𝑆𝑖)(𝑘) ∩ (𝑓𝑆 ° 𝑆𝑖)(ℎ))] ∩ 𝑓𝑆(ℎ) =

[[((𝑓𝑆(ℎ) ∩ 𝑆𝑖(𝑖)) ∪ (𝑓𝑆(ℎ) ∩ 𝑆𝑖(𝑘)) ∪ (𝑓𝑆(𝑖) ∩ 𝑆𝑖(ℎ)) ∪ (𝑓𝑆(𝑘) ∩ 𝑆𝑖(ℎ))) ∩ ∅] ∪ [((𝑓𝑆(ℎ) ∩

𝑆𝑖(𝑖)) ∪ (𝑓𝑆(ℎ) ∩ 𝑆𝑖(𝑘)) ∪ (𝑓𝑆(𝑖) ∩ 𝑆𝑖(ℎ)) ∪ (𝑓𝑆(𝑘) ∩ 𝑆𝑖(ℎ))) ∩ ((𝑓𝑆(ℎ) ∩ 𝑆𝑖(ℎ)) ∪ (𝑓𝑆(𝑖) ∩

𝑆𝑖(𝑖)) ∪ (𝑓𝑆(𝑖) ∩ 𝑆𝑖(𝑘)) ∪ (𝑓𝑆(𝑘) ∩ 𝑆𝑖(𝑖)) ∪ (𝑓𝑆(𝑘) ∩ 𝑆𝑖(𝑘)))] ∪ [∅ ∩ ((𝑓𝑆(ℎ) ∩ 𝑆𝑖(𝑖)) ∪ (𝑓𝑆(ℎ) ∩

𝑆𝑖(𝑘)) ∪ (𝑓𝑆(𝑖) ∩ 𝑆𝑖(ℎ)) ∪ (𝑓𝑆(𝑘) ∩ 𝑆𝑖(ℎ)))] ∪ [((𝑓𝑆(ℎ) ∩ 𝑆𝑖(ℎ)) ∪ (𝑓𝑆(𝑖) ∩ 𝑆𝑖(𝑖)) ∪ (𝑓𝑆(𝑖) ∩

𝑆𝑖(𝑘)) ∪ (𝑓𝑆(𝑘) ∩ 𝑆𝑖(𝑖)) ∪ (𝑓𝑆(𝑘) ∩ 𝑆𝑖(𝑘))) ∩ ((𝑓𝑆(ℎ) ∩ 𝑆𝑖(𝑖)) ∪ (𝑓𝑆(ℎ) ∩ 𝑆𝑖(𝑘)) ∪ (𝑓𝑆(𝑖) ∩

𝑆𝑖(ℎ)) ∪ (𝑓𝑆(𝑘) ∩ 𝑆𝑖(ℎ)))]] ∩ 𝑓𝑆(ℎ) = [∅ ∪ [𝑓𝑆(ℎ) ∩ (𝑓𝑆(𝑖) ∪ 𝑓𝑆(𝑘))] ∪ ∅ ∪ [(𝑓𝑆(𝑖) ∪ 𝑓𝑆(𝑘)) ∩

𝑓𝑆(ℎ)]] ∩ 𝑓𝑆(ℎ) = [(𝑓𝑆(𝑖) ∪ 𝑓𝑆(𝑘)) ∩ 𝑓𝑆(ℎ)] ∩ 𝑓𝑆(ℎ) = ∅.  

Similarly, [(𝑓𝑆 ° 𝑆𝑖 ° 𝑓𝑆 ° 𝑆𝑖) ∩̃ 𝑓𝑆](𝑖) = ∅  and [(𝑓𝑆 ° 𝑆𝑖 ° 𝑓𝑆 ° 𝑆𝑖) ∩̃ 𝑓𝑆](𝑘) = ∅. Thus, 

(𝑓𝑆 ° 𝑆𝑖 ° 𝑓𝑆 ° 𝑆𝑖) ∩̃ 𝑓𝑆 = {(ℎ, ∅), (𝑖, ∅), (𝑘, ∅)} = ∅𝑆 

Thus 𝑓𝑠 is not an SI-almost QI-ideal. Let’s show that 𝑠𝑢𝑝𝑝(𝑓𝑆) = {ℎ, 𝑖} is an almost QI-ideal. In deed 

[{ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ}{ℎ, 𝑖}{ℎ}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[{ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ}{ℎ, 𝑖}{𝑖}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[{ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ}{ℎ, 𝑖}{𝑘}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[{𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{𝑖}{ℎ, 𝑖}{ℎ}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[{𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{𝑖}{ℎ, 𝑖}{𝑖}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[{𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{𝑖}{ℎ, 𝑖}{𝑘}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[{𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{𝑘}{ℎ, 𝑖}{ℎ}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[{𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{𝑘}{ℎ, 𝑖}{𝑖}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[{𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{𝑘}{ℎ, 𝑖}{𝑘}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

it is seen that [{𝑥}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑦}𝑠𝑢𝑝𝑝(𝑓𝑆)] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) ≠ ∅ for all 𝑥, 𝑦 ∈ 𝑆. That is to say, 𝑠𝑢𝑝𝑝(𝑓𝑆) is 

an almost left QI-ideal of 𝑆. Similarly, 

[𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{ℎ}{ℎ, 𝑖}{ℎ}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{ℎ}{ℎ, 𝑖}{𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{ℎ}{ℎ, 𝑖}{𝑘}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{𝑖}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{𝑖}{ℎ, 𝑖}{𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{𝑖}{ℎ, 𝑖}{𝑘}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 
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[𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆){ℎ}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{𝑘}{ℎ, 𝑖}{ℎ}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑖}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{𝑘}{ℎ, 𝑖}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

[𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑘}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) = [{ℎ, 𝑖}{𝑘}{ℎ, 𝑖}{𝑘}] ∩ {ℎ, 𝑖} = {ℎ} ≠ ∅ 

It is seen that [𝑠𝑢𝑝𝑝(𝑓𝑆){𝑥}𝑠𝑢𝑝𝑝(𝑓𝑆){𝑦}] ∩ 𝑠𝑢𝑝𝑝(𝑓𝑆) ≠ ∅ for all 𝑥, 𝑦 ∈ 𝑆. That is to say, 𝑠𝑢𝑝𝑝(𝑓𝑆) is 

an almost right QI-ideal of 𝑆. Consequently, 𝑠𝑢𝑝𝑝(𝑓𝑆) is an almost QI-ideal of 𝑆;  however 𝑓𝑆 is not an 

SI-almost QI-ideal. 

Definition 3.15. An SI-almost left (resp. right) QI-ideal 𝑓𝑆 is called minimal if any SI-almost left (resp. 

right) QI-ideal ℎ𝑆 if whenever ℎ𝑆 ⊆̃ 𝑓𝑆, then 𝑠𝑢𝑝𝑝(ℎ𝑆) = 𝑠𝑢𝑝𝑝(𝑓𝑆). 

Theorem 3.16. 𝐴 is a minimal almost left (resp. right) QI-ideal if and only if 𝑆𝐴, the soft characteristic 

function of 𝐴, is a minimal SI-almost left (resp. right) QI-ideal, where ∅ ≠ 𝐴 ⊆ 𝑆. 

Proof: Assume that 𝐴 is a minimal almost left QI-ideal. Thus, 𝐴 is an almost left QI-ideal of 𝑆, and so 

𝑆𝐴 is an SI-almost left QI-ideal by Theorem 3.11. Let 𝑓𝑆 be an SI-almost left QI-ideal such that 𝑓𝑆 ⊆̃ 𝑆𝐴. 

By Theorem 3.13, 𝑠𝑢𝑝𝑝(𝑓𝑆) is an almost left QI-ideal and by Note 2.6 and Corollary 2.13, 

𝑠𝑢𝑝𝑝(𝑓𝑆) ⊆ 𝑠𝑢𝑝𝑝(𝑆𝐴) = 𝐴. 

Since 𝐴 is a minimal almost left QI-ideal, 𝑠𝑢𝑝𝑝(𝑓𝑆) = 𝑠𝑢𝑝𝑝(𝑆𝐴) = 𝐴. Thus, 𝑆𝐴 is a minimal SI-almost 

left QI-ideal by Definition 3.15.  

Conversely, let 𝑆𝐴 be a minimal SI-almost left QI-ideal. Thus, 𝑆𝐴 is an SI-almost left QI-ideal of 𝑆 and 

𝐴 is an almost left QI-ideal by Theorem 3.13. Let 𝐵 be an almost left QI-ideal such that 𝐵 ⊆ 𝐴. By 

Theorem 3.11, 𝑆𝐵 is an SI-almost left QI-ideal, and by Theorem 2.14 (i), 𝑆𝐵 ⊆̃ 𝑆𝐴. Since 𝑆𝐴 is a minimal 

SI-almost left QI-ideal, 

𝐵 = 𝑠𝑢𝑝𝑝(𝑆𝐵) = 𝑠𝑢𝑝𝑝(𝑆𝐴) = 𝐴 

by Corollary 2.13. Thus, 𝐴 is a minimal almost left QI-ideal. 

Definition 3.17. Let 𝑓𝑆, 𝑔𝑆 and ℎ𝑆 be any SI-almost left (resp. right) QI-ideals. If ℎ𝑆 ° 𝑔𝑆 ⊆̃ 𝑓𝑆 implies 

that ℎ𝑆 ⊆̃ 𝑓𝑆 or 𝑔𝑆 ⊆̃ 𝑓𝑆, then 𝑓𝑆 is called an SI-prime almost left (resp. right) QI-ideal. 

Definition 3.18. Let 𝑓𝑆 and ℎ𝑆 be any SI-almost left (resp. right) QI-ideals. If ℎ𝑆 ° ℎ𝑆 ⊆̃ 𝑓𝑆 implies that 

ℎ𝑆 ⊆̃ 𝑓𝑆, then 𝑓𝑆 is called an SI-semiprime almost left (resp. right) QI-ideal. 

Definition 3.19. Let 𝑓𝑆, 𝑔𝑆 and ℎ𝑆 be any SI-almost left (resp. right) QI-ideals. If 

(ℎ𝑆 ° 𝑔𝑆) ∩̃ (𝑔𝑆 ° ℎ𝑆) ⊆̃ 𝑓𝑆 implies that ℎ𝑆 ⊆̃ 𝑓𝑆  or  𝑔𝑆 ⊆̃ 𝑓𝑆, then 𝑓𝑆 is called an SI-strongly prime 

almost left (resp. right) QI-ideal. 

It is obvious that every SI-strongly prime almost left (resp. right) QI-ideal of 𝑆 is an SI-prime almost 

left (resp. right) QI-ideal and every SI-prime almost (left/right) QI-ideal of 𝑆 is an SI-semiprime almost 

left (resp. right) QI-ideal. 

Theorem 3.20. If 𝑆𝑃, the soft characteristic function of 𝑃, is an SI-prime almost left (resp. right) QI-

ideal, then 𝑃 is a prime almost left (resp. right) QI-ideal, where ∅ ≠ 𝑃 ⊆ 𝑆. 

Proof: Assume that 𝑆𝑃 is an SI-prime almost left QI-ideal. Thus, 𝑆𝑃 is an SI-almost left QI-ideal of 𝑆 

and thus, 𝑃 is an almost left QI-ideal by Theorem 3.11. Let 𝐴 and 𝐵 be almost left QI-ideals such that 

𝐴𝐵 ⊆ 𝑃. Thus, by Theorem 3.11, 𝑆𝐴 and 𝑆𝐵 are SI-almost left QI-ideals and by Theorem 2.14 (i) and 

(iii),  

𝑆𝐴 ° 𝑆𝐵 = 𝑆𝐴𝐵 ⊆̃ 𝑆𝑃. 



Sezgin et al. / Estuscience –Theory , 12 [2] – 2024 

 

94 

Since 𝑆𝑃 is an SI-prime almost left QI-ideal and 𝑆𝐴 ° 𝑆𝐵 ⊆̃ 𝑆𝑃, it follows that 𝑆𝐴 ⊆̃ 𝑆𝑃 or 𝑆𝐵 ⊆̃ 𝑆𝑃. 

Therefore, by Theorem 2.14 (i), 𝐴 ⊆ 𝑃 or 𝐵 ⊆ 𝑃. Consequently, 𝑃 is a prime almost left QI-ideal. 

Theorem 3.21. If 𝑆𝑃, the soft characteristic function of 𝑃, is an SI-semiprime left (resp. right) almost 

QI-ideal of 𝑆, then 𝑃 is a semiprime almost left (resp. right) QI-ideal, where ∅ ≠ 𝑃 ⊆ 𝑆. 

Proof: Assume that 𝑆𝑃 is an SI-semiprime almost left QI-ideal. Thus, 𝑆𝑃 is an SI-almost left QI-ideal 

and thus, 𝑃 is an almost left QI-ideal of 𝑆 by Theorem 3.11. Let 𝐴 be an almost left QI-ideal such that 

𝐴𝐴 ⊆ 𝑃. Thus, by Theorem 3.11, 𝑆𝐴 is an SI-almost left QI-ideal and by Theorem 2.14 (i) and (iii),  

𝑆𝐴 ° 𝑆𝐴 = 𝑆𝐴𝐴 ⊆̃ 𝑆𝑃 

Since 𝑆𝑃 is an SI-semiprime almost left QI-ideal of 𝑆, and 𝑆𝐴 ° 𝑆𝐴 ⊆̃ 𝑆𝑃, it follows that 𝑆𝐴 ⊆̃ 𝑆𝑃. 

Therefore, by Theorem 2.14 (i), 𝐴 ⊆ 𝑃. Consequently, 𝑃 is a semiprime almost left QI-ideal. 

Theorem 3.22. If 𝑆𝑃, the soft characteristic function of 𝑃, is an SI-strongly prime almost left (resp. right) 

QI-ideal, then 𝑃 is a strongly prime almost left (resp. right) QI-ideal of 𝑆, where ∅ ≠ 𝑃 ⊆ 𝑆. 

Proof: Assume that 𝑆𝑃 is an SI-strongly prime almost left QI-ideal. Thus, 𝑆𝑃 is an SI-almost left QI-

ideal of 𝑆 and thus, 𝑃 is an almost left QI-ideal by Theorem 3.11. Let 𝐴 and 𝐵 be almost left QI-ideals 

such that 𝐴𝐵 ∩ 𝐵𝐴 ⊆ 𝑃. Thus, by Theorem 3.11, 𝑆𝐴 and 𝑆𝐵 are SI-almost left QI-ideals and by Theorem 

2.14, 

(𝑆𝐴 ° 𝑆𝐵) ∩̃ (𝑆𝐵 ° 𝑆𝐴) = 𝑆𝐴𝐵 ∩̃ 𝑆𝐵𝐴 = 𝑆𝐴𝐵∩𝐵𝐴 ⊆̃ 𝑆𝑃 

Since 𝑆𝑃 is an SI-strongly prime almost left QI-ideal and (𝑆𝐴 ° 𝑆𝐵) ∩̃ (𝑆𝐵 ° 𝑆𝐴) ⊆̃ 𝑆𝑃, it follows that 

𝑆𝐴 ⊆̃ 𝑆𝑃 or 𝑆𝐵 ⊆̃ 𝑆𝑃. Thus, by Theorem 2.14 (i),  𝐴 ⊆ 𝑃 or 𝐵 ⊆ 𝑃. Therefore, 𝑃 is a strongly prime 

almost left QI-ideal 

 

 

4. CONCLUSION 

 

In this study, we defined two notions of semigroups: "soft intersection almost quasi-interior ideal" and 

"soft intersection weakly almost quasi-interior ideal". We showed that while every nonnull soft 

intersection quasi-interior ideal is a soft intersection almost quasi-interior, and every soft intersection 

almost quasi-interior is a soft intersection weakly almost quasi-interior ideal; the converses are not true 

for counterexamples. Furthermore, it was demonstrated that an idempotent soft intersection almost 

quasi-interior ideal is a soft intersection almost subsemigroup. With the obtained theorem that if a 

nonempty set A is almost quasi-interior ideal, then its soft characteristic function is soft intersection 

almost quasi-interior ideal and vice versa, we obtained the relation among soft intersection almost quasi-

interior ideal of a semigroup and almost quasi-interior ideal of a semigroup according with minimality, 

primeness, semiprimeness, and strongly primeness. Furthermore, we derived that the binary operation 

of soft union, in contrast to soft intersection operation, constructs a semigroup with the collection of soft 

intersection almost quasi-interior ideals. In future studies, many types of soft intersection almost ideals, 

including quasi-ideal, interior ideal, bi-ideal, bi-interior ideal, bi-quasi ideal, and bi-quasi-interior ideal 

of semigroups and their interrelations can be examined. 

 

The relation between several soft intersection ideals and their generalized ideals is depicted in the 

following figure, where A     B denotes that A is B but B may not always be A. 
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